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EL expression la plus generale de la “distance” 
sur une droite. 


Par MAURICE FRÉCHET. 
(Université de Strasbourg) 


Position du problème.. Le problème que nous nous proposons de ré- 
soudre est le suivant: 


a Etant donnée une droite indéfinie, attacher à tout couple de points de 
sette droite, d’abscisses z, 2’ un nombre (v, x’) qu’on pourra appeler distance 
généralisée de x et de vx’ satisfaisant aux conditions suivantes. 


1° Ona (2, 2’) = (2’,x) = 0. 


| 2° Le nombre (x,z’) est positif si +, æ’ sont distincts et nul s’ils co- 
incident. 


8° Quels que soient les points v, 2’, æ”, on a 
(a, 2!) < (a, a") + (x,2”). 


4° La condition nécessaire et suffisante pour qu’une suite de points 
Try Yo, * * *, Zas * * *, convergent vers un point x est que la suite de nombres 
(T, 1), (2, E2) © © -, (Z, En); © © -, converge vers zéro. ° 


Un solution évidente du problème consiste à prendre 
(1) (x, 2’) —]x— z | X constante. 


- Mais nous nous proposons de trouver l'expression -la plus générale de la dis- 
tance généralisée. j 


° Solutions particulières. Il est manifeste que la solution que nous venons 
d'obtenir n’est, en effet, pas la seule. Si par ‘exemple on fait correspondre 
droite z, z’ biunivoquement et bicontinuement une courbe de Jordan 
“tg multiples (extrémités exclues, vil en existe), la distance géo- 
‘tre les deux points X’, X” de cette courbe qui correspondent aux 
Je xz” de A, vérifiera les propriétés 1°, 2°, 8°, 4°. Par consé- 
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quent, on pourra prendre pour distance généralisée (x, x”) la distance EN 
~ métrique de X’ et X”. s 
Cette solution est essentiellement distincte de la solution (1), si la 
courbe de Jordan n’est pas une ligne droite; en effet dans ce cas, on aura : 
pour trois valeurs 2’, 2”, 2’ de x correspondant à trois points non alignés 
X’, X”, X", f 


| 

| (a g”) ha (2, a) | < (a a’) < (2’, x) + (v, 15) | 
T { 

i 


alors que dans le cas de la solution (1) Pun des signes d’inégalité serai: 
remplacé par un signe d’égalité. 

Cette remarque montre en outre que contrairement à ce qu’il serait pen 
être naturel de supposer la solution générale ne s’obtient pas en nearest 
la droite A en elle méme par une transformation biunivoque et bicontinue et 
prenant pour (2’,2’’) la distance géométrique des points correspondants à 
x” et g”. 


Propriétés de la distance généralisée. Il ne sera pas inutile établir 
‘deux propriétés de la distance généralisée qui découlent naturellement de sa > 
définition. | 

Tout d’abord la distance généralisée (x’, g”) est bornée dans tout inter- 
valle fini J. Car dans le cas contraire, on pourrait trouver dans I, 2, 2”: a 


tels que 
(2'p, tn) > P. 


Et on pourrait extraire de la suite des couples 2’p, +”, une suite convergeant 
vers le couple to, to. On aurait donc d’après 3°, si après un changement 
de notation convenable, on suppose que ceci a lieu pour la suite donnée: 


p< (2p p) = (2p Uo) + (os to) + (Eo 2’) 5 


le second membre qui converge d’après 4° vers (to, to) ne pourrait donc 


rester supérieur à p. 
En outre la distance généralisée tend uniformément vers zéro dans $. 


quand |g’— g” | tend vers zéro. Autrement il existerait un nombre € >. 0 : 
tel que quel que soit p. il existe un couple 2’,, +”, tel que 


| Lp — 2"? | < 1/p, (Zn 2p) >e. 


k-ai eA, m, 


Comme précédemment on peut supposer que le couple 2’,, £”p 
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(to, Co) déterminée; mais cette fois on aura nécessairement t = to. 


Alors: 
0 < € < (2p, ae = (2p, t'o) F (to, wy), | 


et le second membre tendant vers zéro, ne pourrait rester supérieur à e. 

La distance généralisée (+, œ”) est une fohction des deux variables +’, x”. 
C’est une fonction uniformément continue de 2’, æ” dans tout intervalle I. 
Autrement dit, e > 0 etant donné, on peut trouver un nombre > 0, tel que 
les inégalités | v — y | < q, | 2” — y” | <q vérifiées dans I entraînent _ 


| (8, a”) — (y, y”) | <e 
En effet, on déduit de 3° 
Lea 2”) — (y, 7) [|S Ce, y) + (2 y) 


et d’après la propriété précédemment établie, on peut trouver n tel que les 
inégalités F 
læ — y] <y |2” —y | <y vérifiées dans I 
entraînent E 

(23y) <n/8, (x, y”) < n/2 


- 


_ Recherche de la solution générale du problème. Nous avons vu qu’on 
pouvait former des solutions du problème au moyen de courbes de Jordan 
mises en correspondance avec A. Mais le raisonnement que nous avons fait 
garde sa valeur quel que soit le nombre de dimensions de Vespaceedans lequel 
est tracé cette courbe. 

Cette remarque nous conduit à chercher si l’on pourrait obtenir la solu- 
tion du problème en utilisant une courbe de Jordan tracée dans un espace 
à une infinité de coordonnées, c’est à dire où chaque point X est défini par 
une suite infinie de nombres réels Xas X2,* +", Xn, © t, et où on a adopté 
un sens déterminé pour la notion de suite convergente de points ZX, X®, 
"1" X@, +++, de cet espace. | 
ui. On sait que suivant les applications qu’on a en vue plusieurs définitions 

équivalentes des suites convergentes peuvent être envisagées. Notre choix 

“ya sur la définition qui fournit l’espace Du, pour profiter d’une pro- 
“espace D, qui nous sera utile,* et que nous -démontrerons ici. _ 
Do est un espace à une “infinité de coordonnées où une suite 
E : 


i del Circole Matematico di Palermo, t. 30, 1910, p. 12. > 5 


( 
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de points #4, XD, +++, XM, +, est dite converger vers un point X 
lorsque les coordonnées de X“ tendent uniformément vers les coordonnées 
‘de même rang de X, a ; 
On peut définir dans cet espace une “distance” satisfaisant aux \ 
conditions 1°, 2°, 8°, 4°, en appelant distance.de deux points X, X’ de 
D, et en désignant par (X, X’) la borne supérieure des valéurs absolues 
| Xa — X’n | des différences des coordonnées de même rang de X et de X”. 
Pour éviter d’introduire des distances infinies actuelles, il sera commode 
de limiter D, aux points dont les coordonnées sont bornées (leurs bornes 
pouvant varier avec chaque point). 


Solution générale du problème. L'expression (x, 2”) la plus générale 
de la “distance généralisée ” de deux points x, 2’ d’une droite A s’obtient de 
la façon suivante: ou considére une courbe de Jordan sans points multiples 
de l’espace Do. Par définition, il existe une correspondance biunivoque et 
bicontinue entre C et la droite A; si X, X’ sont les points de C qui corre- 
spondent aux points v, v’ de A, on prendra pour (2, s’), la distance (X, X’), 
telle qu’elle a été definie plus haut. 

1° Supposons donnée l’expression (s, s’) de la distance généralisée sur 
la droite A. -Nous allons définir la courbe C. Pour cela, suivant le procédé 
cité ci-dessus,” nous appellerons $ ta, + + + , tn, * * , les abscisses d’un 
ensemble dénombrable partout dense de points de la droite A. (Par exemple, 
ce seront les abscisses rationnelles), et nous définirons C par les expressions 
suivantes de coordonnées 2,, ta, * * *, d’un point variable X de C: 


(1) Lib), X= (2, te)—(ty t) °°, 
Xn = (x, tn) —(tn, th), ou 


A chaque point de coordonnée a de A correspond un point X de O, car 
non seulement les coordonnées de X sont numériquement déterminées, mais 
pour une valeur déterminée de x, ces coordonnées sont bornées, puisque 
d’après 3°, on a quelque soit n 


| Xn | = (z, é) i | | LÉ 


La distance (X, X’) de deux points X, X’ de C est par défi” 
borne supérieure de ? 


| Xn— Xn | = | (z, ln) — (2, tn) E ( 


i, 
* Rendiconti del Circole Matematico di Palermo, t. 30, 1910, p. 12 
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Or d’après 3°, le second membre est au plus égal à (a, a’) qui est indépendant : 
de n, done 


(2) (Z, Z) S (z2). 


Puisque l’ensemble tı, ta, © * +, est dense sur A, on peut extraire de cet en- 
semble une suite ty,, tq» * * *, qui converge vers z’: 


D’après 3° 
| (z, g)— (2, tq,) | = (a, ta,) = (2, x’) +: (x, ta) 
Lorsqu’on tient compte de 4° ces deux inégalités donnent à la limite: 


- 


(£, 2’) = lim (a, ty,). 
iao 


L’égaliteé . 
a a | Xq — XG, | oa | (x, bi) zgi (2’, ta) | 
onne donc 
(z, 2’) = lim | Xa — Z'a | 
Tre CO 
et comme 


(X, X) = | Xq—X%| 
quelque soit q on aura `> 
(3) | (X, A’) = (x, 2’), 


De (2) et (8), on tire enfin: - 


(4) (X, Z) = (42). d 
On en déduit d’abord qu’à tout point X de C ne correspond qu’un point 
x de A; car gil en correspondait un autre g’ =£ %, on pourrait supposer dans 
Pégalité (4) que X’ est identique à X et d’après 1°, que le premier membre 
est nul et le second positif. Ainsi C n’a pas de points multiples, la corre- 
‘spondance entre C et A est biunivoque. lle est aussi bicontinue. En effet 
vi X’ tend vers X, (X, X’) tend vers zéro, donc aussi (z, 2’) et par suite, 
~aqapres 4° œ tend vers z. Réciproquement, si z’ tend vers +, (z, s’) d’après 
49 tend vers zéro; donc aussi (X, X’) et par suite X’ tend vers X. 
D'après cela i courbe C, représentée par les équations (1) est représentée 
paramétriquement sous la forme 


‘ | vı = X (2), = Xi), °°, 
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* où X(x), X(x), +--+, sont des fonctions individuellement continues de v. ` 
En effet quel que soit n 


| Xn (@) —Xn(2’) |S (X, Z) = (2, 2’) 


et si x’ tend vers x, (z’, x) tend vers zéro et Xa (x) tend vers X,(z). On 
doit remarquer de plus que les fonctions Xi (s), X,(x), - : -, sont bornées 
dans leur ensemble et également continues dans tout intervalle partiel I de la 
droite A. En effet 


| Za(2) |= | (8ta) — (fn t) |S (54) 


et si æ reste dans un intervalle fini, ¢, restant fixe, on a vu que (7v, t) est 
borné. ; 
Les fonctions X,(z) sont aussi également continues dans I, car 


| Za (2) —Xn(2") |< (Z, X’) = (a 0’) 


et nous avons vu que si e > 0 est donné, il existe un nombre y > 0, tel que 
dans I | 
pour |æ—x|<7 onait (x,2)<e et par suite. 
| Xale) —Xn(2’) | <e quel que soit n. 


Enfin remarquons que les extrémités de © sil y en a sont exclues de la 
correspondance. Par extrémité de C nous entendons- tout point de l’espace 
Dw qui serait point limite de points de C correspondant à des points 2, æe, 

-+ , de A qui tendent:vers + œ ou'vers — oo. II s'agit de montrer que- 
s’il existe un tel point limite, il ne coincide pas en position avec un point 
X(x) de C correspondant à une abscisse finie de x. En effet, on aurait (2, tn) 
== (X(x), X(#n)) et le second membre tendant vers zéro (z,%,) tendrait 
vers zéro et par suite z, tendrait vers un nombre fini x. | 

Ceci montre que si la définition de la distance (x, x’) sur la droite A est . 
compatible avec une généralisation du critère de convergence de Cauchy, la 
courbe C est illimitée dans les deux sens. Sans quoi, il y aurait une suite 
de points de A Ti, Za, > ++, Gn © ° +, tendant vers + co ou vers — oo telle que 
la suite des X (æ) vérifie la condition de convergence de Cauchy. Donc 
aussi la suite des +, puisque (X (£r), X (asp) )—=(4a, Lap). Et alors la 
suite des 2, devrait être convergente. 
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2° Réciproquement considérons une courbe O quelconque de l’espace 
D qu’on peut mettre en correspondance biunivoque et bicontinue (extrémi- 
tés de C, s’il y en a exclues) avec la droite A. Si a est l’abscisse du point 
de A qui correspond au point X de C, les coordonnées de X seront des fonc- 
tions uniformes de v. ` 


A, = X (2), X= X2(x), me 
et l’ensemble de ces fonctions ne peut prendre deux ensembles identiques de 
valeurs pour deux valeurs différentes de x. 


4 


Ceci étant, posons 
(a, 2’) = (X (2), X(2’)) 


et montrons qu’on peut considérer (z, 2’) comme une solution du problème, 
c’est à dire qu’elle satisfait aux conditions 1°, 2°, 3°, 4°. 

Or cela résulte: -d’une part de ce que des conditions semblables sont 
vérifiées pour deux points quelconques £X, X” de la courbe sans points mul- 
tiples, V (et même pour deux. points quelconques de l’espace D, comme je 
Vai montré précédemment) ; autre part de ce que la correspondance entre 
C et A est biunivoque et bicontinue. 

Dans le cas où la courbe C est illimitée dans les deux sens, la distance 
(x, x’) ainsi définie est compatible avec une généralisation du critère de con- 
vergence de Cauchy. 


Forme analytique de la solution. On peut aussi donner à la solution 
générale que nous venons d’obtenir une forme purement analytique, débarassée 
d'une terminologie géométrique (qui a ‘pourtant l'avantage de présenter 

| l’énoncé sous une forme plus ramassée et plus intuitive). 

Il suffit pour cela de chercher à quelles conditions doivent satisfaire ie 
fonctions .Y;(2), X2(w), : - +, pour qu’elles puissent représenter les coor- 
données d’une courbe de Jordan (extrémités, s’il y en a, exclues) sans points 
multiples, dans l’espace Dy. 

* fi faut d’abord que l’ensemble des fonctions X, (s), X (æ) +--+, sup- 
posées uniformes ne puisse prendre le même ensemble de valeurs pour deux 
valéurs de x distinctes. 

Pour que le point X, (e), Xale), =+, rran a Do, il faut ensuite 
que les fonctions de cette suite soient bornées dans leur ensemble pour chaque 
valeur de 2 considérée isolément. 
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On peut même voir qu’elles sont bornées dans leur ensemble dans tout 
intervalle partiel I. Car dans le cas contraire il existerait quel que soit p, 
“une valeur +, dans I et une fonction Xn,» telle que | Xn, (2p) | > p. On peut 


comme précédemment supposer que la suite des æ, converge vers un point 
t de I. Orona 


p< | An, (20) | S | Xn, (20) — Xap (to) | + | Xn, (to) | 
S (Xap), X(to)) + | Xn (to) | ; 


et le dernier membre qui devrait ainsi croître au dela de toute limite est la 

somme de deux quantités Pune tendant vers zéro l’autre bornée quand p varie. 
_ Enfin les fonctions X, (x), X,(x), : - -, sont aussi également continues 
dans tout intervalle I; il suffit de montrer que quel que soit e, il existe un 
es n tel que ane I Vinégalité 


| e—a’| <n entraîne (X(x), X(2’)) <e 


. puisque | Xa (æ) — Xa (2) | S (X (£), X(x’)) quelque soit n. Or dans le 
cas contraire il existerait quelque soit p un couple Lp, Uy tel que 


[t>—a'p|<1/p  (X(u), X(a%p)) = p. 


On peut supposer comme précédemment que la suite des 2’, converge vers un 
point ?”, de I. Mais alors il en est de même des +, et comme on a 


pS (X(ar), (er) S (X (ar), E(vo)) + (X (2), X (Uo). 


le second membre qui tend vers zéro devrait croître infiniment. - 

Réciproquement les trois propriétés des XY, que nous venons de recon- 
naître comme nécessaires sont aussi suffisantes. 

Le fait que les X,(v) sont bornées dans leur ensemble pour chaque valeur 
de x, montre que Æ:(x), X(t), * : *, sont les coordonnées d’un point X (s) 
bien déterminé de Dy. 

La première propriété assure ensuite la biunivocité de la correspondance 
entre x de A et X(x) de C. 

Quand à la bicontinuité, nous remarquons que les fonctions Xn @ étant 
également continues dans tout intervalle I, à tout nombre « > 0 correspond 
un nombre 7 > 0, tel que dans I l'inégalité |&— a’ | < e entraîne | X,(2z) — 
Xn(x’) | <y et aussi en prenant la borne supérieure du premier membre 
_ quand n varie | 
| i (X (2), X(2’)) < 
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. Par conséquent quand on prend pour I un intervalle fixe de centre x et qu’on 
fait tendre x’ vers a, À (x) tendra vers X(x). 

En ce qui concerne la réciproque, il faut montrèr que si X (®p) tend vers 
X (z£), % tend vers x. En effet supposons d’abord que tous les x, restent dans 
un intervalle fini I. Alors si 2’ est la plus grande (ou la plus petite) des 
limites de x, pour p infini, il y-a un suite £p, Tp + * *, extraite des 2, 
qui tend vers 2’; par suite comme nous Pavons vu X(z,,) tend vers X(x’) et 
aussi par hypothèse vers X (æ); donc t= qz’. Comme ceci s’applique à la 
fois à la plus grande et à la plus petite des limites, on voit finalement que la 
suite elle même des x, est convergente et tend vers z. 

Reste le cas où l’on pourrait extraire des +, une suite Up, Up, `` *, qui 
converge vers +- co ou vers — oo, par exemple vers + œ. Alors le poe 
X (v) qui serait le point limite dans D, des point X(x,,), X (2p) ° 
d’une part appartiendrait à la courbe C, d’autre part étant une extrémité de C 
ne lui appartiendrait pas. 

Par conséquent, ‘la solution générale du problème posé peut s'exprimer 

‘analytiquement de la façon suivante. ` 

` Pour définir-une distance généralisée sur une dote indéfinie A, on peut 

toujours procéder ainsi: on appellera distance généralisée de deux points 2, 
x’ la borne supérieure quand n varie de | 


La 


a 


| Za (2) — Xa (2°) | 


en désignant par X, (s), X(t), <- <, Xa(æ), >- +, une suite de fonctions 
uniformes qui sont sur tout on fini O dans leur _ ensemble et 
également continues et telles de plus 1° qu’elles ne prennent pas le même 
ensemble de valeurs pour deux valeurs de æ distinctes 2° que s’il existe une 
suite de valeurs de z, 4, %2, * °°, tendant vers + co ou vers — oo sur les- 
quelles les fonctions X, (z), (x), : ++, convergent uniformément, Pen- 
semble des valeurs limites ne puisse être pris en un point de A. 


| Remarques I. Une méthode tout 4 fait analogue réussirait sans doute 
gi A au lieu d’être une droite était un plan ou l'espace euclidien à trois dimen- 
`N sions, ete. ... ., | 


II. I] serait intéressant de rechercher si dans ce qui précéde on pourrait 
remplacer l’espace Du par un espace plus simple. Il est facile de voir qu’on 
ne peut le remplacer par un espace à un nombre fini n de dimensions. Pour 
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" un tel espace en effet, il existe une relation entre les distances de n + 2 points 
qui n’a pas lieu nécessairement pour un courbe quelconque tracée dans un 
espace à une dimension de plus. Mais peut-être pourrait-on remplacer D, 
qui n’est pas séparable par un espace (à une infinité de dimensions) qui 
serait séparable ? 


21 Août 1924. 
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Second Paper on Tensor Analysis. 
By G. Y. RAINICH. 


In this paper which forms the continuation of a paper entitled “ Two- 
Dimensional Tensor Analysis Without Coôrdinates ” (Tuis JOURNAL, Vol. 
XLVI, No. 2, April, 1924, pp. 71-94) we shall follow in the main the same 
course as in the paper mentioned above but instead of considering a 2-dimen- 
- sional surface immersed in a 3-dimensional Euclidean space we shall con- 
sider an n-dimensional curved space 3 immersed in an N-dimensional Eu- 
clidean space. It will be convenient for us to continue throughout all these 
papers the numbering of the sections which we started in the first paper and 
we shall refer to the sections and formulas of the preceding paper without 
mentioning its title. 

As in the case of the first paper, most of the results are known,* and 
the main purposé is to simplify the theory and to eliminate all that is un- 
necessary. 


$14. Generalization of preliminary notions. 


We shall use as an abbreviation. for N-dimensional Euclidean space sim- - 
ply N-E.S., for n-dimensional space (which in general will be curved), we 
shall write n-S.; these will be only abbreviations and not mathematical sym- 
bols; 2-5. will ‘be another word for surface, 3-E.S. another word for space 
(ordinary), 1-S. another word ‘for curve etc. ‘When we wish to refer to a 
particular space we use letters or letters with subscripts. ° 

We shall have here to deal with points and vectors in a N-E.S., but the 
operations and notations remain the same as in a 3-E.S.: we use capital 
Roman letters for points, small Roman letters for vectors, which we consider 
as differences between points. The vectors are freely moveable in the space 
(unless the opposite is explicitly stated); there are therefore no new diffi- 
culties connected with addition and multiplication of vectors, because we 
always can bring their initial points together, and en both -vectors are in 
the same plane. à 

We shall often have to use projections (i. e. orthogonal projections) of 
points and vectors on am n-E.$., and we shall use the following. 


* Compare for bibliography the article by J. A. Schouten and D. J. Struik in the 
46 Vol. of Palermo Rendiconti, p. 162. 
11 


P a 


1? RAINICH: Second Paper on Tensor Analysis. 


Remark. If an r-E.S. lies entirely in an n-E.S. (of course, r < n) then 
instead of projecting a point or a vector on this r-E.S. we may first project 
it on the containing 7 n-E.S. and ane this project the projection on the r-E.S. 
considered. 

The product of two vectors x and y may be considered as the product’ 

-of the length of x by the length of the projection of y on the direction of x; 
it follows from this and the foregoing remark that 


141 T. Y = %.ÿ 


where ÿ is the projection of y on any E.S. which contains x 

The -definition of a linear function as a function ¢ (x) , which ae 
the equation (s +y) =¢$(z) + p(y), holds here; a tensor is again a 
- multilinear function and a flat tensorfield is an immediate genéralization of a 
plane tensorfield (§ 4): if a function (A, x, y, * + -) with one point oe 
ment A; which is a point of an n-E.S., and several vector arguments g, y, : 
which are vectors of the same n-E.S. is linear with respect to the vector argu- 
ments, we call it a flat tensorfield. 

In § 1 we considered an axis and a curve in a plane, or as we shall say 
now, a 1-E.S. and a 1-5. in a 2-H.8.; in § 2 we considered a plane II and a 
surface, say J, in the ordinary ieee ‘as we shall say now: a 2-E.S. and — 
a 2-5. in a 3-E.S. We shall consider now an n-E.S. I and an n-$. X in an 
N-E.S. (an n-dimensional flat, or Euclidean, space M and an n-dimensional 
cuved space = in an N-dimensional Euclidedn space). {We shall consider to- 
gether with the points of II the points of 3 whose (orthogonal) projections 
they are; in the cases considered before, all the vectors along which the points 
are projected (the vectors which have the projections for their initial points 
and the projected points for their tips) are parallel to each other and their 
direction was therefore always known, it was the direction perpendicular to 
I; it was therefore enough to give the length (and the sense) of the pro- 
jecting vector. Things are-different when N — n > 1—a good illustration 
is the case of a curve in ordinary space where N — 3, n = 1; let us take for 
3 a helix and for IT its axis; to each point A of IL there corresponds a point 
of 3 whose projection is A, but the projecting vectors have not all the same 
directions: as A moves on the axis, the projecting vector rotates; i. e. ‘changes 
its direction. It will not suffice to give the length of the projecting vector 
(A) ; we shall have to give its direction as well; i. e. we shall have to con- 
sider the whole vector, To give 3 we shall have to consider at each point — 
A of II the vector—we shall designate it #(4)—which leads from the point 
A to the point of X whose projection is A. If in the case of a surface we 


# 
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had designated the unit perpendicular vector to II by p, what we now desig- 
nate by f(A) would be equal to p.¢(A). In the general case f(A) answers 
every purpose which we required of ¢(A) in the case of the surface. The 
function f(A) can be said to give us a representation of X in the sense that 
the point of % whose projection on IT is A is here given by 


A + f(A). 
The n°E.S., tangent to X at ‘that point (if it exists), Le be given by 


A-+h+ f(A) +f(4,h), 
where /’(A,h) is the differential of f(A), and may be found (if it exists) 
by aid of the formula 
P(4, h) tim FA EM) IA) 
0, 4 


which corresponds to 2.38; the only difference being that here F(A, h), 
f(A + Ah), and f(A) are vectors perpendicular to II, whereas in 2.3 we 
considered only the length of these vectors, they having a fixed direction. 
As in that case, the differential f’ (A, h) is g linear function of h; but it is a 
vector function now and cannot be considered as a product. | 


Pa 


: i . 8 15. The indicator. 

We suppose that the n-S. 3, which we are considering has a definite 
tangent n-E.S. at each point, and we shall consider the vectors of this n-E.S. 
at the point A as vectors of the bundle A, which belongs to 3; they will be 
denoted by 24, ya etc. | 

We agree, as before, to denote by Ba tne me ection of the point B of 3 
on the n-E.S. which is tangent to % at the point A and put 


- B—Ba=f(Ba); 
f(Ba) is then the projecting vector considered in the preceding section, and 
15.1 _. Batf(Ba) | 


is the representation of $, withithe tangent g S. at A playing the rôle of 
IT; and 


15.2 Ba + ha + f(Ba) +F (Barka) 
is the representation of the n-E.S. tangent at B. If we make B= A we 
have, as in 6.2, : ; | 


f(A) + f(A, ha) = 0 


* 14 , RAINICH: Second Paper on Tensor Analysis. - 
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whence 
15.3 | f(A) —0, F(A, ha) = 0, 


We assume now that the second differential of f(B4) exists at the point 
A and denote it by s(ha, ka): 


15.4 S(hA, ka) m A; ha, ka) . 


The so defined s(ha, ka) is a bilinear function whose arguments are vectors 
of the bundle A and whose values are vectors perpendicular to the bundle A, 
or normal vectors at A. This corresponds not to what we called the indicator, 
viz., o(ha, ka) in the case n = 2, N == 3 but to a.o (ha, ka) with a the normal 
unit vector ; of course, before it was enough to know o(ha, ka), i.e. the length 
of s(ha, ka), because the direction was the direction of the normal. ‘Here we 
have to consider s(44, ka), and we shall call this the indicator.* It is not to 
be confused with s(ha)—one of the factors, into which o(h4, ka) could be 
split up—there is no such thing unless N —n = 1. 

Now, all we did for the point A, we can do for every point of 3, and’ 
we have an indicator at every point. 

.We have thus a function which has a point argument A and two a 
arguments ha and ka, upon each of which it depends linearly. Still it does 
not correspond to what we called a tensorfield, because the values of s instead 
of being numbers are normal vectors. We shall abstain from introducing a 
name for such a function, because the indicator will be the ony function of 
this kind which we shall have to consider. | 

The function f(B4) is considered in a flat space—the tangent n-E.S.; 
its second differential is, therefore, symmetric in the independent differentials 
(comp. 4.3). The same applies to the indicator which, at each point, is a 
particular value of f’’(Ba, ha, ka). We have, thus, | 


15.5 8(ha, ka) = S(ka, ha). 


+ 
, 


$16. Another way of introducing the indicator. Inclination. 


The aim of this section is to prove a formula which will be a generaliza- 
tion of 7.5; but it is obvious that we shall have to change 7.5 considerably: 
in fact, the left-hand side of 7.5 cannot be generalized immediately, because 
there is no unique normal vector at each point; the right-hand side also would 


* The Vector Second Form which Wilson and Moore consider in the case n — 2, 
N > 3 is closely related to the so defined indicator. See $ 25 of their Poper in the 
52 vol. of the Proc. of the Amer. Acad. of Arts and Sciences. 
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give us some difficulty; we should not be surprised therefore if the formula 
at which we arrive here will look altogether different from 7.5. 

We introduced in § 9 the vector a's as a vector of the bundle B, whose 
projection on the bundle A is the vector sa. We shall adopt the same nota- 
tion here. _ 

Let us consider the expression 15.1 and 15.2 which give tis the point B ` 
of 3 and the point of the n-E.S. tangent at B whose projection on the n-E.S. 
tangent at A'is Ba + ha. Mhe difference between these two expressions 


ha -FF (Ba ha) 7 


is a vector of the bundle B, whose projection on the bundle A is ha; according 
to the notation introduced in this section we may therefore write 


16.1 ha'g — ha == f’( Bu, ha). 
_ Making Ba = A + Aku, and remembering that F(A, ha) =0 (15.8) we have 
16.2 lim ha — ha = f” (A; ha, ka) = S(ha, ka). 
0 À 


This formula gives us another definition of the indicator (and stands 
here for 7.5; it may also be compared with 7.31 and 10.1). But if we had 
first introduced the indicator in this way, we would have to prove its sym- 

metry separately (given by 15.5). | 

The formula 16.2 is very important as it is, but we can replace it by a 
more general formula, removing several restrictions to which the left-hand . 

. side is subjected in its present form. | 


1. We defined ha by its property of having ha for.its projection on 
the n-E.S. tangent at A; we can therefore say that the difference ha's — ha 
‘is nonmal to 3 at.A. But it is evident that it is not necessary for the validity 
of 16.2 to have this difference normal to A; if we would know about a vector 
hp only that the ratio | 
hp — ha Le 
| 16.3 | | 
tends toward a vector normal to 3 at A we, evidently would have the same 


result. - a | 
2. Moreover, it is not necessary to have B4 — À + Akg; all we need is 


164 lim’ B— A == ka 





2 7 
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3. Finally, instead of considering 16.3 we may consider 





where | B— A | denotes the length of the vector B — A; this differs from the 
limit of 16.3 only by a constant factor, viz. | k4 |, when 16.4 holds. 
We shall now sum up these remarks in the following form. 


Definition. “A variable vector hg is said to incline toward a constant 
vector hy if | 


is normal to 3 at the point A. 





Theorem. If fA -> ka when À — 0 and Ag inclines toward ha 
16.5 | LL s(ha, ka) 
A0 À 


where s(ha, ka) is the indicator. . 

We have thus a new process of “ inclination”: which, as might be seen 
-from § 9, and will be also seen later, plays a fundamental rôle in differentia- 
tion. ‘This process of inclination is analogous in some respects to the process 
of tending toward a limit. We also have here a constant vector ha dnd a 
variable vector hg (belonging to a variable bundle) ; if we have two vectors 
hp and kg which incline toward ka and ka respectively, their sum hs + kp 
inclines toward ha -+ ka ete. | 

The vector ha'g introduced in the beginning of this section furnishes us 
with an illustration of a vector which inclines toward ha; another vector which 
inclines toward A is ha.g with the dot below: we define it as the projection of 
ha on the bundle B. 

We notice for further use that the relations 9.6 and 9.7 hold also in the 
general case; 9.7 is an immediate consequence of the definitions of ta's and 
tap and ihe: proof of 9.6 is also easy. . 

Formula 16.5 contains in a nut-shell the whole general theory of curved 
spaces as far as second order properties are concerned. 

Remark. We shall have to use in § 20 a still more general form of it: 
instead of ‘considering in the left-hand side the ‘constant vector ha we may 
introduce there a variable vector h4 of the bundle A having ha for its limit. 


En 
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S 17. Internal and external properties of a curved space. 
The Riemann Tensor. - 


The indicator is essentially something external with respect to the space 
3, since it is a function whose values are normal vectors. ‘The tangential vec- 
tors and inclination may, on the contrary, bé interpreted in terms ‘of thé space 
itself, or in terms accessible to the inhabitants of the space. As concerns, 
first, vectors, formula 16.4 shows how a tangential vector can be introduced 
with the aid of a fixed point A, a variable point B and a variable number A. 
This does not seem to be a very simple way of introducing vectors, but it is, 
as far as I can see, the simplest (if one does not introduce geodesics first; 
but the notion of geodesics is evidently more complicated than that of vectors) 
and appears to be quite natural after one thinks of it for a while. Once the 
vectors are introduced, inclination, which is a relation amongst vectors, also 
can be introduced—though not defined (except by its properties), because the 
definition of inclination involves subtraction of vectors belonging to two dif- 
ferent bundles which operation cannot be performed by the inhabitants of 3; 
given a.variable vector rz, they cannot decide by themselves whether it inclines 
toward a4 unless they are told; but we assume that inclination is introduced ; 
i. e. the inhabitants are told of each variable vector whether it inclines toward 
a fixed vector. 

We consider thus as internal the vectors of different bundles, the opera- 
tions ( addition, multiplication) on vectors belonging to the same bundle, and 
the notion of inclination (inclination is not independent of addition; but we 
shall not insist on this point here). All the properties which can be ed 
in terms of these notions we shall call internal properties —all the others— 
external. 

The question arises now whether all the properties of the indicator are 
external properties or whether we can ledrn something-about. it from the 
internal properties—from the inelination. We shall see in fact that some of 
the properties of the indicator are internal properties. 

We start with the nay: 
17.1: TABO. Ya'o — La'o.p- is Be ah 

i Yaou.- Ya Yao--Va 
Since za'o sae the projection of æas on Abe n-E.S. tangent to 3 at C which 
contains yao, we may apply 14.1 and write sa's. Yaso instead of the first term 
on the left-hand side. ‘Treating in the same way the second term and writing 


~ 
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out the determinant we may write the identity to be proved as 


(Tan — ta) (Yaro — YA) — (Gao — ta) (Yas — YA) 
— La aya'o + Laoya's = D. 
But instead of this we can write 


— (tap — ta) -Ya + (tac — 2a) Ya— (yao — Ya) -Ta 
+ (Yan — Ya) -za = 05 
and this is true because in each of the products the first factor is perpendicular | 


to the bundle À (compare 15.1) and, therefore, to the second factor. 
If now we make | 





a ae ae ae 
nee m0 P 
and take account of 17.1 and 16.2 we find 
17.2 lim 2a‘n.o-Ya'o — ©A'0.B-YA.B | So s(£a, ha) S (za, ka) 
Es Àp s(Ya ha) S(Ya, ka) 


The left-hand side is an expression which does not involve operations on 


` vectors belonging to different bundles. It is connected therefore with inner 


properties of the space, and the right-hand side involves the indicator; more 
precisely, if we know the indicator we can calculate the right-hand side but 
not vice versa, of course; the determinant of the right-hand side reflects 
only some of the properties of the indicator—we can change the indicator to 
a certain degree without changing this determinant—and we see that these 
properties of the indicator are internal properties of the space. 

Just as in the preceding section, it is possible to generalize the formula 


17.2 by removing some restrictions from the left-hand side; viz., we write our - 


formula as 

. TABO.YAC—TACB.YAB -> S(£4, ha) S(T, ka) 
17.3 lim — — = 

a20 Àp S(ya, ha) S(ya, ka) 


Here tan denotes a vector,—function of v4 and B, which inclines toward 
va; Xango à vector, function of wag and C, which inclines toward tac etc. It 
is thus enough only to know the inclination in order to be able to compute 
the determinant of the right-hand side. This determinant is a function 
which has numerical values and which depends linearly on four vector argu- 
ments v, y, h, k. It is therefore a tensor, and this is precisely the Riemann 
Tensor of 3 at the point A. We denote it by p(x, y; h, k). Its fundamental 
properties, i. e. the fact that it changes its sign when we interchange x and y, 
or h and k, the fact that it does not change when we interchange the couples : 
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z, y and h, k and the relation 
p(z, Ys h, k) + p(z, h; k, y) + p(z, k; yh) = 0, 


are immediate consequences of its form 17.3 and of the ee of the indi- 
cator (15:5). 


$18. Tensorfields of a curved space and their differentiation. 


As in § 5, we consider a tensor, whose arguments are vectors of a bundle 
tangent to X, as a tensor belonging to 3; and a tensorfield belonging to 3 will 
be constituted by tensors given in each bundle of 3, or, what is the same 
thing, by a function $(A, £4, Ya,” + > ) with one point argument, which is a 
point of X, and several vector arguments, which are vectors of the correspond- 
ing bundle and upon which the function depends linearly. 

As an example we may again consider the “fundamental” tensorfield 


18.1 Ci ZA, ya) moms DA. Yay 


which, however, is inconspicuous in the theory unless we ‘introduce the usual 
codrdinate representation of curved space. As another example may serve the - 
tensorfield constituted by the Riemann Tensors at the points of 3. ‘The indi- 
cator does not constitute a tensorfield here, since its values are not numbers. 

_ Using the notion of inclination, we can define the differential of a tensor: 
field (A, za, Ya,” °°), in accordance with § 9, by 


18.2 (A, ta, Ya"; F 


B—A ay 4, and Zp, Ys,*** being vectors which incline toward LA, YA, 


ha) = Varn, 2 22 Yr") — OCA, Ga Yay") 
A~?0 ; 


with 





*, respectively. . In particular we can put tp == “ap OF Tg == 74, etc. 
If we consider again the fundamental tensor 18.1, we can prove that its 
. differential is zero. In fact 


as CAR YAR TAYA 
e (T4, Yas ha) = aaa a 7 








À 
| .. Spm CA ae A — YB 
- —lim + -Yg — lim v4. 4 y | 
$ À 0 . A~>0 À 
EE ; TB —— t ` UB.—— YA : 
and this is zero because lim 7 and lim nes: are normal vectors 


according to the definition of inclination, and are, therefore, DR to 
za and lim yz. 
We pass now to the generalization of the Codazzi equations ($10). We 
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remember that the indicator is equal to the second differential of f (Ba). at 
the point A; the relation 10.6 from which we deduced the Codazzi equations 
10.7 in the case n — 2 can be said to express a connection between the difer- 
_ ential of the indicator (which is connected with the space 3, so that the dif- 
ferential is taken “along” 3) and the third differential of f(B4) (which is 
taken along the tangent n-E.S.). We proceed now to find out how s’ and f”’ 
are connected in. the general case. 
We make By = A -+ pla, Ca = Ba + Aka, and have 





as in § 10. 
According to 16.1, we have’ 
has — ha = f (Ba; ha), ha'o — ha = F (Ca, ha) ; 
so that | | í 
4 _ ao — ha'g 
f (Ba, ha, ka) = lim m 
a r-70 


On the other hand, according to 16.2; 


z . haro — har 
s(ha'r kag) = lim. A , 
7 A0 À 


Since, for B= À, the values of s and f” coincide (by definition) we have 
i mn Teas 
18.3 s’ (ha, ka, la) — f” (Aa, ha, ka, la) = lim eee 


u=0 


From this it follows at once that the normal component of s’ is equal to 
f”, which is the sought-for generalization of 10.6; and from this we arrive 
at the consequence, which may be looked upon as the generalization of the 
Codazzi relations, that | 


18.4 the normal component of the differential of the indicator is sym- 
metrical im tts three arguments. aS 


Incidentally, if we want to consider the tangential component of the differ- 
ence 18.3 we writé the right-hand. side with the dots below (which does not 
change its value) and multiply it by an arbitrary vector z4.- We have 
hapo.@a== haptac, hao. Za == Rata, and the difference takes the form: 


~ 
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We first pass to the limit u — 0 and obtain 
lm s (ha; la) «ZAG 
“0 i 


Since s (ha, la) is perpendicular to za, we write this 
+ 2A.0 — ŽA 
l ha, la). —— ; 
im (sc 4 la) x ) 
which gives s(ha, l4).s(z24, ka). We thus have, dropping the subscript A, 
2.8 (h, k,l) = s(h, D .s(z, k). 
If we interchange k and / and take the difference, we obtain: 


s(h,l) s(h,k) 
` g(z,l) s(z,k) 


The situation is then, the tangential component of the differential of the 
indicator is not, in general, symmetrical in its arguments: if we interchange 
the two last arguments, the difference is the Riemann Tensor. 

The consideration of the tangential component of s’ is, however, not 
. necessary for our purpose, which is now the consideration of the differential 
of the Riemann Tensor. From its definition we have 


s'(z,h,1) 8’(a,k, 1) 
s(y,h) . s(y,k) 
| s(z, h)  s(x,k) _ 
s‘(y,h,t) s’(y,k,1) 4 


since s’ is, in each instance, multiplied by s, which is a normal vector, we 
need not take into account the tangential component, i. e. we can substitute 
‘for s’ its normal component which, according to the generalization of the 
Codazzi relations 18.4, is symmetrical in its arguments. This leads to an 
immediate proof of the Bianchi relations 12.5 for the general case. 
Tensorfields of 3%, their differentiation, and the Bianchi identities are 
internal things; but here they were discussed with the aid of external things 
like the indicator, its differential, and the Codazzi relations. | 


2.8 (h, k, 1) — 2.8 (h, L k) = N bb): 


p’ (z, Ys h, k, 1) = 





819. An r-S. in an nS. 


In this section and the following we shall consider the generalizations 
of the developments of §§ 8 and 11; instead of a curve on a surface which isa 
1-8. in a 2-8. we shall consider an 7-S., which we shall call 3,, in an n-S. 
(with r < n), which we shall call Zn. 


a ÍN 


~ 


22 RAINICH: Second Paper on Tensor Analysis. 


The question which .we shall try to answer first is: what relation exists 
between the indicators s,(ha, ka) of 3, and su(ha,ka) of Xn in a point. A 
which belongs to both? First, we notice that the tangent r-E.S. of 3, at that 
point: lies entirely in the n-E.S. tangent to 3,; we therefore shall consider 
in Sn (ka, ka) only those values of ha, ka which belong to the Pen r-E.$. 
‘ and so have the functions s, and s, for the same arguments. | 
We now introduce the formulas 


19.1 _ Sa (ha, ka) == Jim Bang — ha 
A0 À 
19.2 Sr (ha, ka) = lim fare — ha 
: 0 À 


where hang and karg denote vectors of the bundles B which incline toward ha 
with respect to X, and to 3, respectively ; hang may be the projection of ha on 
the n-E.S. tangent to 3, at B, and harg the projection of ha on the r-EK. 
tangent to 3, at the same point. Since this r-E.S. forms part of that n-E.S.. 
the difference between these two vectors will be a vector of the n-E.S. tangent 
at B and perpendicular to the r-E.S. tangent at B; the difference between the- 
limits will be a vector of the n-E.S. tangent at A and perpendicular to the 
7-H... tangent to A; we can say 


The values of sn(ha, ka) for the arguments ha and ka for whidh s, (ha, ka) 
are determined (i. e. for ha, ka belonging to the r-E.$. tangent at A) are 
projections of the corresponding values of's;(ha, ka). ; 


‘The formula 8.4 which contains the Euler and the Meusnier theorems 
may be interpreted as a special case ‘of this. In fact, if we make n = 2, we 
have 
19.3 7 Sa (ħa, ka) ee a.o(ha, ka) r 


Me 


The only vectors for which s:(44, ka) is determined are vectors of the tan- ` 
gent to our curve; since they all have the same direction, there is no loss of 
generality if we put ha = ka = t, where t is the unit vector of that direction. 
~ It is clear that, in this case, we have s,(¢, t). == t, and the underlined pro- 
position above takes the form 


a(at) == a.o (t, t) 
or, if we take 8.1 into consideration 


a e = æ.o (t, t). 
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Incidentally, we see what the meaning of the indicator for a 1-S., i. e. 
for a curve, is. In this case all the values of the indicator differ only by 
‘numerical factors of its value for unit vectors as arguments, and this last 
value is the curvature vector, or a vector which has the direction of the first 
normal and whose length is equal to the curvature of the ‘curve. We may 
remark that our general point of view means a simplification even in the 
simplest case: the curvature is introduced without the notion of length of are. 


`- §20. The geodesic indicator. 


We shall now generalize the operation considered in $ 11. We again 
consider 3, in X». We had (19.2) for the inclination in 3, 


lim Rare — ha — hs Sr (ha, ka). 

20 , 
The subtraction considered here cannot be performed in 3,, and is supposed 
to be performed in the containing N-dimensional Euclidean Space. But if 
we consider the n-S. 32, of which 3, is a part and do not wish to step out 
‘of this 3, then, in analogy to 11.2 we shall consider 


_ harpna — ha 
lim 3 
as the indicator of X, in Sn, or as the geodesic indicator of 3%, in Xn. But 
we have | l | 
lim harsna oF 4 ha =a lim harBna = hare ~+ hare — ha 


À 
. harp —h . harap —h s 
2 lim. ArB A 2 lim ArB ArBnA 
0 À 10 À 


The minuend of the last expression is the indicator of 3,, and the sub- 
trahend—as the remark at the end of 8 16 permits to conclude—is the indi- 
cator of Xa. Hence, the geodesic indicator of 3, in 3, is the difference 
between the indicator of 3, (in the containing N-dimensional Euclidean 
Space) and the indicator of Sn. 

Or, we may say also: if the indicator of X, is decomposed into its tan- 
gential and normal components with respect to Xn, in which 3, lies, the tan- 
gential component is the geodesic indicator of %, in 3n, and the values of the 
normal component are equal to the corresponding values of the indicator of Xn. 

The results of § 11 are easily seen to follow from this as a special case. 

These considerations may easily be extended. If 3, lies in 3,, Sy in Ja, 
the geodesic indicator of 3; with respect to %, is equal to the geodesic indi- 


N 
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cator of X; with respect to > plus the geodesic indicator of ai with respect 
to Sa. 
AUGUST 18, 1924. 


ADDED Nov. 15, 1924. 


There exists a more immediate generalization of the formula 7.5 of the 
first paper than that given by 16.2. In $ 7 we considered at every point B, 
given by Ba — À + Akg, the unit normal vector b, a being the unit normal 
vector at A. ‘We cannot speak here of the unit normal vector; but we shall 
consider at each point B some definite normal vector b, a being the vector 
which corresponds to A= 0. The | 

| ee 
lim + r 





when this limit exists, is not, in general, a vector of the tangent bundle A; 
we therefore consider the tangential component of lim “8 ; this tangential 
component is a vector which depends only on & and ka. We shall denote it 
by F (d, ka). It can be shown that-Y depends on each argument linearly, 
and that the connection of this function F(a, ka) with the indicator s(h, k) 


of § 15 is given by the relation 
a. F(a, ka) =a.8(h, k). 


“Here ha and ka are two vectors of the tangent ‘bundle at A, and a à vector 


of the normal bundle. 


Errata in the first paper: 


P. 83, line 2 from above: read ka instead of ha. 

P. 86, line 1 from above: read x4:p instead of t'a. 

P. 88, line 6 from above: read Ca = Ba + Aka instead of Ca = B+ Aka. 
P. 89, line 9 from above: read 8” instead of 8. 

P. 92, line 9 from above, read 24.3.0.4 — 4.0.3.4 instead of Ta p.04 — 
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| Generalization of cialis Theorems of Bohl. 
By H. Murray. 


It is the object of this paper to generalize a certain number of theorems 
of P. Bohl * concerning the trajectories of a mechanical system in the neigh- 
borhood of a point of equilibrium. The codrdinates of the system considered 
by Bohl satisfied equations of the form 


a(t) TU 1... 
UNS te te * + HP 


do; Oa 


in which T is a definite quadratic form in the velocities, and the terms of the 
second order in Ÿ are a non-singular quadratic form. Under these and cer- 
tain other assumptions the existence is established of trajectories which 
remain in a given neighborhood of the point of equilibrium for t = tẹ for 
t Sto or for all values of t; and the manifold of each type of trajectory is 
determined. 

_ In the present paper a number of similar theorems are obtained con- 
cerning the trajectories in the neighborhood of a point solution of the equa- 
tions of Hamilton 

dz; ôF dy; oF 


_ ni 
dt dy,’ dt Oa,” ? 











in which F does not contain the time. A certain number of ineqnalities are 
also obtained for trajectories in the neighborhood of a periodic orbit, when F 
contains ¢ explicitly. While it seems probable that the results obtained here 
can be still further generalized, they are sufficient for a number of applica- 
tions which will be made in a following paper. 

Although the theorems obtained include those of Bohl as a special case, 
no claim to originality of treatment is made, since his methods, with slight 
changes, are sufficient for this more general problem. © A new difficulty which 
occurs here is that of determining the form of F after certain transforma- 
tions; this is overcome by a method similar to one employed by Poincaré. 


* P. Bohl, “ Über die Bewegung eines mechanischèn Systems,” Journal für die — 
reine und angewandte Mathematik, Band 127 (1904), pp. 179-276. 
+ Les méthodes-nowvelles de la mécanique céleste, t. ITI, § 319. 
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Parr I, Transformation of the equations of motion. 


1. The equations of variation. 
Suppose the motion of the system defined by the canonical equations . 








di, OF dgio © -aP , 
1 7 Bee = —— = mms p — 1 soum a 1, 
0) dt 0%,’ dt Oz, a 


and let a periodic solution be represented by the functions 
(2) . Hm di(t), Dim yi(t) à 
Suppose the region (D) to consist of all points (z, Da, ‘+ Ens Uu Jatte 
Yn) which satisfy the inequalities | | 

(D) [BEA | <a, |&—W( |<, it... ,n 


for some value of ¢; it will be assumed that the function F and.its partial 
derivatives of the first and second orders are continuous within this region. 
If the transformation T: = pi + &, Yi == Yi +: is made, from (1) we ob- 
tain the equations 


. (3) dé; /dt = (oF /2ÿ] — [dF /dy;]°, Ani / dt = — [0F/0%:] + [ol /dx,}° 
or if | | 
P= [F]— 3 (100/0816 + [OF/05]°m) — P 


(4) . dés /dt = F/y, dm/ di = —0F/04, i=l,- n. 
| The equations of variation for this system have the form. 
M UN OF, 2 PP. 
dt _ k=1 OY Oar : k=1 OY 0Y ae i 
(4). t=1,2,¢+-,n 
diji er . OF =, | | 
dt En ki 0. 004 i “Ext 06,041 l 


the coefficients being periodic functions of #, of the same period as-the func- 
tions (2). If this period is T, and the functions (2) are not constants, it 
is well known that the characteristic exponents can be obtained by the con- 
struction of a fundamental set of solutions of (4’),. (&, 7), (r= 1, 
+++, 2x) such that for t = 0, 


FA es 0, foe S, Eo ia 1, 
Fan En 0, r ahs S, Gr 0 g L T, S == 1, 8 nh. 


oy 7 
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Then if s is a root of the equation 


ET) ET) - £,@(T) EHD (TL) 


-- E20 (T) 

= [EAU BDs BPT) BAD) MCT) 

BAT) PaT) ET) BD (D) | EN CP) 

TAD) VAD PCE) HPT) 8 A(T) 
DD) WAD RP) WDT) i p(T) s 


the period T can be so chosen that every real root is positive.” The exponent 
corresponding to a root s is determined from the equation 


“s = eet 


and these exponents occur in pairs t (a, —a). The exponents corresponding 
to conjugate imaginary roots of A(s) —0 can evidently be grouped in con- 
jugate pairs, if F is a real function of its arguments. 

In the developments which follow it will be assumed that the elementary 
divisors of the matrix formed from the elements of the determinant above 
are linear; under this hypothesis, and the further assumption that no expo: 
nent is congruent to zero, (mod ?ri/T) a fundamental. set of solutions of 
(4’) can be represented in the form 


E : = rtg O, we a ett), 


TREERE A 
(5) 


Z,(ner) == gtr tE n 7 y tr) = Quart ar) 


mi r=], n, 


in which the functions €;‘°, y: are periodic functions, of period T. 


If the functions ¢i, We are constants, the exponents are defined as the 
roots of the equation 











er . F PR er 
0ÿ 108 i IY IEn l 04,04, 0ÿ Ün = 0, 
PE GeF PF onde 
ME Onin Onda DATE 
FPF FF ia ger 
= ee A de ee 
Ot, 06 OT, IEn ET : Ot Gn 
pe PT PE er 
ss Cees ee en me ee GT, 
NAH n Of : VE IEn GEOG p a FE ñ ay y # 


* Goursat-Hedrick, Mathematical Analysis, Vol. II, Part II, p. 149, also pp. 164-167. 
+ Poincaré, Les Méthodes Nouvelles de la Mécanique Céleste, tome 1, p. 196. 
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It will be assumed that the elementary divisors of the matrix corresponding 
to this determinant are linear, and that no root is zero. With these hypo- 
theses the- solutions of (4’) are in the form (5), the functions (&:, m6) : 
being constants. 

From the functions of (5) can be constructed a normal set possessing 
the following properties: if the real part of ar is zero, the functions 
Eé, &'" are conjugate imaginaries, as are also °°, m*#; either the 
real part of ar,is positive, or ar/\V—1 is positive, r—=1,---, n; if a and 
as are conjugates, é;‘", £3) are conjugates, as are also ai, yi“ ; and finally, 


~ # | . 
(6) Z (Epe — MR) = 0, seen-+rand rAn+s 
i=l 
| = e0, s=n-+f, = DR 

where er == 1/ax if ar is real, e — 1/2e, if ar is neither real nor pure imagi- 
nary, and e == -b1/a, if ay is a pure imaginary. 

For, as a result of the relation between any pair of solutions of (4 ) ; 
we obtain ` 


(EPA — &P 7) = Q 


n 
= (E! — mi é) = 0, ay +- as é 0. 


The exponents can evidently be chosen as required, and the functions é,(s?, 
mi‘ can be grouped in the required manner without loss of generality. It 
remains to-satisfy (6). From the investigations of Liapounoff and others it 


` is known that if there are m sets corresponding to ar, there are m correspond- 


ing to — ar; if the corresponding sets of functions are (4:07, m1), (00, 
ni), (r =], + + -, m), suppose first that the real part of a, is not zero. 
The functions of (5) being linearly independent, some k must exist for which 


h 
3 (Ein 0 — 9 (£0) ma 0, L=k=m 
i=l 
and for convenience suppose k= 1. If functions 
m mo | 
Ëi == $ Cré n, qi = > Om, À == 1, eee n 
r=1l | r=1 | 
are constructed, the constants C4, + © -, Cm can be so chosen that 
n “i mo n> p 
a (Eim — gii) = BC, X (Eir O liés 0) = 0. 
= ri i : Da 


The coefficient of C, being different from zero, this equation has (m—1) 
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‘independent solutions, (0,4, O, -> +, Om) and the corresponding sets 
of functions (Ei, G: ) are independent sets.* . 
Similarly if + | 
m m ` 
& = SOE, a= tml, en 
r=] r=1 


‘the equation 


3 (é, (n+1)=— qi — ma é) de $ GS (ED D Mg, (r)) == 0 


rzi i=l 


has (m — 1) independent solutions, and the sets of functions (&, 5:(#), 
(s==2, >+, m) are linearly independent. With the 2(m—1) sets thus 
obtained one may proceed i in the same manner, until a set has been obtained 
for which 


3 (EP, ) 9 ME, (8)) C 0, D. 
izl : + , 
== @r Æ 0, s=n -+r r=], "tt, m; 
if the functions of each set (en, me are multiplied by a suitable constant, 
the Ni 
3 is — pP M0) = Var, ar real,” 


= 1/2ar, R(ar/i) 0, r= i, e- m 
are obtained. l 
If ar is a pure imaginary, the corresponding functions of the sets (é:®, 


mn), (E, 4?) may-be assumed conjugates; if 


n 
= (E n — OE, Hr) = 0, gmat, +, m, 
then | s 
n` ; 
À (Eip ™ D — pif) = a V —1, a 0, 1<S=m. 
and taking conjugates, a being real, 


3 (é: nD y 5 sap eee) =—ay —1 dis | 


Consequently if 
Ea = bi +, Digi + mo 
l Em Ta é mD + éw, mr) = qi Hrd “+ miD, 
then , 
n wew 
x (E D — Wii™? ) ss Ra V es 1; 
i=l 


and 


* Bocher, Introduction to Higher Algebra, (1922), p. 50. i 
+The dashed variables used here are not to be confused with those of (5). 
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and if each function of the sets (£4, 7:) , GAD, 7») ) is multiplied by the 
same real constant, suitably chosen, the relation | 


` 3 (Ei iji (nel) — yi ED) = +1/a 


is obtained. Hence this relation must hold for at least one pair of conju- 
gate sets. Then as before, from the equation 


m ho 
> CG, 5 (fini 0 — 7 Err) = () 
real il si 
and its conjugate 
f 36.3 (EP Dy, D pe (r) ) — ( 
.r=1 dsl 


can be determined P independent sets of functions (&, m), | 
(Een, a), (r= 2, - °°, m) which can be operated on as before until 
sets- Pate been obtained for whieh 


š (EOG — ji E ) na 0, SAT, T, 8= 1, ose ym, 
i=1 
== + 1 À rs s= Tf, 
the functions °, & being conjugates, and the same is true ofp, pn. 
When one or the other procedure has been applied to each exponent, 
conjugate functions é, &®, y, nz: being chosen to correspond to con- 
jugate imaginary. ne as nd the resulting set will be a normal 


one; and in what follows it will be assumed that the periodic functions or 
constants in (5) form a normal set. 


2. Reduction of the differential equations to a simple form. 


Equations (4), (4) can now be reduced to a simpler form by means of 
the change of variables 


=: E Br i 5 E, HG, 


T= ; | 
(7) t= l = n. 
n . n 
* ni = > gi iy + > qi D, 
| | r=1 r=] 
after which (4) become 


(8) | dür/dt = arûr = Prs dr / di = — a,Vy + pr fes 1, -: *, 2. 
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If a is an arbitrary constant of integration, from (6), (7); we obtain 


oF a dé: On, = dm 8: ) 


i et nt me) Mihai 


da, ia \ dt ĝa dt ĝa | 


_ i yg, (2 T de a 
da 4=1 “dt da, dt da, 


where 





2 ti,” n dé: M” ) 
Gees. es (E ess (r) 
i1 ĝia dt. 4} dt či i 








+ > üi 5 8) L (3) 
ae” af 














rés 4=1 
n GE n js dns 
> >> (mtr) . £.(ntr) 
+ rl À txt \ dt n | dt i ) 
(ntr) | ( +r) 
+ 3 DrVs s (E nits) — dya" é; (08) ) 
i ne i=1 dt 








i n (r) .(r) 
+3 tt, 3 3 ( dt ni (nea) dni é ma) ) 
dt 


r 8=i 4=1 dt 


Consequently * if F” = F — Q, the equations in a, %:, are in the form 


dü: oR’ dü; OL’ 
(9) “a a——=—— . hele a TL 
| dt | (evi) ” dt Oi; 
and from (8), | 
(10) PS ErGrrÜr + P} 
ral 


If the functions (£“, m9) are constants, Q = 0; in any case 


(11) ic pene ae == 0, Gr Us — 0, r,8,=1,""",fh. 
: düs  Où00s F000, 

The function F having been defined only for real values of é, mi, it is 
necessary to give G;, 0; values-for which the original variables are real. This 
requirement will be satisfied if, when ar and as are conjugate imaginaries, 
corresponding functions of the pairs (ür, G-), (is, Ts) are given conjugate 
values; while if ar is a pure imaginary, the variables ür, 3, are given conju- 
gate values, as a result of the A that-the functions of (5) are à 
normal set. | 


* Poincaré,- Leçons de Mécanique Céleste, tome 1, pp. 2, 3; Les Méthodes N ouvelles, 
tome 1, pp. 368, 369. 
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If ar, as are conjugates, suppose > 


rap Gig tp wie Bp = + i” 


ag==G—i ei" Tv — iv" * 
then from (8) a en nn, 
du’ /dt Eai gu’ — gu” + $’ Mi dv! /dt si gu’ -+ g'o” +. ÿ” l 


du’’ / dt PN q'u’ -+ qu” - p” dy” J di LE go oe qo” + y” 
If ar is real, and ar == gr, - | | DE | 
dür/dt = qrür + Pr i dt, /dt = — Qrôr + We 
while if ar is a pure imaginary; ar = pV — 1, p > 0, 
Ü == g 4 U, D— — üy, 
dz/dt= — py + ¢’, dy/di= px +4. 

Of the exponents an az, * ~*~, an assume that there are M pure imagi- 
naries, K real, and L pairs of conjugates; then K + 2L =N, and M +N 
=n. Equations (8) can then-be written in the form 

. dæ, /dt = — piyi + Xi, dy,/dt = pizi + Y; il es mu, 

dus /dt == quur + Ur, dur/ dt = — qvr + Vr, k=l,’ K, 
(12) dur/dt = qrr — Yr + Ur, dr dt = — Qed, + gérer + Ve ` 


drar / di = Q'rür + Orting + Urr (r Skee ke L) 
dre / dt = — g rr — QrULar a V tyr ©- | 


From (8), (9), (10), it is seen that F” has the form 
M . i K K+L 
(13) I” ere t+ (a + vu) + À Umm + 3 (urur == UrsrULsr) + Fa 


Since the absolute values of the coefficients of (7) are bounded, a num- 
ber a can be found such that if 


(D) Iml<a ty|<a..[ul<a |ol<a 
t=1,°':,M, r=—1,:::,N, 


. the corresponding variables é y: will satisfy the conditions | & | < g, 


lm | <d@. 
Since the functions 


(14) Xi, Yi, Ur, Vrs tod: +, M, r=1l -:.,N ies 


are real, and from (8, 9, 10) are necessarily linear combinations of the first 
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order partial derivatives of F, they possess continuous first order partial 
derivatives with respect to the variables now considered, which vanish with 
these variables. If we denote by g(a, yi, ur, Vr) the largest of the absolute 
values of the partial derivatives of the functions (14), at a point (a, Yi 
tir, vr) of (D’), then for some r,0<r<1, 


(15) [Xe Sg (rae tyo ry roe) [ 3 Uml + hye |) +3 (eel + LoD 


and similar inequalities hold for the other functions of (14). 
Instead of a single trajectory consider two, represented by the variables 


Lis Yis Ury Vry Te + Vi, Ye Ye Ur + Ur, Ve + Ve; 
from (12) we obtain | | 


deli /dt=— piyi + Pi, dy’i/dt—pai + Vi, il, cc, M, 
du! m/ dt = Gmm + Um dv’ m/ dt = — GmV"m nu Vm, m == I, 7 K 
(16) du’, / dt = Grr — Q rW Lyr + U’r, du’, / dt = — Qr0°r + Q V Lar + Vr, 
dt! typ / dt = Yr + Qu” tae F Ur 
dV’ tar A dt == — q Dr — rV tar + VIr 
(=K+1,:::,K+L). 


the primed functions denoting the- differences between the corresponding 
functions (14) for the two points considered. From the equations anoe we 
non ey: 


4 (or, + y) = Q(X"; + y'i’) i=l, >s, n 








d gr 
7 DE 9 qutm of UmU’ m, | 
r2 l : | 
(17) a == — mV mw dm mV" m | m—=1l,"":, K. 


a + we zr) ee dar (u2, + Ut) + 2 (wr U’r -+ WtarU’ tyr) ? 


IE Oe ie) m Byela te) HRT + V2) 
(r=K+1,:::, K+). 
As before, . 


E E EE PETE TT de TA 
M x. 
[Sd aitlye) $3 (wel tle) | 0<r<t 


with similar inequalities for the other functions. 
3 
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Part II. Æxtension of the theorems of Bohl. 


1. Some preliminary inequalities. 

The paragraphs which follow are very similar to he corresponding ones 
in the memoir of Bohl.* Suppose lı, l2, * + +, Dar, Mi, M2,°* *, My, Mester 
== Mg, any positive numbers, and 81, Se, * * *, Sar, t1, ta’ * t, bat, 21, Zaty 
zy a set of real variables. ‘Then from the inequality 


Vin a] Sat, = Sa | 
{=i q=1 
and the introduction of the constants 
ED, deb Le = Vil tN, A=g V2-N 
we obtain 
r ON ee M N 
RUE oF t4) T Amae == (| Si | ag | te |) + 3 | ar | 
= r=) i= rz 
(19) 
Mf N M 5 N 
Aq 3R He) Him SIBULAID, |e] 
a=1 i 1 T=1 4=1 ri š 


By choosing the constant a defining (D’) sufficiently small we can make the 
quantity g (£i, Yi, Ur, Vr) arbitrarily small; hence if À is a positive quantity 
to be restricted later, we may assume g < À. For convenience suppose -qxz,- == 
GK4Lar- If 


A N N 
r=3 6 (z° i+ y”? i) +3 mv, — Su? 
{=i r=1 r=1 


we obtain from (17), 


. 1 dr’ N° N 
DU Tm eget — 3 gre, 
rzi rzi 


M N N 
+ = Pi (21%: + yl iY 73) T > mv’ eV", Page 3 wes. 
since 


PORE ANAL aq + +2 (le lee] 


” and 


M N D a S 
3 (i sij +] y's |) pee | vs | a VELIOS +y) Fam 





Bieisve Vie 


rzi. 


* L, c, IL § 6. 
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we obtain - 


eb [Pb | Ud |W |S 


ae 





BE al i, (a, + y) a 3 ie + VN Ni iw] 


Consequently if 7” = 0 when t= lay 





1 dr’ 
3 Œ ak + AT + ZONETO 
ETAPE CAT D] 
i=1 a Rar? ak d 


Since 


M | : N Ho >g 
Ree Hi bam poe - 








M N | | 
= A V2 I? (2/? i + y? i) x mv"? <= A- S u”, 
=1° 7 * eal 


we have ™ 
1 dr as Wats 
5 SS qu HAE + VN) (A+ VI) su", 
r= r=1 


Then if g is the smallest of the quantities G1, Joy" * * 5 Qu, 


1 dr’ 


1E S gbt VI (A+ VE, 


ral Fy 
or if A(T + VN) (A+ VN) <q, then dr’/dt = 0. 


Suppose this inequality for À satisfied within (D’ ). Then if the two trajectories 
- in (D’) for b SiS t, and 75 0 for t= to, then dr'/dt < 0 also if 
3 u’, £0. Suppose 17 = 0 for t= t,,; then a time t t must exist such 
4=1 


that 7” = 0, t= t, and 7 <0 bitch. Consequently there exists also 
a time ¢” < # at which dr’/dt = 0; but at this time 7” < 0, hence dr’/dt < 0. 
From this contradiction we ree the result that q’ < 0 when ¿= #,, and 
LO dt K<ÉE tr 

Consequently from the definition of 1, z Uy > 0, to < ts ” ‘and if 


N 
Su’? £0 for t= to, then 3 w?, > 0, % = IZh. 
r=] r= 
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- N 
Under these assumptions compute d/dt 3 u”,: 
T=] 


14% K 
5 di xu, = & (qru? + wu’, Ur) 
r= r=i 


EL | 
-+ à [qr (Wr -H Uher) + WU Tr + W trU’ Lr] 
zj +i i 
r N N 
r=l r=l ; 
Since 


N : x M NO | 
ELLES (31 u's | ) À EX gil tly +3 (we | +e’ D] 


soa IN N 
SAVN su, ‘ques VN) NETO 
r=1 r=1 


N 
SAVN (T+ VN) Su% 


r=1 
we obtain 
1 d N | es TE N 
gp 3e = lavi + VN)] 3u”, 
ral ` rzi 


Suppose o > 2A VN (T + VN), while o < 2q; then 


= aN oN 
— EU? > Rq— o) Su”, 
at y=1 r=1 
and 


N N 
| > u, | > et2q-a} {fito > Ue, | . 
t=t, =tio 


e v=1 r=1 
Consequently we have the following theorem: Given a set of positive num- 
bers o, di, la t + +, lat, Mi, Mo, * +, My, With Mrrar == Mryr, then if a neigh- 
borhood (D’) of the origin is so chosen that within it the partial derivatives 
of Xi, Yi, Ur, Vr are less in absolute value than either of the quantities 


eee: ee ees ae es Ue 
—(P+VN)(A+VN) , 2VN(T+ VN) 
where T, A are the quantities previously defined; this neighborhood has the 


following properties: 1. If the codrdinates of two trajectories lie in (D’) for 
to = tS t and if when t= to 


M à N N N 
P = Pia, + ys) + 3 mr — Su? S50, Su, 
qal r=1 r=l r=l 
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~ 


then 7’ < 0 for the interval to < t S tı; and 


à N 
S wy ] > g(2a-o) tte) | Sy, ] 
t=ty t= to 


r=] r=1 
2. If the codrdinates defining two trajectories lie in (D’) for b Zit 
(i, < to) and if for t= to, 
M N N 
S = I Pic + y) + mur — Syl. <0, Sy 2 Æ 0, 
i-1 r=i r=] r=] 
then s’ < 0 for the interval to > t = t, and 
N i N 
> v, | > etaa) (o-ta) 5 4. | 
rzi =f 2 - r= t=tg 
The last part of this theorem can be demonstrated in the same manner as the 
first.” 
2. Certain inequalities obtained from the energy integral. 


In this and the following paragraphs it will be assumed that the func- 
tions pi, y: in (2) are constants, and that the function F does not contain 
the time, D ou the integral F == C exists; it will also be assumed that 


the quadratic form pE + (af: + y) in (18) is definite. Then if p>0 


is given, the ana a defining (D’) can be chosen so small that within this 
region, (E), 
[Fap [3 ety) +3 He) ] 


Suppose 8 a positive number such that the region defined by the ine- 
qualities 


M 
(F3) | 2 (a + y) SP 
i= 1 
` N N 
(G) Su, <S 8/4, Iv, S 8/4 
ra r=1 2 


* While it is almost self-evident that no coërdinate can become indeterminate 
for a value ¢ on the interval t, < t < t, under these hypotheses, a proof can be given 
as follows. Suppose M’ an upper bound for the right-hand members of (12), and 
lop [Vib [%, 1 |», | <b in the neighborhood considered. Then if + is any 
value of #, the method of successive approximations of Picard defines these coördi- 
nates within an interval |i”—?t’|<b/if’. Since any finite value of t— t, is less 
than some integral multiple of b/M’, the values of the cobrdinates for this time 
t are defined by the method of Picard, and cannot therefore be. indeterminate when 
$> t, if it is assumed that the cordinates lie in the given region for tS t<tt+h, 
h > 0. 
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lies within (£). Introduce also the region | 


(Pa 3 (2% + ys) S 28/9. 


Then from the energy integral and (13) we obtain the theorem: If the tra- 
jectory (xi, Yi; Ur, vr) lies in the region (Fa, G) for t= t, and in (Fa @) 
for t == t, then if u'< 4, 


if 

LA +3) | 

. 4=1 t= 

For from (13), 

Lier]. 
= + [+3 3 (a + y) Lee 3 Lan Dm + 3 “(an — es -+- P sJ 

FL 
a 3 alee T à (ur = UtarUrar) +F F i 


Hence from the inequalities uzv, = TEA + Vk), — Urr S S -|- 1), we 
obtain 


NE | 20? ò? 26" 
2 2 dane 2 E eae 
[zetro] 9 a 2 +a [28 + 9 
< PLA + 4 +u(2 + %)] 
and if p < &, the theorem follows. 


8. Introduction of certain domains and inequalities. 
Suppose (H) a region lying within (Æ) and such that in (H ) the par- 
tial derivatives of the functions (14) are less in absolute value than 6q, where 
i | 
2VN(V2il + VN) 


Assume d so small that the region 


8 < 


M s N N 
S (a Hyu) Sd, Sur S d Su, < d/4 
i=1 r=1 r=1 


lies within (H), and construct the regions 
M 
(4) Pe (a + y) =, 
Fo ; | 
(a) 3 (275 + y) S 20/9, 
i=l 


: ; N N 
(B) - SS P/4, Su, S A/A.. 
r=1 


r=1 
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Then we have the theorem: If (ai, yi, Ur, vr) lies in (a, B) for t= t, in 
oe N N 
(A,B) for t =t, and if for t= t, 3 u’, = d°/4, then d/dt3u?, © 0. 
4 r=l - r=] i 
For, from the preceding paragraph, if t = t, 
© N 
Z (i Hyi) LÀ. 
41 
From (12) or (16) we obtain 
d 
d 


1 N : K l Kb 
3 i AV = 3 (get's + ur Ur) TA [gr (Wr + Urar) F UrUr + UrsrU rr] 


+ 


N N 
= > gru*, + > urU ry. 
r= r=] 
From the inequalities o 
N N M N 
[Sute|<(Slurl ) 6 [30a] tn uH] 
r=] r=l ial r=], 


à 


af — {x bon 
3 (a+) S VZT 3 (0% +9) 
izi ; 4=1 





N —. |7 
3 (|u| + |o) < Vala] 3 u, +0%) 
ret r=] 
N° a IN S 

< 2 
TER 

we obtain 
N E E et E 
eel ver y 3, | Vail VE (2°: + y) 
ass, ee ee 
2 2 
+ VEN 4/3 (ue Hot) | 


<0q VN À [Vail a4 VEN VER] 


Nos, rm P 
= 6ga? VN (vail VAG 


Also, 


N d N d? 
> Gru’, = giv? = LF Mans 
r=1 rat 4. 
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Hence 


1 d X d? a? 
ae are a 


In the same manner can be proved the theorem: If Go Yis Ur, Vr)- lies 


in (a, B) for t=, in (t B) for t= t, then if for t= bay z” r == d? / £, 


J | ° dt ST rm 0, = $. 


4. Existence theorems. 


Pai 


ior convenience the domains introduced above can be grouped in ‘the 
form 
M N N . 
(4, B) E SF, o A Aes A 


N 
(a, B) 3 (ate + 9%) S 20/9; du, = æ/4, EE dP j4. 


| We shall prove the following theorem: To every set of values of the 
region (E) A 


N 
3 (at: + y) 20/9, 30, S d?/4 
42], r= 


N 
can be adjomed a set of u-values of the region = u*, = d?/4 such that the . 
- ro] i 


set of values (ce Yi, Vr), (ur) are the initial values of a trajectory which 
remains in the region (A,B) for t > to. 

(The theorem will be true if it can be shown that the contrary assumption 
leads to a contradiction. Suppose (£i, Yis vr)o a set of values of (#), such 


: N> 
that however a set of values (u), is chosen satisfying 3 w°, = d?/4, the tra- 
: r=] 


jectory possessing the initial values (£a Yi vr)o, (u), ceases to satisfy the 
inequalities of (A, B) for ¢> 7; in other words, inequalities (A, B) are 
satisfied for to = t & r, while however small A may be, these inequalities are 
not satisfied in the entire interval t <t<7r -+-h. Consider the values of 


yy Ua * +, Uy When t=7; if this set is ce by (u), it will be shown | 


that (u) lies on the boundary of the region 3 Ke = d°/4. 


The set of values (a, yi, Ur, Ur) lies on the boundary of (A, B) for 
t= r and since the trajectory lies in (a, B) for t= to, we have from the 


M 
results of a preceding paragraph. à (a + y) < d. Also, if the equation 


_ 
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N- N 
>> us = d’/4 is satisfied, then aia 3 vr <0; and if the set of values (u) 
r=1 


did not lie on the boundary, (3 u?, < d/4), it would follow that the tra- 


jectory would remain in the region (A, B) for some interval of time, ‘contrary 
to hypothesis. Hence to each set (u}), corresponds a set (u) on the boundary 


: N P , 
of the region z Ur = d/4 It will be shown that this correspondence is a 


continuous one.* 
Suppose Es that the set (u)o lies in the interior of the region, ca 


consequently Su’, < ®/4; then r >to Then a constant À can be deter- 
mined such that the trajectory with initial values (vi, yi, Ur)o(u)o lies 
within (H) for t StSr+h, Ru! >d/4 for t—r--h, and 
to < r— h. The number h can a aoa arbitrarily small. In the inter- 


val é 5 t< r— h the inequality 3 u?, < d/4 is constantly satisfied, other- 
wise the omer would not satisfy 3 ae | <= d?/4 for St = r, from the 
Inequality d/ di 3 u*, > 0 on the boundary of this Lg 

In the Hewa to S tS r—h, then, d/4— 2 u’, = B? 50; conse- 


N 
quently a region (w) lying in the interior of the region 3 u’, = d?/4 can be 
r=1 i 


found such that a trajectory with the initial values (z:, Y vr), amd any set of 
values ue (w) lies in (H) for #StSr+h; for t=r T h its u-values 


_ satisty z uy >e /4, while for t= r— h the inequality à ur < @/4 is 


satisfied. 
ar to each set of values of (w) corresponds a value 7 7, and F> r—h 


since 3u, < #/4, CESSE Also, r<r+h since for == 7 + h, 


| Su? r > d?/4. “The set of values (u) node to a set belonging to 
r=] 
(o) is formed for {—7.- Since h is arbitrarily small, it follows that by 


* The following argument is based on the continuity of the solutions of a differ- 
ential system with respect to the initial values of the variables; see, for example, 
Goursat, Cours d'Analyse, tome ITI, Chap. 23, (1915). ; 
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. choosing the neighborhood (w) sufficiently small the u-coôrdinates of a tra- 
jectory with initial values (xi, ys, vr)o, (u) in (w) can be made to differ as 
little as may be desired from their values on the trajectory with initial values 
(Ti, Yis Hs (u), at the same time; and the u-codrdinates of this trajectory 
in the interval’; — h < t S r + h differ as little as may be desired from their 
values for t==7. Hence a neighborhood of the set (uw), can be found such 
that the set (w’) which corresponds to a point (u’), of this neighborhood 
and the set (u”) which corresponds to a point (w’’), of the same neighbor- 
hood will satisfy the condition | w”, — wr, | <e (r—1, +, N), where e 
has been chosen arbitrarily small. The of this correspondence for 


points (u) in the interior of the region 3 u’, = d?/4 follows; the proof for 
points on the boundary can be given in the same manner. 
Consequently to each point in the region z uw; = d*/4 corresponds a 


point U1, Uz, © © +, Uy on the boundary, while Bee on the boundary corie- 
spond to themselves, and the codrdinates U, are continuous functions of the 
variables ui, Uz,'**, ux. But such a correspondence is impossible, as a con- 
sequence of a theorem of Bohl.*. Hence the theorem. 

In the same manner can be proved the theorem: To every set of values 
© (wi, Yi, Ur) of the region 


M N | 
S (0%; + y) S289, Zu, S d/4 | 
4=1 . rzi : 
N | 
corresponds. a set (v) of the region 3v’, = d*’/4 such that the trajectory 
rzi ` 


with this set of initial values at t == ¢, lies in the region (4, B) for t < to. 


5. ‘On the manifold of the trajectories whose existence has been estab- 


* lished. 


Suppose a neighborhood (H’) determined such that ( H’) has the prop- 
erties of both as ) and (H); such a neighborhood can be determined, with 
L= h =" +s ț ly = 1, and mme. += my—=m<il. Then sup- 
pose two m ectories to lie within (H’) for t = to; then if in the terminology 
of § 1, at Y = to. 


M x N | 
x (2 + yey m? Iv, — Bul, < 0, 
i=1 r=1 r=) 


. *L, c, p. 198, On the boundary the functions U7, cannot vanish simultaneously. 
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from the theorem of §1 it would follow that S u’*, increases indefinitely ` 
ral 


with £. a for t= to, 


3 (a? , L y y+ m? ao, > Zu, 
re 
Hence the theorem: If two trajectories lie in (H’) for t = tea, and if for some 
Y = to, the codrdinates (xi, Yi, vr) coincide, the two trajectories coincide. 

If the u-codrdinates corresponding to a given set of values of 24, Yi Vr 
considered as functions of these coërdinates, are denoted by [a], [u:l, * +, 
[uw], the inequality above proves the continuity of these functions. In the 
same manner can be obtained the theorem: If two trajectories lie in (H’) 
for £ < t and if for some #” = < to the £i, is Ur coërdinates coincide, the two 
trajectories coincide. | 

The v-codrdinates of a ho which lies within (H’) for t< t will 
be denoted by [vi], [ue], © + +, [vw] ; the continuity of these functions follows 
as before. 


6. ‘Trajectories which lie in (H’) for all values of #. 


Suppose fixed a set of values (i, yi): satisfying (a), (§ 3), and construct 


the functions | 
— [ur], tr— [ve] rel: -, N. 


These are continuous functions -of the variables tr, vr in the region 


+ 


N Ny 
(B) Su, = d/4, Su SPL. 
i r=1 : ral ; | 
and consequently from a theorem of Bohl,* there exists a point on the bound- 
ary of (B) for which, unless these functions vanish simultancously, 


— [ur] = — vur, Vr -— [or] = — vor, r > 0, r == 1, t.: +, N, 
consequently 


3 m = d?/4 or E V’, = d?/4, 
rzi 
From . - | 
(L+v)u= [ur], (1--v)tr—= [or] rt, N 


*L, o „ pp. 199, 200. The theorem of Bohl is proved for a slightly different 
domain, but the proof is sufficiently general to cover the case considered here, as is 
immediately evident; instead of his region (@) we have (B), and a corresponding 
interpretation of his functions ¢,(¢=1, +++, n). 
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it follows that | | 
N N © N N 
(1+)? 30% lu], (1-+y)!3 0% 3 [or]? 
r=1 ri r= r= 
and therefore x l P 
(1 +r)? @/4—=% [u]? or (1+)? P/4= 3 [v]? 
r=L š rzi 


N N 
Since. & [u] d/4, 3 [v] 5 d?/4, we have arrived at a contradiction 
r=1 r=} 
unless the existence is admitted of a set of values for which ` 
Ur = [ur], vr = [vr], r=l:::,N. 
Consequently we have the theorem: To every set of values of the region 
M 
= (x; + yi) = 8/9 
r=], 
corresponds a set of the region 
N N 
i Iu, = d/4, 30%, d?/4 
rz], 


r=] 


such that the trajectory with these initial values (ai, yi), (Ur, vr) at t= to 
remains in the region (A, B) for all values of the time. ° 

Consider two trajectories which remain in (A, B} for all values of #. 
From § 3 we obtain the inequalities | l 


M N N 
| > (2 + y") + m? 5 y?y > > u’?, 
i=l r=l r=] . 
M N N -- 
3 (2 + y) +m? Su, ZX v0”, m < 1, 
4=1 rel r=l 
Therefore 
M teem i 
> (2% + y") = HS > (u?, Hy?) . 
4=1 2, Hak 
Hence if for any value of #, the (z: y:) codrdinates coincide, the two tra- 
jectories coincide. 


Expansion Problems in Connection with the 
_Hypergeometric Differential Equation.” 
By BERNHARD PAUL REINSCH. - 


I. INTRODUCTION. 


1. Statement of the Problem. The object of this paper is the develop- 
ment of an-expansion theory for the generalized hypergeometric functions of 
Goursat ¢ and Pochhammer,f and for the ordinary hypergeometric functions § 
of Gauss in particular, analogous to the one worked out by ore and 
Gegenbauer for Bessel functions. | oe 

‘We first treat the expansion of f(x), an arbitrary analytic function of the 
complex variable x, in series of ordinary hypergeometric functions, 


Pum (2) = 2 MP (a Hk +m, b, 14km; s), (m=0,1, 2,---), 
which are particular solutions of | 
EAP DEEE 1)a]y’ —apy —0, 


where a = a, 8 = b — k — m, and y=1—k—m. The quantities a, b, and 
% are to be any fixed numbers, real or complex, subject to the sole restriction 
that k shall not be a negative integer. |. - 

This expansion is at once developed in a generalized form, analogous to 
Gegenbauer’s generalization of Neumann’s expansion in terms of Bessel func- 
tions, since this includes as a special case (i. e. & — 0) the analogue of Neu- 
mann’s expansion. Some important properties of Fxim(æz) and of Gmx(t), 
the polynomials associated with FPrim(x), are then discussed: 

This expansion theory-is then extended to the generalized hypergeometric 
functions in Section III, and to the expansion of functions of several variables 
in Section IV. i 


* Presented to the American Mathematical Society, April 19, 1924. 

+ Ann. de l’École Normale, Ser. 2, Vol. 12 (1883), p. 261 and p. 395. 

+ Mathematische Annalen, Vol. 38 (1891), p. 586. 

§ Darboux, in “Sur Vapproximation des fonctions de trés-grands nombres, ete.”, 
Journal de Mathématiques, Ser. 3, Vol. 4 (1878),.p. 377,.treated a special case. He 
developed the expansions of analytic functions in terms of Jacobi polynomials, 
‘F(—n, a+n, y; æ), by the method of Neumann. 

|| See Watson, Theory of Bessel Functions (London, 1922), Chapters 9 and 16, 
where an excellent summary of these results is given. Here will also be found addi- 
tional references. 
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II. THE Expansion OF AN ARBITRARY ANALYTIC. FUNCTION IN TERMS OF 
SOLUTIONS QF. THE ORDINARY HYPERGEOMETRIC DIFFERENTIAL EQUA- 
TION OF Gauss. E E | 


R. Expansion of c in a Series. of Fuim(x). To determine the coeffi- 
clents Cm in the expansion 


CO 
ptt > CaP em (x), 
m=0 i 
we insert in the right member the expansion of Frm(£), 


Frm (2) = gim + SES ghtmrl 
(a+k+m)(atk+m+1)b(b+1) non pe Da 
Pa Or a a a 


and then equate coefficients of like powers of æ. The resulting expansion, 


ee © (a+k + me(—D})s = 
kim — 7 
(1) d ey + m); Pema (9), 
where (a)s =a(a + 1)(a+2) +--+ (a+s—1) and (a)o= 1, we shall 
show to be absolutely and uniformly convergent and to represent the function 
giim, 


3. An Expression Dominating Frım(£) = 2e" (a +k +m, b, 1+kk 
+ m;zx). Always assuming k not to be a negative integer, we have 


| Frame) | = | 2 | 1" | Fun(z) | 


Sjop [14 Hrtan a] 
"e [a+k+m]||a+k+m+1]|.|b|.]d +1] | æ |24 + 

[1+ktm||1+k+m+i]. 2! Me 
where the series in the brackets converges absolutely and uniformly for all 
finite values of m and for all values of x such that |z|=R’ <1. We shall 
show that | Fxim(v)| possesses an upper bound M for all (positive integral) 
values of m and for all values of x such that `| s| SR’ <1. It is possible 
to choose m large enough (m = m, = Mu) so that R(a+k+m) > 0, 
R(1 +k -+ m) > 0, and so that for every m equal to or greater than mi, 
only one of the following two cases exists. Hither | 


|a+k+m++r| — latéktmtr] <] 


fat+e+m+v| = [Fk F mtr] » (m0, a; 
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or 


p< (ebb + m+ ty] < latktm +r] (v= 0 1, g++). 


~ [ite mtr] T [litem ty]? 


In the first case, we have 


b b : 1 
| -Frima (2) S [14 KAI A lelt | E CE | + ) | æ |2 + 
= a Lall, - (m: = A 
which certainly has an upper bound M,, for all values of m and for all values 
of « such that | z| SR’ <1. 

* In considering the second case, we note that the expansion of Frm (2) 
converges absolutely and uniformly, and hence | Frm (x)| has an upper 
bound M, when |[¢|=R’ <1, where m, is a value of m such that 
latk+m+v]2/[1+h+m-+ vl, (v=0,1,2,--:). But since 

< Le ef ml lt 
(2) | Frem (2) | S [1 + jl tk+m|. |x| 
p lat ml. [atk+m+1|.) 0]. teat jc Pf -] SM, 
[lte+m |.jipke+m+i[ . = 
and since the replacing of m, by m2, where mz > mj, in the series (2) gives 
a series whose terms are less than or equal to the corresponding terms in (2), 
it follows that for all values of m greater than m1, we have 


| Feom(t)|SM2, = (m>m). 


It is evident that for each value of m less than mı, | Prm(z)| has an upper 
bound in the region |s| = R’ <1. In this group of upper bounds let M, 
be the largest. Then, letting M be the greatest of the aaa M, Me, and 
M3, we have | 

(3) f | 3 | Punla) S = | g [een y 


for all vanas of m and for all values of x such that |s| SR’ < 1. 

4. Convergence of the Expansion for a**™, By means of the last in- 
equality, it may be seen that the series in the second member of (1) is 
dominated by the series 
ay Lekt d] 

4. ROSES SANE Cree: Se Seema! i ktm+s M, 
CE a a 
Since the ratio of the (s -+ 1)th term to the’ sth term approaches [class 


approaches infinity, we see that (4), and hence (1), is absolutely convergent 
when |s| SR’ <1. After dividing out the factor st, we can prove the 
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uniform convergence of the series in (1) throughout the region | z | S R’< 1, 
for then (4) divided by z! will be dominated by a convergent series of posi- 
tive constants independent of z. Hence, the uniform convergence follows 
from the test of. Weierstrass. 

Then, since the power series expansions of Fxim(2) ait converge abso- 
lutely in the circle | z | Æ R’ < 1, and (1) divided by zë converges uniformly 
in the same circle, we know from the Weierstrass theorem on double series 
that the rearrangement in deriving (1) was valid and that +”, and conse- 
quently 2**™, is represented by its expansion in the circle | g | S R. 


5. Expansion of a*/(t—x) in Terms of Frm(x). In the expansion 


ak CO: ktm 
t— T g pmi. 7, 
which is valid for | x | < | ¢[, substitute Le uppropet ADRO (1) for 
each power of g: | 


(5) | Sa a < 1 $ rt Ch, 


t— x E- Pmtd 0 s! (1 +- k + M)s Frsmis (T). | 








Rearrangement of this repeated series, une temporarily that this rear- 
rangement is valid, gives 





* 9f} lotktm—1}(—b)s 1 1p 
t— x = à a s! [k4 m]s pm—s+1 kr tam(2), 


where als ==a(a-——1)(a—2) +--+ (a—s+1) and Lals= =], We now 
define’ the polynomial: Gn w(t) by ë the equation: 


ee eee a | 
Gna(t) = LEE RE ED o (m = 0) ; 


Gm x(t) is a polynomial in 1 /t of degree m-+ 1. We then have the ex- 
pansion 
| ad se ae 
(6): Tg = Gnk(t) -Frm (2). 
—T mQ j 

To justify the above rearrangement it is sufficient to prove the absolute 
convergence of the repeated series in (5). But for m large enough (m > mı) 
so that m + 1— | k | > 0, (5) is dominated by. 


o M C : tomes 
Are À arr let 


ReINSCH: Expansion Problems—Hypergeometric Equation. 49 





<y ze” g (la+k|+ms (bp 
m=0 


| & [mrt ae s| (m+1—/k|)s cf: 





=u 3 Fate +m, |b], m+1—]k]; |e). 


But by the arguments of Art. 3, F(a + k| +m, |b|, m41 —]|kl;|z]) 
has an upper bound for all values of m greater than m, and for all values of z 
such that |s| SR’ <1. We also surely have an upper bound when m = mu. 
Hence, letting Jf’ be the greater of these upper bounds, (5) is dominated by 
r 00 | £ [em 
pi Ma 7e) | t [mt . ? 
which converges absolutely when | x | < |#}, where |æ|=R’<1. Conse- 
quently (5) is absolutely convergent and the expansion (6) is valid under 
these conditions. 

We can readily establish the uniformity of the convergence of the expan- 
sion (6) divided by z* throughout the regions | 


HIER [e| SEP where BR’ < R, R' <1. 


When these inequalities are satisfied, (5), and consequently also (6), after 
dividing each by z*, will be dominated by a convergent series of positive con- 
stants independent of z and t. Hence, the uniformity of the convergence of 
(6) divided by x* follows from the test of Weierstrass. 


Writing yum (2) = 2 Feim(&) = ©" Fism(©), this result can be stated as 


Taxorem I. Let x and t be two complex variables such that | x | = 
R’ < land |t! ÈR, where R’ < BR; then the expansion 


(7) > 


OÙ ~ 
= X Gnx(t) Frim(t) 
T m=0 l 


is valid, provided k is not a negative integer. If t be a variable point on the 
contour C formed by the circle | t | = R, and x any fixed point in the circle 
| s | = R’, then the expansion converges uniformly with regard to t. 


6. Expansion of f(x) in Terms of Fum(x). By means of (7) and 
Cauchy’s integral formula, it is possible to get an expansion of f(x) in a 
series of Frm(z), (m = 0, 1, 2, +), f(z) being an arbitrary function of + 
analytic and one-valued inside and upon the contour C, formed by the circle 
[Iti—R<1 We proceed as follows: | 


4, 
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f(t) dé 


g t--2# 


(8) . f(x) = 1/2ni 


= f, E Gm, u(t). Pema) } Le 
that is, 
(9) F(a) =3 an Brom (2), where an == 1/2ri f, Gm u(t) f(t) dt. 


This expansion converges uniformly with regard to x when x is in the circle 
|a|—&’ <1. That is, the expansion 


= ; 
akf (x) om 3 OnE tam (2) > 
m=0 
is valid when |s| SR’ <1. This gives 


Tuxzorem II. Let f(x) be a function of t which is analytic and one- 
valued inside and upon the contour C formed by the circle | s| =RS&1; 
then the expansion 


(10) orf (a) == 3 Amlyim(æ), where am = 1/8ri f ‘ Ginx (t) f (t) dt, 
' m=0 


is valid when x is in the circle | z | == R’, where R’ < R, provided k is not a 
negative integer; and the expansion divided by the factor ak converges uni- 
formly with regard to x when |x| SR’. 

Y. Expansion of f(x) in Terms of Gmx(x). . If -s and t be two com- 
pléx variables such that | ¿| Sr and 15 |[æ| Z=, where r.< 1, then it 
follows from arguments analogous to those in Art. 5 that the expansion 


(11) 





OO mw : 

ao] = À Prsm(t) . Gm slz) 
is valid, provided & is not a negative integer; and if t be a variable point on 
the contour c formed by the circle | t| =r, and s any fixed point either on 
or outside the circle | x | ==” but inside the circle | æ | — 1, then the expan- 
sion (11) converges uniformly with regard to ¢. 

Now if f(x) is a function of x, one-valued and analytic, outside and upon 
the contour c, it can be shown, by arguments analogous to those in LATE, 6 to 
have an expansion in a series of Gme(æ), namely, 


(12) f(t) = 3 A'm Amx(t), where a'm = 1/2ri f Fam (4) f(t) dé, 
m=0 : | CE 
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which will be valid and converge uniformly with regard to æ when x is either 
on or outside the circle | æ | == r’ but within the circle | z | — 1, where r < 7, 
provided k is not a negative integer. . | | 


8. Relation to Maclaurin’ s Expansion. If the Maclaurin expansion of 
f(x) is 
00 . 
f(a) = 3 bam, 


while the expansion of Theorem IT is o s- 


— 


of (2) = À an Fem (2), 


it is possible to find the relation between the coefficients bm and dm. We 
see that 


n = 1/2xi f KOOL | 
yee Í, Gn a(t) {su} dt 


E [atk+m—Il], ba t 
1/2ri 35, S, t {3 a — fmni } at 


F 


y [e 4 k+ m—ij]a(— b)n 


(13) {2 n! Tk + ml | bmn (m = 0, ds 2, . “+ 


These formulae enable us to construct the expansion in Theorefa II of a 
given function when the Maclaurin expansion of that function is given. It 
is clear that the expansion of a given function in a series of ordinary hyper- 
geometric functions will have simple coefficients whenever the expressions in 
(13) take on simple forms. 


9. Analogue of Laurent’s Theorem. Let f(x) be an analytic and one- 
valued function of v in the ring-shaped region defined by the inequalities 


(O0<rS|e|SRS1. 


Let C and ¢ be the contours formed by the circles | x | = R, | xz |= r, and 
C” and œ the contours formed by the circles | x | =R’, |æzl=7, where 
R>R mdrr. 
Then, if æ is any point in the ring-shaped region defined LE the in- 
equalities 
gt < | y | < R, . 
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we have from Cauchy’s theorem that 


~ 


(14) f(a) = 1/2i f fd iri (À Ae 
o t— g t 

where the integrations along the contours C ii c are both taken in a counter- 

clockwise direction. For the first integral in (14), we have | x | = R’ and 

|t | = R, where R’ < R=1; hence, Theorem I-applies and gives 


1 
t— r 





00 ~ 
= 3 Gmx(t) Fram (£). 
Similarly for the second integral, where |t| =r, | s| Z7, and r <1’, we 
` have from (11) 
L g 
= À Frm(t) : Ginx (2) è 


g — t 


Substituting these two expressions in (14), we have 
À 2 L 
He) = 1/2ri S f { à Gm (t) From (2) \ f(t) dt 


Consequently, the expansion of ot fe) is in the form 


f(z) = 3 An tem (2) + z a’ mGm a“ 


where  an— 1/27i 200 dt, am =1/2ni Í Fresm (t) f(E) dt, 
MOEA ó i 


and is valid when 7’ S |x | =’. This result may be stated as 


THEOREM III. Jf f(x) is an analytic and one-valued function of tin 
the ring-shaped kii defined by the inequalities . 


Lre (SRS 1, 
the expansion 
CO AE 00 | 
(15) f(t) = 3 onFim(2) + 3.0’nGnn(2), 
= where 7 


On == 1 /Bari f, Gmu(t)f(t)dt and a'm—1/2ri Í Prum (t)f (4) dt, 


is valid and converges uniformly with regard to x when 


REINSCH: Expansion Problems—Hypergeometric ‘Equation. 53 
nss SE, 
where r< and R <P, ons k is not equal to a negative integer. 


10. Relation of the Analogue to the Actual Laurent Expansion. If the 
Laurent expansion of f(z) in the region 


S\e|SR 
co œ% 

f(a) = 3X bma” + 3 bot, 
m=0 ` m= 


we can find the relation between the coefficients bm, b’m of this expansion and 
Am, A'm of (15). As before, in Art. 8, we find the value of am as given by 
the formulae (13) ; and we see that 


= 1/2ri f Porm (4) f(t) dt 
| Š 00 
= 1/27. f Frm (t) { S ve | di 
0 ` nzi | 
s ` 
1/2 Da fo Fum (t) at 
| ; n=] e 
= eo oe 0 (a+k+m) D)» miy 
=mi 3 0 ft {3 ee (ETES Las. 


Hence, we have 


© (a tkt m)a(b)a,, 


r 
bm = 70 1! CEE MiN+1y E 
(16) (m = 0, 1, %,°° D 
i oes m fa--+k+m—1]a(—d)n b ° 
n=0 n! [k + mI n Fr, 


11. Recurrence Formulae for Fun(z). Let the symbols Fo, Fa, and PF», 
respectively, denote F(a, b, c; £), F(a+1, b, c+1; x), and F(a+ 2, b, 
c+2; zx), and the symbol 2”; the derivative of Fy with respect to x. From 
the four relations given by Gauss, 


(AA) cF(a, b+1,c;zx) —cF(a+1, b,c; a) 
—(a—b)eF(a+1,6+1,¢+1; et: 
(BB) FORTS bti,e+1;2)—c(c+1)F(a, b, c; 2) 
—a(a—b)eF(a+1, b +1, e+ 2; 2) —0, 
(17) 
(CC). cF(a, 6-+1, c; x)— cF(a, b, c; x) 
—arF(a+i1,b+1,¢+1; 2) =0, 
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(DD) [c— 2b + (b—a)z]F(a,b,c;x) 
` - +b(—-z)F(ab +lc;æ)—(c—0b)F(a, b— 1, c;x) = 0 


one can easily derive the following formulae, from which in + turn we cal 
derive recurrence relations for Frs (2). 


(A) o(¢+1)Fo—(e+1)[¢+ (@—b+1)2]F, 
+(a-+1)(c—b+1)aF, = 0, 
(B) acho —c(1—2) Fo + a(b —c) FP, = 
(0) e(a+1)(e+1)P— (e+ 1) (1—2) [co +(a—d + La] F's 
+(a+1)(b—c—1)(c— bz) Fa = 0, 
(D) cf", — abF, — ack’, = 0, 
(18) 
(E) c(e+1)(e+1— bz) PF", 
| —ab(e+1)fa+it(a—b+1)2]F, 
— a(a +1) (cb -+1)a°F’, — 0, 
(FE) cFo—(c—bx)Fi—x(1—x)F = 0, 
(G) abcFo—c(c—bx)F'o—a(b — cel"; —0, 
Ge +1)(1—2)P—a(e + LU + (a— 0 +1) 1h, 
++ a(a +1) (c—b + 1)sF:=0. 


To derive (A): replace b by b sein (AA); a, b, respectively, by a + 1 
b +1 in (BB); and eliminate F(a + 1, b — 1, c; x) between the two equa 
tions. The relation (B) is derived from the three relations (OC), (DD), anc 
(CC) with b replaced by 6 —1, by eliminating F(a, b+-1,-¢; x) and F(a 
b—1,c;x). To get (C), replace a, c by a + 1, c + 1 in (B) and eliminate 
'Fı between the result and (A). We get (D) from. (OC) by replacing a, c 
respectively, by a -+ 1, c +1. | 
- To get (E): replace a,c by a + 1, c + 1 in (CC); a, b, chya+1,b+1 
c+ lin (A); and eliminate F(a+2,b+1,c+2;x). Now get (F) from 
(B) and (D) by eliminating Fo; and (G) from (B) and (D) by eliminating 
F,. Finally, eliminate F, between (A) and (B) to get (H). 

The corresponding recurrence relations for Prin = Frin (2) = F(a+k 
+n, b,1+h-+ 7; x) are derived from the formulae (18) by replacing a, 
b, c, respectively, by a + k+n—1, b, k-n. We shall not take the space 
to write down these resulting formulae for Frin (x), but we shall refer to them 
as (A’), (B’),: © +, and (H’). 

The recurrence formulae for Phin — Pont) = eF (aH k +n, b. 
1-+k-+-n; x) corresponding to those for Prin, and derived from them by 
means of the relations ; 
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(19) Pen =ar, Pn = OP yn (le + 0) 2 Pen, 


are a 
(a) (k+n) (k +n H 1)¢Pens 
| —(k +n +1) [e+ n+(a—b +h +n)2]Fean 

er. +(a+k+n)(1—b-+-k4+ 2) Fina = 0 

(8) (k + n)(k + n—1 + at) Prin 1 — (k + n)z(1—x) PY hana 
-+- (a + k + n— 1) (b-— k — n) Prin 0, 
(y) (k+ n)(k tnt 1) (b+ n + ar) Prana 
—(k-+n-+1)(1—2)[k+n+(a—b+h +2) 2)] Pin 
—(¢+k+n)(1—b)+hk+2)(k+ nt — 0, 
(8) i + 0) OP kn + alk + n — b) Fryn 
— (k + n — 1 + a2) Fan = 0, 


(e) (k + n) Bsns -+ (b — k — n) Prin — (1 — x) Ein = 0, 
(£) a(k zg n) Prina + (k + njef” kena — (a + k+ n— 1) ken = 
(n) (k + n) (k +n + 1) E rni 
J a(ke+n+1)[k+n—14(a—b + kt n)t] Fran 
ee ne eee À 
(8) (k-n) (En + 1)0(1— 7) Pn 
—(k +n +1) (CE +0) (6 + n—1) +a(k+n—140)e 
+ala—b+k+n)2*} Fun 
Lede aya bah nl et 0 


Relations (a), (8), ana (e) follow directly from (A’), (B’), and (F’). 
To get (y), transform (C^) by means of (19) and eliminate F,,, between this 
result and (a).. To get (8), transform (D’) by means of (19) and eliminate 
Fran. between this and (8). To get (£), eliminate F;,, between (8) and (e). 
To get (q), replace n by n + 1 in (£) and eliminate F’rın between this and’ 
(8). Finally, (4). is derived from (a) and (8) by eliminating Prin... 


12. Function Dominating Gmx(t). It is possible to construct a simple 
dominating function for the polynomial Gwx(t) which was defined as the cò- 
efficient of Fxin(z) in the expansion (6). ene ou that k is 
‘not a negative integer, we have 


# 





GROS x 3 3 tikan [as “op ve 


By means of the asymptotic formula for the gamma function, it.can be shown 


- 
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that for m large enough (m = m.) the -coefficients 


(a+k+m—1)(at+h+m—2) +++ (atk+m—s) 
(k-+m)(k+m—1)-+:(k+m—s-+1) f 


(s—1,2,-::,m), 


remain less than Mimle-1l for all values of m > m,, and for all values of a, 
where M, is some positive constant. Then 





mie-1l i 
| Gm e(t) |< M pre à le 1) [él 
mle- 1] 00 b 8 mle-1l 
<M Ti À DU Pela ES 





But when |t| = R” <1, the quantity [1—|#|] 191 has an upper bound M, 
for all values of m ; and surely for all values of m less than mı, we have 


| Gx (t)| < TT , where M, is some positive constant. 
Let M, be some positive constant such that M, > M,m!*1|, where m < my. 
Let M’ be the greater of the quantities (W,.W,) and M, ; then ` 


mle-1l 

| CA pen 

for all values of m, and for all values of ¢ such that |¢|= 2” <1. This 
expression and the corresponding one for | Fm(æ)|, of Art. 3, enable us to 
dominate the expansion (6) by the series 


(21) | Gma(t)| <M’ 


00 | Y [ktm 
0 | t ee 
By the ratio test, this series, and consequently also (6), is seen to be 
absolutely convergent when |s| <|t|S 82’ <1. Furthermore, the uni- 
form convergence of (6) divided by the factor z* can now be established - 
throughout the regions 


e| SR, |t|2R, where P< RSR" <1, |t| SR’ <1; 


mail MM. 


for then (6) is dominated by 


3 EN menm w, 
== he 
which is an absolutely convergent series of positive constants. . Hence, the uni- 
form ‘convergence of (6) divided by 2* follows from the test of Weierstrass, 


provided that k is not equal to a negative integer. 


d 
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13. Recurrence Formulae for the Polynomials Gax(t). We shall now 
derive a few recurrence relations satisfied. by Gn, = Gux(t), the symbol Ga, 
denoting the derivative of Ga with respect to t: 


(1—a—k— n) (k—b + 0)Guax 
LG nn +44 GET En 
EAE A lins 
CEE EEE E E ce 
EFM FDELO a) (a + k—2)#]1Gnx 
| —(k + n)t[k + (n — b)i] One = (n— b)n 
(22) 


3 [k -+ (n — b) t] Gni,t 41 = t) G’ nik — (k + n) Gr 
> ln 
Gee ken. 


(atk-+n—1)(k—b-+ 2) Griz 
—~(k+n)[k+a+i+ (@+kh—b+n—1)t] Gas 
b+1 
EEEn En + La — TE 

T(a+k+Ln)T(—b+n)T(1+k) 
E | T(a+k—1)r(—b)T(k+n)n!t ” 
these formulae being valid for n = 1. It may be well to note that for n == 1, 
these relations may be put into different forms because ‘of the ‘existence of 
two-term relations connecting Go,x, Cor, Gin and ir 

To derive the first formula in (22), we note that Gux(t) is equal to the 
first n + 1 terms in the expansion of m1r (1 — a -— k —n, — b, —k—n; 
t) in powers of t Replacing, respectively, a + k -+ n— 1, b, and k -+n in 
(18-B’) by 1—a—k—n, —b, and — k — n, we have 


(a -+ k -+n— 1) (k4 n) F (1—a— k—n, —b, —k— n; t) 
+ (k-- n) (1—t)F’ (1—a—k—n, —b, —k—n; 8) 
+(1—a—le—n) (k—b +n) 
COX F(2@—a—k—n, —b, 1—k—n; t) = 0. 


where hn = 


If in the first member of this equation we replace F(1— a— k— n, —b, 
— k —n; t), F’(1—a—k—n, —b, — k — n; t), and F(2—a—k—n,, 
— b, 1—k—n; t), respectively, by i Gn e(t), [E10 nu (t) + (n+ 1)i 
.Gax(t) |, and t°Gn12(t), we shall have the first recurrence relation in (22) 
with the second member, hn, still undetermined. Its value, however, is read- 
ily found by substituting the polynomials Graz, nr, and Gn Into the piven 
relation. 
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- To derive the second formula in (22), we get in similar fashion a recur- 
rence relation, except for undetermined. second member, connecting Gna,r, 
aim Gn, and ar, from (18-D’) and eliminate Gas between this and 
the first formula in (22). The second member is then determined in the 
same fashion as above. 

Now the third result in (22) readily follows from the first two by 
elimination of G'a, and the last one is derived by replacing n by n + 1 in 
the third and then eliminating G'n,» between this result and the first relation. 


14. The Differential Equation Satisfied by Gn x(t). By differentiating 
the first recurrence relation in (22) and eliminating G’,_1, between this 
result and the second relation in (22), we get the differ ential equation satis- 
fied by Gn e(t): ; 


(28) t(1—t)y” + [2—k+n+(a+b+h—n—4)t]y’ 


Ak... á es -han 
— [LEE tatran) | y= Ee, 


| T(otk+ar(—b +n)r(i +k) 
wae eG LE DD El * 


15. Orthogonality Properties. We shall now obtain the integral formulae’ 


f Prem(2) Prin (x) de = 0, (m=n and mn), 
| L- : 
Gini (t).Gux(a)da—=0,  — (m—n and msn), 
L 
(24) | 
f ‘Fun (£). Gan(c) de = Qik, (L enclosing origin), 
L ; 
S = 0, (L not enclosing origin), 
f Fasm(2) Ginn (v) da = 0, | (mn), 
L 


where the integration is in a positive direction along L, any closed contour. 
whatever, not passing through the origin and lying within the circle | z | = 1, 
Since Fram(¢) is single-valued and uniformly continuous in the region én- 
closed by L, the first formula follows immediately from Cauchy’s theorem. 
Since the residue of Gmx(t).Gnw(t). at æ— 0 is zero, the second follows 


readily. We also have 


f Prin (2) . Qarla) r = Í dx/x ~-f} 3f Qy vdx, l 
L L y=0 L 
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which is equal to 2rix or zero according as L does or does not enclose the 
origin, where x.is the excess of the number of positive circuits of the contour 
around the origin over the number of negative Circuits. 

In proving the fourth formula, we note that it is true when m >n 
because the expansion of the integrand in st then contains no term in w+. 
When m < n, say m = n — s, (s = 1, 2, 3,- +, n), the residue of the inte- 
grand at z = 0 is | 


be =tÿtate we) -(atk+t+n—s) 
s! (k+n)(k+n—1) « hae FT) 
x {Lo -+(—4)]. OH DÉ CH D]: | 
- [LC MA +s—1)]} 
which is zero for all values of s because of the zero factor [b + (— b) ]. 
Hence, the fourth formula will be true whether or not L encloses the origin. 
By means of these integral formulae (24), the expansions of a function 
f(x) in series of the forms (9), (12), and (15) can be obtained directly, 
assuming f(z) to be analytic in the circle |&|—RÆ1 For example, if 
we assume f(z) to be expanded in a series of the form 


O- Ne) = 3 nlm (2), 


the coefficients am are readily determined by means of the third and fourth 
formulae in (24). For, if we multiply both members of the equation (9) 
by Gmx(t) and then integrate each term with respect to z along a contour C 
enclosing the origin and lying’ within the unit circle, we have: 


: f Ome) (2) da — an f rale) Feme) de, 


since by the fourth relation in (24) all the remaining integrals in the second 
member vanish, We, therefore, have the value of any coefficient am in (9), 
namely : 


am = 1/2ri f _ Gmn(t) F(t) dt. 


Similarly, the coefficients in the expansion (15) are directly determined by 
means of all four formulae in (24). 


16. The Expansion in Special Cases. When k = 0, the above developed 
expansion theory, Arts. 2 to 15 inclusive, will hold in every respect, expan- 
sions now being in terms of 


Fele) =a F(a +n, b, l-+n; x). 


We may note that there will be no restrictions on a or b. 
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It is interesting to notice that for k == 0 the differential equation (23) 
satisfied by Gno(t), is a non-homogeneous differential: equation having 
(1 — b)hn/t(k-+-n) in the second member, which in turn is a hypergeo- 
metric differential equation when the second member is zero. This second 
member is zero either when a == 1 or when b = 0. 

‘When k —0 and a= 1, our expansions are in terms of 


Fi, (x) =a"F(1-- a, b, 14n; x) =a"(1—2)* 
pe T oe a 


m= à G) or, 
v= N 


wheré Fan(s) and Ga(t) are both solutions of hypergeometric differential 
- equations simply related to each other, namely: 


o(1—2)y” + [1—n—(b— n+ 2)z]y’—@ —n)y = 0, 
(LÉ) + [2+n—(—b +n +8)t]y —(n+1—b)y=0. 


Finally, when k= 0 and b = 0, the expansions are in terms of F,(x) = 
x’ (1i-+n,0,1+n; x) = a and Gift) == 71, again both being solutions 
of hypergeometric differential equations. We see, then, that the expansion of 
Theorem II reduces in this special case to the Cauchy-Taylor expansion, 
namely: 


f(t) dt 


és ; 
© F(s) =a Ant", where an == 1/2ri ob 





_ Similarly, the expansion of Theorem III reduces to the ordinary Laurent 
expansion : 


å 00 o '’ i 
o Fle) = X ana 4 30,07", 
n=0 n=0 


“where an= 1/2ri f : ICE > and a’, = 1/2 f inf (t) dt. 
0 
‘There exists no expansion of Frm (2) in terms of other hypergeometric 
functions, Primis (©) , (s= 1, 2, 3, +++); but replacing n by n +1 in the 
recurrence relation (20-a) and by applying this relation repeatedly, we can 


get an expansion of Frim(g) in terms of 2°! Primos (2), namely: 


Prsm(2) TL +m + 28 +1 + (a—b + km +26 + 1)7] 


9)28 + 
X ey Fyimissr (x), 
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ay 


(k + 
By showing that RA R,— 0, where Rs is the 1 


we can prove this expansion to be valid when |: 


are. 


where’ y, = (— 1)’ : 


IIL EXPANSIONS IN TERMS oF GENERALIZED E 


17. General Remarks. The entire expansi 
now to be extended to the generalized hypergeon 
and Pochhammer,} which satisfy a homogeneou: 
of order q + 1, two of whose particular integrals 


pl g (ar, G2, °°", Op3 Pis P2 "> Pas 2) 


ÿ far). (az)e° 8 


E (p1}8- (p2)s'' 
and 


TPg lg (ay — pi + 1, aa — pi + 1, °°", ap 
e — pry p2— pit 1, ps— pi - 


g Lo le tL 
ne any, een a 


43 
rT (p Z 


where (a)s==a(a+1)(a+2) ++: (a +s- 
(ap— pı + 1)s = 1 for p= 0. ‘We may note tt 
tial equation depends upon the number g and no 
These series all diverge when p > q +1. 
separately the two general cases: (1) p= q-+1 
p= q -+ 1, the differential equation has two fi 
and 1, and the series in (25) converges with 
However, when p.< q + 1, the differential equati 
larity, s = 0, and the series in (25) converges f 


. 18. Expansions in Terms of Generalized 
Valid Within the Unit Circle: Case, p = q + 1. 
tion of the complex variable x is now to be expat 


* Loe. eit. 
+ Loc. cit. 
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(26) Furm(a) == IMF joa (2) 


= gum y (a, +- k + m)s. (as + k+ M)s*** (apr th + m)s- (ap) s 
s0 (1+k+m)s.(ps + kb + ms: (opi tk+m)s s! 

(m= 0, 4,8," ), (p22, p—1), l 

which is the form that the partiċular integral (25) changes into whe 
replace q, pi, and ap, respectively, by p— 1, 1—k—~m, and ap— k. 
Here ay, az +7, ap pas Pas") pp-1, and k are any fixed numbers, re 

complex, except that none of the quantities 1 -+ k, pe + k, pa + k, : 

po + k, and pp1 + k is permitted to be a negative integer or zero. 
expansions in terms of Frem (x) =2™,.F,(a+k+m, b; 1+k-+m:; 
investigated in Section II, are a special case of this, namely, when p = 2. 
A dominating expression for Jrm(zx) can be developed by means o 
argument similar to that used in Art. 3 in connection with Pruim(z). I 
Frm (x) can be shown to have an upper bound M for all values of m and 
all values of vx such that |x| R’ < 1, since the series for Fam(w) t 
verges absolutely and uniformly for any finite value of m and for all val 
of v such that |s| Rk’ <1. We can choose m large enough (m = m) 
that any particular one of the p—1 sets of ratios . | | 


jath+mty|  Jethktmpr|  (i=2,8,-.:,p— 
EE + m +] loi +k+m+r| , (v==0, 1, 2,°°* ), 
will either be 5 1 for all values of m greater than or equal to_m, or be= 
for all m = mı, and moreover that these ratios approach 1 monotonically 
m increases beyond 'm.. Let us suppose that o of these p —1 sets are = 
while the rémaining p —1—0 sets are Z1 when m= m,. Now if in t 
expansion of Frm (2), 


C | Jom (a) | Soe atete | utete: last |e | ols 


7 8=0 | 1+k+ mals. | peth-+-mis De | ppi +ktmils . si | i | 
we replace each of the ratios in these o sets of-ratios Æ 1 by 1, the series i 
the second member will be dominated by a series which is absolutely an 
uniformly convergent when | |< R’ < 1;‘hence, the dominating series, anc 
also | Frum,(æ)|, will have an upper bound M, for |e | SR’ <1. If in thi 
dominating series we replace m, by any, value of m (say m) which is greate] 
than m,,-we get a new series which is term by term less than the series in 
m.. We readily see, therefore, that | Frime(x)|, 
bound My. | 

Also | Frm(z)| has an upper bound in the region |æ | SR <1 for 
each value of m less than m,. Let M, be the largest of these. It is evident 


(M: > Mu), has an upper 


~ 
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iat these results hold equally well when o is equal to zero or p—1. Ther 
M is the greatest of the quantities Mı, Mo, and Ms, we have 


27). | Fum (2)| £ | a e” M 


r all values of m and for all values of z such that | v] = < R <1. 
By the same method used (Art. 2) in finding the expansion of g” ir 
TMS Of Frm (z), we show.that 


28) gim . de 
LS ` (1 +k- m)s. (pe tk tHm)s: (pı + k+ m)s. s! 
s0 (a + & + m)s. (a +k + mm): (apa +h + m)s. (—ap)s 
y means of the expression in (27) dominating | Frm (x)|, this. expansior 
readily proved to be absolutely convergent when | | SR’ <1; and after 
viding out the’ factor 2, it is seen to be nie convergent wher 
SRT 

Similarly as in Art. 5, we have, assuming ? g | < fé L 


Fins (x) ; 


ak 00 glm 


— 


ti{— r mé pari | 
LE LS (tht mle tht ms (ons tk +m)s(—a)s 
mag > UT 320 (1 + k + m)s. (pe +k T m)s*** (pprt+h-+m)s. 8 


9) -3 Ym rlt). Fum (2), | id 


rere Yml), the coefficient of Fam (2), is a polpapmiiel of were m 4 1 
t-1, defined by the ue l 


0) mat) i | 
Ta +k+m 1]. TRETE e [apa tk+m—l],. (=m): 1 | 
| 8=0 [ktmls. [ pethk-+m—l1].°- -[ppate-+m—l1]s . et 


1ere [als = a(a—1)(a—2) +++ (a—s +1), [alo = 1. 
ith arguments similar to those used in Art. 5, we justify the rearrange- 
ant of the above repeated series, prove the expansion (29) to be valid and 
nverge absolutely when |æ|</|#| and |z| S/R’ <1, and prove -that 
9) divided by z” converges uniformly when |z| SR; |t| =R, where 
eS, | 

Writing Fim (£) = 27 Fun (2), we can now state for the generalized 
pergeometric functions (case p==q-+1) theorems corresponding to The- 
ams I, I, and III, keeping in each the restriction that none of the quanti- 
s 1+ k, po +k, ps +," , ppa + k may be a negative integer or zero: 
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rt 


THEOREM IV. Let x and t be two complex variables such that 
|s| SR and |t| ZR, where BY < RSI, 
then the expansion | 


(31) : 


t — g 





— À Smalt) Ferm (2) 


is valid. If t be a variable point on the contour C formed by the circle | 
| t | = R, and « any fixed point in the dircle | x | = RB’, then the expansion 
converges uniformly with regard to t. 


THrorem V. Let f(x) be a function of x which rs analytic and one- 
valued inside and upon the contour C formed by the circle | x | = R = 1, then 
the expansion 


(32) f(a) =À tm Fun (2), where am = 1/2 f POOLI 


is valid when | s| SR’ < RS 1; and the expansion divided by the factor x 
converges uniformly with regard to x when |x| = R. 


Tarorem VI. If f(x) is an analytic and one-valued function of x in 
the ring-shaped region defined by the inequalities 


O<r=[s[£R<1, 
the expansion 


G3) f(t) = 3 an Frin (2) + À a'n Yanl), 


where am = 1/2ad f Bmx (t)f(E)dt and aly = 1/2ni f Fram (t) f(t) ab, 


is valid and converges uniformly with regard to x when ` 


raglje SP, 


where r’ > r and E’ < R, and where C and c are the contours formed by the 
circles | x | = R’ and | x | = r’, respectively. 2 


The formulae corresponding to (13) of Art. 8, and giving the relation 
between the coefficients bm of Maclaurin’s expansion, 


f(a) = X baa”, 
_m=0 


and the coefficients a» of the’ expansion of Theorem V, are 
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es : M aim]. CE nt 8 Ko mm CE oy 
84) í n=0 ` [k4m]n. A dl ‘[ppatk--m—l]n .n! 

Go = bo, (m= 0, 1,2, ). 


Similarly, the formulae corresponding to (16) of Art. 10, giving the | 
lation between the coefficients bm, b’m of ne s oe expansion, 


© f(x) = 3 Dm” -+ E Dart 


nd the expansion of Theorem VI, will 1e 


= S (am tktm)n. (aoth-+m)n*** (aps km). (ap)n p’ 

neo (1e+m)n. (potHk+m)a':: (ppi HktHm)a n! MHD 

es Jeep ee. Lear Eee" Lape eA a (es 

3 i Lerma. [pe th-+m—l]n° ° des ae . 
_(m=0,1,2,"::). 


Conte properties dede to those of Art. 15 hold: 


85). 


J Fr te). i Fryn (x) daz = 0, (m—n and m 2 n), 
| J Bmx) . Gak(t) dr = 0, Gis =n and mn), 
36) | 2s = 
f Fran (2). Ynx(&) da = Prix, (L enclosing origin), 
L . 7 » i Le : 
= 0, (L not enclosing origin), 
S Senla) . Ynx(x) dx = 0, (m =e n), l 4 


rhere L and « have the same meanings as in Art. 15. 


_ 19. Bepansions in Terms of Generalized. Hypergeometric Functions, 
Talid in Any Finite Region: Case p < q+ 1. Arbitrary functions of 2, 
Re in ay finite. EME dre now to be expanded i in oo of 


un(e) == am Friml) 
87) ees ©. (a+k+m)s. (ao--h--m) ‘(apth+m) o- x 
Le | o: (1+k+m)s. (pat k+m)stt: (path+m)s s! ?. 
hee ae o (m= 0,1,2,°°), PSLI, =l), - 
there (ap “a k+m)s —1 for p= 0, “which is the form assumed by the a 
icular integral (25) when we replace pı by 1— k— m. Again, a, az, ee 
5 


os 
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Gp, Po Ps ``", pa and k are-any fixed numbers, real or complex, except that 
none of the quantities 1 + k, pp+h,-+-, pa + is permitted to be a nega- 
tive integer or zero. i 

The following dominating expression, 


un(e) |S |2 | mM, 


where M is a positive constant, valid for all values of m and for all values 
of æ in any given finite region, is readily obtained by employing the argu- - 
ments of the previous article when p == q, and a fortiori when p < q. By 
means of this dominating expression, the expansion 


(a;+k-+m)«. (a+ 64m )s ae (ap+k+m)s F | (2) 
(Em) se (tkt ms (path tm)s s17 Pe” 
obtained as before, is shown to be absolutely convergent for all values of x 
in any finite region; and after dividing out the factor 2”, it is shown to be 
. uniformly convergent for all values of + in any given finite region. 
Wé again have | 


(38) atm (1): 
870 


xt 00. kim 
t— g Ro mi z 
LS L $ aye des (oh) (om) (a) 
E à (—1) (1+k+m) 5. (poth-+-m) s-++ (pqtk-+m)s si Premis (x) 


gm+1 i 


(89) — À Gna(t). Frn(a), (p59), 


where we define the polynomial 


(40) malt) 
D), [atht-m—1]a. [akim]: [akm], 1 
DS LébmTe. [p b+] [pttm] 7 frs: 


The expansion (89) is valid and converges absolutely for all values of + in 
"any given finite region, assuming |g |< | #{, and converges uniformly when 


le SP, |¢|2R, where R’ < R. 








Writing Hm (2) = 2" Biim(2), we can state the theorems correspond- 
ing to Theorems IV, V, and VI, keeping in each the restriction that none of 
the quantities 1 -+ k, pa + k, pp-+kh,+ + +, pg + k may be a negative integer 
or zero: 
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THeorem VII. Let x and t be two complen variables such that 
|x| SR’ and |t| ZRB, 
where R is any finite number and R’ < R; then the expansion 


_i- 
É— g 


(41) = 3 Gma(t) 4). 


is valid. If t be a variable point on the contour C formed by the circle. 
| t | = R, and x any fixed point in the circle | x | —R", then the expansion 
converges uniformly with regard to 1. - 


Tarorem VIII. Let f(x) be a function of x which is analytic and one- 
valied inside and upon the contour C formed by the circle | æ | == R, where R 
is any finite number, then the expansion 


(42) af(w) — 3am Frm(3), where am = 1/2ri f Gn a(é)f (Eat, 
| À | 


is valid when |x| SR’ < R; and the expansion divided by the factor x* 
converges uniformly with regard to x when |x | = R’* 


THEOREM IX. I f f(z) is an analytic and one-valued function of x in 
the ring-shaped region defined by the inequalities 
'Oo<r&|z| S&R, 


where R is any finite number, the expansion 
ee) = oo | 
(48) f(x) = 3am Brn(z) + Bam Ema(z), 
: ma m= 


where Om = 1/2ri Sn OFO dt, and a'm = 1/24 Í Bram (t) F(E) dé, 
S né ? . 
is valid and converges uniformly with regard to x when 
rs |c|S er’, 


where r <r’ and R < R, and where C and c are the contours formed by the 
circles | x | = R’ and | «| =r, respectively. 


‘The sets of formulae corresponding, respectively, to (34) and (35) are 


* This is a slight extension of a theorem derived in a different way by N. Nielsen, 
‘ Théorie des fonctions métasphériques (Paris, 1911), page 165. 
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a, we Lact —1] | 
(44) a à mile [pet 


do = dy 
and 
a’ F (art-ktm)n.( 
= n=0(1-+h+-m) n. (p2- 
45) Ju: 1 


a, — $ Lette. 
n=6 [k+mla. [pa 


Let L, be any finite closed ¢ 
we have the following orthogonali: 


f Bram (2) . Brin (x) dz == 
Er 


f Om, (2) . Gn a(r) dr =| 
Ia 
(46) 

E (x) n,k (x) da == 


we 
—- 


f inom (a). Gnx(æ) dr — 

It is well to remember that a d 

sions is obtained by making k eq 

where p < q + 1 gives in the spec 

q= 1, an expansion in terms of 
relation 


= e x? x? 
Horm (©) né + dr 
where Jn(æ) is the Bessel function 


= FA m 
Boum (—4. ) ee 


Hence, for an arbitrary function « 
région inclosing the origin, we ha 
tions, 


fe, 4] 
f(z) = 2B 
m=0 
which was first discussed by Nielse 


#N. Nielsen, Handbuch der Theorie 
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IV. Expansions or ANALYTIC FUNCTIONS OF SEVERAL VARIABLES. 


20. ‘The above developed expansion theory can easily be extended to tl 
expansion of arbitrary analytic functions ‘of several variables in a multip 
series of hypergeometric functions. ‘For the sake of simplicity, the case < 
two variables only will be meses and the result then stated for functior 
of À variables. : 


Assüine that L is not equal to a negative integer. Let 2, À and La, 
be two pairs of complex variables in the z, end ga-planes, respectively, suc 
that 


(A) | ES TR | h | Z= R, n< RE, 
EAST 8122, t < Ra S1; 
then, by Theorem I, the expansions 
E 1 00 i ~ 
(B) bit 3 Gt (1) Pram, (21), 
ns i m=0 a" ‘ 
1 


(C) 


“ co + 
ERA Es >: Gino (t2) «Frim (£2) 
2 — Lo m0 


are valid. If t, and t, are variable points, respectively, on the contours C 
and Cz formed by the circles | & | = R, and |t: | = Ra, and if x, and z, ar 
any fixed points in the circles | æ, | = r, and | x; | = "2, respectively, then th 
expansions (B) and 2 converge uniformly with regard to 4 and & re 
spectively. : 

Since both expansions are absolutely and uniformly convergent when th 
sonditions in (A) are fulfilled, then their product, 


1 1 
= 3 S Gmt). Gino (te) « From, (3). Ferm (22) 


ty Pre Tı Lo es Le Ma=0 Ma=0 





(47) 


s absolutely and uniformly convergent under the same conditions. 

Now let f (21, 2) be an arbitrary function of the two independent com 
ylex variables x, and z which is analytic and one-valued when 2, and Te are 
respectively, in the regions bounded by the contours C, and C2; : then, b 
Jauchy’s generalized integral formula, we have 


f (Er 22) = ayd f t el E - | 


= ani ff [SS amatto). Ging) From (ts) Fos) | 


M4=0 Ntg=0 
X T(t te) dtedt, > 
“* (tı — Ta) (te — T2) 
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00: 00 … 
(48) = > 5 Amy Fram, (21) -Fram (T2), ' 
m0 mg=0 : 
where Amm = (1/2r)" f o f al (tis t2) Gingn (tr) - Gmar (t2) dtedty. 
: t 2 ` 


This expansion is valid and converges uniformly with regard to x, and 2 
when z, and zə are, respectively, in the circles | 2, | == r; and | za | = fa. 

Since the extension to any number of variables is evident, we shall state 
the result for À variables: 


THEOREM X. Let f(t, £a -> , 2) be a function of ti, æ, * * * , 2o 
which is analytic and one-valued when x, £a, * * + , a are, respectively, inside 
and upon the contours Ci, Ca >°- , Cy formed by the circles | a, | = R = 1, 
| 2a | =R: S 1, -:., |a| =R S 1, then the expansion 


wo w æ = g = 
(49) f(t, Ta", T) = X 3.3 Åm ma serami Fem, (21) , Fram (T2) KE Prim, (2 


Mai=0 Ma=0 m x=0 


where 


Amme... , my TE (1/2ni) f’ f ate 
C, Ca 5 
a $ f (tay to, na? ty tn) a Gma r(t) a Gmax (te ) cé "Ging s(t) š dty, er dt.dt,, 
C . 
À 


is valid and converges uniformly, when Tı, £z, * ++, © are, respectively, in the 
circles | ti | = fi, | £2 | = T3 °°, | a |= 1%, where 


R Tı L Bn Ve <L Bayt t+ yn CR; 


provided kis not equal to a negative integer. 


bed 


Tt is evident that corresponding theorems for the expansion of functions 
of several variables in multiple series of each of the two classes of generalized 
hypergeometric functions can also be stated, merely replacing the functions 
Pum, (4) » Gn,x(ti) in turn by the functions Fem, (Ti), Gm, u(t) and 
| Bm, (ti), Gm,x(%i), and noting that for the second class the cireles of con- 
vergence may have any finite radii. 


UNIVERSITY OF ILLINOIS, 
April, 1924, 


Some Properties of the Exponential M 
By Jura DALE. 





1. INTRODUCTION. 


Among the many definitions that have been given for evaluating a diverg- 
ent series, the exponential mean is frequently one of the most convenient. 
In this paper, the purpose has been to study some of the properties of this 
definition and show its relation to Euler’s Summation Process. ce 

Unless otherwise stated, we use the symbol _ 


co | 
D Un = Uy F U ++, 


n=i 


Tn == Uy F Ue F Us + un. 
The exponential mean * assigns to a divergent series the value lim Yh 
- i n->00 
if this limit exists, where 


| aoe (n—1)! (x —1)"* 
(Br) n= eyed! pi 


and define 


kaji 


The successive coefficients are the terms of ‘the binomial expansion of 


[Q—1/r) 4 1yr]. 


The transformation which we have designated in this paper as Euler’s 
Summation Process was defined by Euler,f when applied to a series of decreas- 
ing terms of alternating signs, in the following manner: : 


S == nal — (— 1)#-1 [lou + 14 An + A Un -+ ae J + UA PAR un]. 
where‘# is an integer and 


Snug = Uy — Ue Us + (1), 
and Aly = Un — Units | 
An = Alun — Alun == Un — Un -+ Unay 


æ e 


* Hurwitz: “ Report on topies in the theory of divergent series,” Bulletin of the 
American -Mathematical Kociety, Vol. 28 (1922), p. 17. This paper will be referred 
to as Report. 

Also, Hausdorff: “Summationsmethoden und Momentfolgen,” Mathematische Zeit- 
schrift, Vol. 9 (1921), p. 86. 

f Euler: Institutiones Calculi differentialis, Part II, De transformatione serierum, 
p. 232. | 


71 


F 
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Let us use this method to evaluate the 


1-%e+%-! 


The sum of the first eight terms to six 
transformation to the next seven terms, 


S == 634524 + 14 (111111) + 14 ( 
1/16 (.000505) + 1/32(.0001! 
= .634524 + .058624 
— 693148. 


The actual sum of the series is log 2 == 
“To reach this degree of accuracy ` 
thousand terms of the original series.” ` 
The first discussion of the accura 
Poncelet.f He applies this transform. 
alternating signs and computes a formul 
with the nth term. Poncelet, also, defi 
formation. It is designated in this pap 
Process. Kummer,f Markoff,§ and C: 
forms of this transformation, principa. 
has computed a formula for the dimit 
Eulers Summation Process is applied | 
types. He has also suggested that, i 
certain types of divergent series, it rend 
In this, paper we have applied this tre 
in the generalized form to divergent ser! 
In parts 2 and 3 it is proved that not 
Process but also the generalized one is 2 


* Bromwich: Theory of Infinite Series, ( 
t Poncelet: “ Application de la méthodi 
calcul numérique et à la détermination des 
Mathematik von Crelle, Vol. 13 (1833), p. 1. 
ÿ Kummer: “Hine neue Methode, die N 
ender Reihen zu berchnen,” Journal für Math 
§ Markoff: Differenzenrechnung, Leipzig, 
|| Catalan: “ Mémoire sur la Transforms 
VAcadémie de Belgique, Vol. 33 (1867), p. 2 
Ames: “ Evaluation of Slowly Converge 
2, Vol. 3{1902), p. 185. 
_ ** The terminology here used is that of 
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À definition is said to be regular, if it evaluates every convergent se- 
quencé, giving it the value to which it converges. Also, it is proved that 
this definition is equivalent * to the exponential mean. Two definitions are 
defined as being equivalent when each evaluates to the value 1 every sequence 
evaluated by the other to the value 7. 

Part 4 is devoted to the application of the exponential mean to the 
Cauchy product of two series. Knopp { built a definition by applying E» 
successively p times to the given series. He investigated some of the proper- 
ties of this definition, among them the value assigned, if one exists, tothe 
Cauchy product of two series. He proved some theorems that are general- 
izations of theorems of Abel and Mertens for convergent series. Here we 
give an explicit definition of summability which evaluates the Cauchy product 
of two series summable respectively E, and Fs. 


-2. Tor EULER SUMMATION PROCESS. 


We consider the Euler process as applied directly from the first term, that 
is with n= 1 in the formula given in the Introduction. | 
For the series 


Ur — Us + Us — ot, 


define 

| : n 

1) Sp D RANU, 
k=1 

where 


AT: mes U1, 
Alu == Uy — Us, 


Au == Alt — Ale = Uy — la + Us, 





» + a æ * . . [2 


Abe, == AB, — Alu. 


k(k—1) | 


ee Ul, —— fo +. 1-3 Ua — 


+ (— Lun, 


then the generalized value of the series is to be 
= lim CPL 


Nm OO 


* The terminology here used is that of Professor Hurwitz, Report. 
ł Knopp: “ Über das Eulersche Summierungsverfdhren,” Mathematische Lerche ift, 
Vol. 15 (1922-23), p. 226; Vol. 18 (1923), p. 125. 
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In order that the definition may be applied to a series written in tl 
usual way with positive signs, we define 
| Un, == (— 1) nla, 
We have 
j i k—1)(k— 2) 
Sn = D [ta — (k— lu -$ EDG? Uug —' °° 
- kmi ; 
+ CD], 
_or,-by inversion of the order of summation, 


n n-k+i (— 1)54 (h + k— 2) ! 


Yo BR Gye pT 
Thus the relation of $n to v» is given by | 
(6) Sa = > An, EVs 
k=1 
where 
e. (h + k— 2)! 
a) ce 2 Aki (h —1)!(k— 1)!’ 


THEOREM I. 6: 1s a regular transformation. 


In order that a transformation be regular, when applied directly to th 
terms of the series, it is necessary and sufficient that * 


a) for each k, lim an= 1 

n00 

n-i | | . 
b) for all n D | an, — an,n | is bounded. 
| k=l 


Obviously, condition a) is satisfied, since 


n-k+1 1 (h+k—2)! 


lim e= lim 2 “geet DID 
oY (h +h —2)! 


= A re G—DIG-D! 
= 1/2% [1—4] 1 
In order to establish condition b), we write 3) in the form 
nk 1 (h+k—i)! 
xm ok =— REP "a RS 
camer ala p> Que  RAik—1)! ` 


-  * Carmichael: “General Aspects. of the Theory of Summable Series,” Bulletin oj 
the American Mathematical Society, Vol. 25 (1916-1919), p. 97. 


4 


4) 
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Then ( )! 
-1 h+ k— 1)! 
An, — Anka = 1/2 + pe IDE Ch. 


B 1 G@+k—1)! 
er Əktk a ! 


RE 1 
= 1/2 + DE Ja ae pr LE “Fl 


uk Cras 1 4 
== 1/2 + 2 ar (t=D t! li +2] 


1 
wk 1  (h+k—1)! | 
2 g (hy th! - 4 
n-k | 
wel 1 (h+k)! 
neo ent hik! 
i a 
fr (n—k)!k! 





- - From this, we see that 


n-i 
3 | Ant — mtn | =; Gi g <1 


Then 


n-i 


= | ann — Ans | is bounded for all n and &2 satisfies the condi- 


tions for ous ° 


We shall now express this transformation in ‘he fons of a sequence-to- 


sequence transformation. Form the sequence 


5) 


Tis To, Las Vas = + æ o 


where Ere = Va + Vo He ee Lo. 


then 
and 


(é,) 


_ Vr = TR me Ve 


Nn 
Sn = = One (Tr — Tr) 


n-1 


=f An, k — > An ttk 


= € (ans ea On, ke) Tr -+ On ntne 
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Thus 
H 
En = > On, ktk 
kel 


where 


b nig mn On k+l 
n, mE 
tly, 2, 


Furthermore, by 4), we find 


- AE eee ee 
a nk Qn (n — k) lke! 


THEOREM IT. & is equivalent t: 


In this work the notation A ~ B 
sequences Á and B are equivalent. 
Define 


"RES Pki I 
(P) tem {6 
Tt is readily verified that 
6) E oP — r &>. 


The transformation 6. has been 
obvious that 


7) o ~ P Êo. 


If a sequence is summable Æ», ther 
element is summable to the same value 


8) E, ~ EP. 
By means of 6), 7), 8), we see th: 
Er — 632. 


3. THE GENERALIZED Et 


For the generalized Euler Summ 


Ut a Ut? —- ust? en Uatt — 
we define 


` n 
9) Sn ae 5 (4/1 mf HEART, 
: kzi 


* Hurwitz, Report. 
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- 


vhere | 
AY: oe Us i 
AMi am IL) —— they 
Au; sas Ala, — Ag, = Uy — Zile + Ua, le 
k(k—1 ; 
Af uy a Aly, => k-ltla = Wy —— hte + et Ug-—-" ° 


posh om 2 řusn 
hen the generalized value of the series is to be given by - 


S = lim Sn. 
ROO) 


_In order to find an expression for s,, involving directly the terms of th 
eries, we define 
Va = (— 1)" lu,tr. 
We have 


: a —1)(k—2 
s= À (4/140)? [u— U E D 4, z 


+ (— 1) ua]. 
7, by inversion of the order of summation, 
no n-k+l (— LI (h + k ir. 2) { fh-1 


È i à à (h—1)'(k—1)! (1 + jai i 
Chus the relation of sa to v, is given by 
6 bt) Sn = 2 Gn, kUks sea ; \ 
cet . 
vhere | : 
, n-h+1 (h + ke — 2) ! . piel 
1) an k= 


4 =l s (Et) 


THEOREM III. 6,44, where t > 0, is a regular transformation. 


Returning to the conditions for regularity as stated in part 2, we fin 
ondition a) satisfied, since 


; ML (h+&—2)! piel 
lim R p == | scare E S O AA A A 
pra Oni; pa À (A — 1) l(k — 1) ! (1 +- $) it-1 
a h k— 2)! fi-1 
_ $ Üt) 


h=1 (h—1) 1(4—~1) f (1 —+- 2 Lin 


ee [a i a 
COURS AE a 


a 
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In order to establish condition b) we 


nok. (h +k - 





12) On, — an, k = 2 (h—1) IG 

…: nk (h+k 

ni (A— 

Changing the variable of summation 

= et (h+k—!i 

An, k an, k+ = 2 “hi(k—1) 

n-k (h+k + k 

oe et (h—1 Te 1 

fia Sat 
“upy TÈ TE 

1 ak (h -+ k— 1)! 


= Trp T2 HE 
Ste! t 
A hhk (GF: 

1 mi (hk)! A 
Grp tA MA (TPH 


Changing the variable p summation 


— 


n-k 
On, k —— an, ky = Tra -- È 
et n 
A+ (n— 
Hence, we see that 
n=l 
È | ane — anza |= (8/1 +) C 
= {1 — (t/1 +1 


Consequently, condition b) is satisfiec 
Let us express the generalized Euler 


* We may choose to consider €,,, with e 
of ¢, with the convention that g, is the identit 
be extended to show that @,,, is regular if an 
more, for these values @,,, is totally regulai 
Report, p. 29. 


e 
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form of a sequence-to-sequence transformation. As in the preceding case, we 
‘ind, oo 
n-i | | 
Sn = > °( Gn, ts ja Qn,+1 ) Ck —+ On, nUny 
k=1 


Thus | = 
> a 
Sn = > Bn, kts 
k=l 


where 
dk | nl 


: Paw = AH (n—k)tkl 
THEOREM IV. Gist, for t > 0, is equivalent to the exponential mean 
Bist. | i 
As before we can show that 
13) BrP =P bia. 


The transformation 614: has been shown to be regular, then it is obvious 


that 

14) Gist ee P Gt 

as also * š 

15) Brist ~ ErP. 
It follows from 13), 14), 15) that peo Re a 


Eist ut 6 1+: 


THEOREM V. Gie Gus == ata, for t > 0 and s > 0. 
Let us apply 6 1+t) (148) to 5), then we have 
n!. t+ s -+ ts)" 
16) Wy = E tation Ep. 
Applying 14+ to sequence 5) and then 614, we find 
ÿ n! grh h h! ! geok 
om D aih armaa en ts) * 


7 
n t- i gik 


= 2 GA à —— al À UFS. 


| n n! 1 
EO m E TFF [+ aF] * 


a 


* Hurwitz: Report, p. 31. | 


80 Date: Some F 


that is ` 
17) O > nm} 
HE (nb 


Therefore from 16) and 17° 
1 

By a successive application « 
COROLLARY 1. & sty 1 
COROLLARY 2. 6?14¢ == 


THEOREM VI. If @ sec 
sequence obtained by omittu 
mable E to the value L. 

If a sequence is summal 
by omitting or prefixing a 
proved Theorem IV, that 


By means of the definition < 


it is sometimes conven 
of the series 
Ut — 


and then apply the generali 
terms. The generalized sum 


, JM Su 
n> 
where 
n 
S= nt 2 (t, 
k=1 
and 


Sp == wt = Wt? m 


But here again, in orde 
the terms of the series, we m 


On = (—1)™ iun 
Then we have 
(Bite) sat È an 
where an, is given by 11). 


* Hurwitz: Report, p. 31. 
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roReM VII. Guip is equivalent to Eut 
can obviously write _ | | 
p(tn) = £p + Brat (Spin — To) 

<= [2p — Bat (tp) | + Brat (Epin). 


ression in the brackets has the limit zero as n —>00 since ur is ¥ 
ws if Gist» evaluates (£n) to l ıt will evaluate (æ,») to J, 
rem VI, 6142 will evaluate (sza) to 7. Conversely, if 614+ evalu 


l, Bı will evaluate (£p) to 1 and Bip will evaluate (xx) 1 
re may state 
" G14t,p ~ Gist 


4. MULTIPLICATION OF SERIES. 


e expressions obtained by multiplying the terms of one series Su 

is of another series Siu, may be arranged fcrmally as a double st 
We may collect the terms of this double series into a simple st 

“means of the Cauchy product, where | 


Wn = Un + UoUn1 + oy teh + UnV4. 


ore taking up the case of the summability of the Cauchy produc 
es, which are summable E,, we prove two lemmas. 
ce two sequences j 


e ` + 
(Yn) * Yo Yo, Ya," * * > 
infinite matrix 
iis = 0, 0, 0, 


sis sos sa, 0, 0, 


en the transformation 


n 
Zn = > Bn EEY nhs 
; ~ k=l 
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defines the sequence 
(2a) Shy Bay eee. 
We indicate the transformation 18) by @, and the relation by 
Zn = A (Eryn). 


Lemma 1. The necessary and sufficient conditions that, if lim 
g > OK 


‘and: lim ty, = xv, then lim 2, = cy, where 
IP OO noo 


qt 
Zn == À On iY nts 
k=] 


are 
a), Tm Onis = 0 * for each k; 
b lim | 

n-500 Œn,n_kr1 = 0, for each k; 

n 

c) 2 | Gn | <6 | for all n; 
d lim < 

) n->00 2 Anp = 1. 


We shall first establish the necessity of these conditions. 
Take | 
Yi == Yo = Yn = =] | 
and leave (xn) arbitrary. Substiuting this value of (y) in 18), w 


n 
a Zn = >> Oy kke 7 
k=1 


This is now an ordinary sequence-to-sequence transformation. 
transformation of this type to be regular, it is necessary and sufficient 


a’) Tim ay, = 0, for each k 
n->00 
b’) D l'axe for all n, 
k=l 
c’) lim S nk = 1. 
n->00 k=l ' i 
Hence, we have established the necessity of three of these conditions. 
Take 


Li == Lo = La = * 7 — Í 


* Hurwitz: Report, p. 19. 
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and keep (yn) arbitrary. Substituting in 23) we have 


ee = > En kYn ket 


=m > On nk+1Y k x 
This is a regular transformation; hence in addition to b’ ) and c’) 
. ee Ga nk = 0, for éach k. 
It remains to establish the sufficiency of these conditions. Write 


bia 
: 19) En == 2 Dn, kiks 
c=1 


where 
bak = On, kY n_kst 


© From condition a) we see that 
20) lim ban == 0, for a fixed k. ` . d 


1-00 


By condition c) and the fact that, for all n, | Ya |= F, we have 
n n i | 
21) > | Bak | = >; | ln, k | | Yn_h41 | ie Aa 
k=l kal 
We now write 


n on 
> Das =o > On, KY n_ket 
~ ksi k=1 


n 
= 2 Qn,n_k+ Yk 


Since the ration having the matrix (dn nx) Is a ee transform- 
ation, we have 


22) lim &, 


n->OO >, bn k= Y 
k=1 
Choose p, such that given e > 0, 
[ax] < e/2Yc, k >p. 


From 19) we may write. 


p - n 
= À barter + D, Onik 
kzi - k=p+1 


n p n . 
23) |zn— t E bar] S È | bnx| |e — e| HÈ | dan] [ae — e 
i k=1 | k=p+1 


84. DALE: Some Proper 


For the fixed number p 
|t,—2| <M, 
Substituting these results in 23), 


# 
| Zn — T S Ont | < À; 
k=1 


By 20), given e > 0, we may choc 
| byt | < e/2pM, 
Thus we have, for n > N, 


n 
| fn — T 2 Dax | < €; 


By 22) we see that 


lm , __ 
aaoo 2t = TY. 


The matrix @, which we hav 
of two sequences, may be conside: 
formation of a single sequence 


n 
Yn = > Un, kE 5 


amt 
— 


we may then speak of the algebra 


~ for transformations of this form. 


A transformation of type @ : 
provided the matrix of @ is pern 
LEMMA 2 À necessary and 
QUE, (ar), Er(Ya)] = 
is that the transformation @ be 4 
To show that this condition 
Y= Ve eg i 

thus we have 
24) G[L,(an),1] = 1 

. Define | 

25) A(n 1) = Alan), 
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ere A(%,) is an ordinary sequence-to-sequence transformation. 
Write Euler’s Transformation * 


-$ (CDa)! 
| Te (n— k)!(k— 1)! Tk, 
ich we shall-call A. It satisfies the condition 

A? = I, | 


ere I is the identity, as is evident by an actual repetition of 26). 
' Form the transformation AË,A and designate it by £’,, similarly W’ = 
{A. The transformation Æ, is permutable + with M, consequently - 


E,W = M’E,’ 


necessary and sufficient condition that a transformation be permutable wit 
‘is that it be a multiplication, i. e. of the form t 


Yn = faln. 


mce, E’, is a multiplication and may be expressed in the form 


Yu = pred Un. 


Form the transformation A’ — AAA, and denote the elements of t 
utrix of A’ by (ax). Applying A'E’, to (£a), we have 


A a + 
— , baam | 
) On == 2 bank yet Lk: 
plying E’,A’ to (£a), we obtain , wee 
; | 3 1 ; À 
) < Qy = 2 pui a n,kk. 


In order that wa — Qu, for all (x), we see from 27) and 28) that a’, 
0, when k En. | 

Hence, A’ is a multiplication and we have at once that A is permutab 
th Wf. From 25) we see that the matrix of @ is the same as the matr 
A, then @ is permutable with M. | 

It now remains to prove the sufficiency of this condition. All tran 


* Bromwich: An Introduction to the Theory of Infinite Series (1908), p. 303. 

7 Hurwitz and Silverman: “On the Consistency and Equivalence of Certain De 
ions of Summability,” Transactions of American Mathematical Society, Vol. 1 
6. This paper will be referred to as Hurwitz and Silverman. 

„$ Hurwitz and Silverman, p. 6. 
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formations permutable with M may be exp 
_ no n (— L)** (n - 
h= È È a= WP) 
Ĝ is in this class, so we may write 

= n (— 1) E {n — 71 
mam 2 Gh) (RH IC 
In 18) replace (a2) by E,(%,) and ( 

Zp == a LE, (a), E, (Yn) ] 


we have 
ioe (—1)**(n — 1)! 
Zn = 2 2 (n — h) (h — k) 1(k —1) 
h-k+1 h— k)! 


qi (h—k—g+1)!(q—1) 

9° z n h ss h-g+1 
À n == cr E r or e 
) = 2 q=1 k= (n—h) !(k—l 


We find 

k-q+1 (— 1)* | 
A DIU gli. 
Substituting this result in 29), we obtain 
n A (— 1)*"(n—1) 
0 SZ 2 nh) = Ds 

Applying E, to (za) and writing 

Wa = E G (En, Yn) 


we have ( ) ( 
n m—1)! = 
We aa 2 (a —#)1(k—1)! gt 
kh (k —1)!(—1)" 
X 2 À wwa yq 
81) Wn = 2 2 ee (n—k) !(k—h) IR 


we find that 
à (n—k) i(k —h)! (r—1)*  (t- 


ln 
—— 


* Hurwitz and Silverman, p. 7. 
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When we substitute this result in 31), we see that .. 


n (n—1) (= 1) 1 
NV, = eee a MI he llt 3 
32) W t 2 2 (n—h) (hl) tre fi pied Uy Yn lel 5 


By comparing results of 30) and 32), we find that. 


Wa = Zn; 
or 


+ 


GLEr (tn); E,(yn) | = L,@ (Eayn) | 


as we wished to prové. 
Take the-two sequences (£n) and (yn) and the infinite matrix - 


121: © 9, 0 
1/2, 1/2, 0, 0 
1/3, 1/3, 1/3, 0 


Ne 


“Ne 


0, . 


Ne 


(Mur) ‘ 


1/n, 1/n, 1/n, . .,1/n, 9 


Then the transformation 


7t 
33) Zn = > Martin her 
k=l 


defines a sequence (z,). We indicate the transformation by., and the 
relation by | 


(an) = M (Enn) 


Tuxorem VIII.’ If Sun is summable E, to the value o and Sun is 


summable E, to the value r, then the Cauchy product Siw, is summable ME, 
to the value ar. i 


The two sequences formed from the two series are, respectively : 


n == Uy F U +: adi s Un, 
Vas Vs + vo +: me + -H Une 


We shall now form the Cauchy product of the two series, where 
Wn = Un + Una + Und: 
The sequence Wi, Wa, © + +, is formed where 


n= W + We ee + Un D. 
== Wa Vn + Ua Vas + S, F Un Vi; : 
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and 


| % n : 

34) ` 2 Wi: = 2 Ui Fair 
Applying M and then E, to (Wa), we have 

| ÿ ">D! (r=1)** 1% 

2 (n— k)! (k—1)! ret k à Wie 


We shall now apply æ to (Un) and (Vn), and by 33) we obtain 


35) Un = 


. n 
A oma 1/n = Ur Va 
rt El 


Applying E, to (2), we have 


l D- (n— 1)! (r—1)** 1 & | 
Bo) a = È DID ote Wes 
or 
. 37) | Zn — Er M (Uns Va). 


From 34), 35), 36), we see that | 


Yn oe Z ite 


lim Z 


aaoo AE ae and equals or, our theorem is proved. 


If now we show that 


+ 


By Lemma 2, we have 


38) : mars) =e AXE, (Un), E-(Vu)]. | 
Let | | 
. n =) Î (r— 1)” 7 
= ee ae 


; _ n (n— 1)! g (r — 1)". 7 & 
Lu 2, (n— k) !(k—1)! mi ie 


As Sua, Siva are summable £,, 


lim On pete ©, lim Tn = T. 
TPO HP 00 | 
We have 
: S . (k—1)! (r — 1)? 
So FT DE D mi ? 
similarly | 
z žo, n-h+1 ( n — k) ! | ( p — 1)a-p-kt1 

40) ; TUKA 17 À (n—k—p +1) !(p — 1) ! | pn-p 


From 87) and 38) we have 
Zn = M(E; (Un), Er Cor 
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then substituting the values as given by 39) and 40) we find 


= + 


$ n 
Zn som Í 7 n p> OkTn ktl 
szet 


Obviously. the conditions of Lemma 1 are satisfied and we state that 


lim 


Li = g7. 
R-F ODO 


COROLLARY 1. If Eun is summable E, to the value o and Sv, is sum. 
mable E, to the value r, then tf r >s, the Cauchy product Stun is summable 
ME, to the value or. 


This follows at once since the exponential mean becomes more inclusive 
as r increases.* - 


COROLLARY ?. : If Eun, Dwn, and the Cauchy product Ewa are sum- 
mable +E, to the values o, t, w respectively, then w = or. 


If C, denotes the Cesaro mean of order p then f 


41) | Carry (Wa) == Sf) [Ca(Un); Cr (Va) J; 
where D is the transformation 


f nm 
Z n + > An KRY cy 
h=1 


vith | 
nt = nlol(n— k)! Œœ— 1) Her +a)! a 


~ 


* 


This transformation satisfies the conditions of Lemma 1; this consideration 
furnishes the usual proof f of the theorem: If Du, is summable Cp to the 
value o and Sv, is summable to value r, then the Cauchy product Fun ts 


summable Cary to value or. 
We proceed to generalize this result. 


* Hurwitz: Report, p. 27. 
7 Knopp: “Uber das Eulersche Summierungsverfahren,” Mathematische Zeit- 
schrift, Vol. 15 (1922-23), p. 226. 

„Knopp gives a definition formed by applying E, successively p times. ‘He Fes 
for this definition the results stated in this corollary. But since (E, J? == E, y his 
result is the special case in which ~, instead of being any number greater than 1, is 
restricted to be an even integer. ` 
k ł Chapman: “ Non-Integral Orders of Summability of Series and Integrals,” Pro- 

ceedings of London Mathematical Society, Series 2, Vol. 9 (1910), p. 369. 
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THEOREM IX. If Sun ts summable CpEr to the value c and 
' summable C, E, to the value +, then their Cauchy product is sw 
Cas mae to the value OT . 


_ Since the transformation D is permutable with M, we have 
42) D[CpH (On), Cv Er (Vn) ] = Er DECu(Un), Cv (Vn) ], 
multiplying each side of 41) on the left by Er, we obtain 
43) Er Cuve (Wa) = Er D[Cy(Un), Cr (Va) j ` 
From 42) and 43) we have | 
44) 4 E Cuir (Wa) == DCE (Un), Gv Er(Vn) J. 
Thus we see from 44) that (Wa) is summable L,Cy. 7 to the value o 


COROLLARY: 1. If Sun is summable CE, to the value o, and 
sumamable Cv Es to the value r, then if r > s, the Cauchy product is su 
Curva1Er to the value or. 


CORNELL UNIVERSITY, | 
June, 1924. | 


The Eliminant of a Net of Curves.” 


By FRANK MORLEY. 


A process was given hy Sylvester ? for writing in determinant form the 
condition that three homogeneous functions of three variables, of the same 
order, have a common zeïo, or that three curves of the same order, in a plane, 
have a common point. 

The process is evidently not in final form, ana Clebsch { remarks “ mais 
le -caractère invariant n’en ressort: pas clairement.” 

A memoir of A. L. Dixon § should also be mentioned, but as the method 
gives more than enough equations it is not applicable here. If instead of 
considering the discriminant as an invariant under the group of projections, 
we were considering it under the group of inversions, this memoir would be 
highly pertinent. | 

In what follows I obtain the eliminant as a determinant analogous to Syl- 
vester’s but obviously invariantive. Further, this determinant, properly bor- 
dered, is shown to be that form which gives the common point when it exists. 


S1. Salmon’s connex. 


Salmon,|| considering a plane curve and its tangent at a point x, wrote 
a connex which. cuts out the remaining intersections of the tangent and the 


curve. It is of the form 
ABg? m- ym-1 


when the curve is Av™*1, A? indicates that the coefficients are of the third 
legree in the coefficients A. 

The connex naturally occurs in the theory of, Abelian integrals of the 
third kind. 

If now we remark that when the curve has a doubts point xz, y becomes 
arbitrary, we have at once from Salmon’s connex m(m + 1) /2 curves of order 
2m — 2 on the double point. 

As all first polars are also on the double point, we have 3 curves of order 
m which give 8(m—1)m/2 independent curves of order 2m— 2, so that in 
ull we have a basis of m(2m—1) curves of order 2m—2, whence the dis- 


* Read at the International Congress of Mathematicians, Toronto, 12 Aug., 1924. 

{ Salmon, Higher Algebra, § 91; Sylvester, Works, v. I, p. 75 or Phil. Mag., 1841. 

$+ Clebsch-Lindemann. Lectures, v. 2. p. 13 of the French translation. 

$ London Math. Soc., s. 2, v. 7, p. 49. 

|| Salmon, Higher Plane Curves, § 393 or Phil. Mag., 1858; Cayley, Works, v. 4; 
Bramble, Johns Hopkins Circulars, July, 1915. 

Klein, “ Abelsche Funktionen,” Math. Ann., v. 36 or Works, v. 3, p. 408. 
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criminant is written down as a determinant. 
adapt Salmon’s connex to a net which is not : 


§2. The linear syzygy. 
Consider the sum of homogeneous produ 
Hin = Sa” + Sarip -+ Sarp 
and let this, when a is 0, become Ha”. š 


Then evidently H” — aH" == E 


Multiply the 4 such equations by. numbers a, 


2.1) Dei. H” — Faa. H = 
Let now 
a, = (ax) | By | and c 
bı = — (£1) | ya | 
cı = (yx) | ap | r 
d, = — (ôx) | aßy | i 


where x and y are points of a plane. 


Then Da = 0 and > 
Hence from 1) DA 
that is S (ar) | Byè | 


where 4,” is the sum of homogeneous produ 

(Bx) (yy) (8x), (Be) (yx) (By). TE then w 

(ya), (8v)™ there is the syzygy, linear in t 

Dax)” | Byè | hr} ae 0, 

22) ‘ St(8r)"| aby | E (arju (Br) r(. 
where À + u + v = m — 1. 

The same process gives a linear syzygy fo 


_§3. The eliminant. 
Hence if the curves a, B, y have a coi 
is not 0, 
3.1) - 4. | aßy | h" = 
where we have written h for hs. 
This is the required connex. If we de 
Ba”, Ce” the connex may be denoted by 


ABOT? (m-i ap 


MORLEY: The Eliminant of a Net of Curves. 93 


When g is a common point, y is arbitrary. Thus we have m(m + 1) /2 
curves of order 2(m—1) on the common point, and the 3 given m-ics con- 
tribute 3(m — 1)m/2 curves of order 2(m—1), so that we have a basis of 
m(2m —1) curves from which we eliminate. 

The resulting determinant may be-indicated by 


8.2). A = (m—1)m/2 | A 
2s s ce B 
cé C 


m(m + 1) /2 ABC 


84. A second form of the eliminant. 


The connex 3.1) is a, combination of polars of y as to the Jacobian of 
the net, and as to the Jacobians of polars, as in Salmon’s case (Higher Plane 
Curves, § 394). Other linear connexes which vanish at a common point are 


4.1) (aBy) (ax) (Bx) (yt) h" 


or ABCO? wayma, 
and generally 


| (ay) (ase) (Bee) (yee) 
“i ABCa?-m2+rym-ir, | 
For there is a syzygy 


I (ax) (878) (Be) (ya) (88) h mtr 0 À 


The series of connexes terminates with the Jacobian J, when r= m— 1. 
When 7 == m — 2 the connex is the polar of y as to J. 

The form 4.1) also gives a basis. For it gives’ (m—1)m/2 curves of 
order 2m — 1, and the 3 given curves give 3m(m +1) /2 curves of order 


2m — 1, whence we have, for a common point, the eliminant as a determinant 
of m(2m + 1) rows, 


A = m(m+1)/2 | A 
ce | B 
F 7 cé C ead we 
. (m—1)m/2 | ABC 
§ 5. The apolar forms. | 
When we know that three curves have a common point, the next question 
is to find that point, - 





94 © Moré: The Eliminant of a Net of Curves. 


Let (az)” be a point-form and (aé)” a line-form and let n > or =m. 
. The polar of (ax)™ as to (aé)™ is by definition 


(aa) m (ag) om, 


‘When this vanishes, for an arbitrary line é, the forms are apolar (or incident). 
Apolarity means then (*'“) conditions linear in either set of coefficients. 
Thus 3 conics have 3 independent apolar conics and à unique apolar cubic. : 
Three cubics have 7 apolar cubics, 6 apolar quartics, 3 apolar quintics, and a 
unique apolar sextic. In the latter case if the cubics be (aw)*, (Bx)*, (yx)? 
and the sextic (s£)°, there are 30 equations (aa)*(aé)* == 0, but among them 
are three identities such as 


(as)? (88)? = (Bs)*(as)?. 


To find this sextic, we may ask more generally for a sextic (sé)° such that 
the polars of (ax)*, (Bx)*, (yx)? as to it be given cubics, that is 


(as)? (8)? = Mag)? ` 

(Bs)*(sé)* = p (bE)* 

(ys)*(sé)* = v (c£)? 
(sé)° = 0. 


We have then 31 equations from which to eliminate the 28 e eT and 
à, pv. The resulting determinant has two factors, 


(af)? (by) (ca)® — (ay)* (ba)* (08)? 


which vanishes if the problem is possible, and a sextic in é which is the apolar 
sextic. ° 

Three quartics (av) - + - have a unique apolar ninie (sé)°, for among 
the 3 X 21 equations are 9 identities 


(as)*(Bs)*(sé) == (Bs)*(as)* (sé) 
And in general 3 forms (ax)™- - - have a unique apolar form (sé)3"-8, since 
Jess (1) —- oe) es Co) — 0. 


Equally for ternary forms of different orders (at})!, (Bx)", (yx)” there is a 
unique apolar form (sé) "2-8 since 


Les > ( a) + ` C0) es a) — (), 


And so in general in a flat Fz any d + 1 forms have a unique apolar form of 
. order Sm — d—1. 
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A point, on a curve (az)”, taken m or more times, is apolar to that 
‘curve. Thus when 3 curves have a common point c, (cé) ®t- is the apolar 
form. But in this case (c) to any higher power is equally an apolar form. 
Thus taking the case of a net, there is in general no form of order > 3m — 3 
apolar to the net, unless a single condition is satisfied ; this condition is in all 
cases the vanishing of the eliminant. 


§6. The bordered determinant. 


For clearness take a particular net, say a net of cubics. We have 3 cubics g 
Az, Ba®, Ox? and the connex ABCxty? of § 3, which we will write (8s)*(ey)?. _ 
We have a unique apolar sextic, 3 independent apolar quintics, which are 
polars of points as to the sextic, and 6 independent apolar quartics which are 
polars of conics as to the sextic. . 

Consider these quartics (sé)*. To name them we use the connex 
(8a) *(ey)?. The polar of (sé)* as to this quartic in v is 


(8s) *(ey)? | 


a conic in y which we may call the conic associate with (sé)*, and denote by 
(4y)°. Thus an apolar quartic is defined by 


(s6)*—= 0, (as)*(sé)=0, (Bs)*(BE) =0, (y8)*(yé) = 














Eliminating the 15 coefficients of the quartic and p from these 16 equations 
we have the bordered eliminant 


“1B +1 
A(E,n°) = 3] À 0 
3 | B 0 
8 | £ 0 
: 6 | ABC “i 
1 ¿t 0 


This for given 7 is an apolar quartic. For given é it is the conic apolar to 
ull associate conics of quartics on £. ; 

If now A= 0, then p=0. The determinant factors ‘nto (c&)*, where 
> is the common point, and a conic in y which is apolar to the associate conics 


Ý the apolar quartics, of which now that (cé)* is singled out there are 
mly 5, 
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$87.. The conic factor. | : 
When A = 0 there is a common point c. It is to be shown that the cor 
factor of A(é*y*) is then (cy)? E | 
The 15 quartics have now an apolar quartic. There is thus an ident: 
among them. That is Agë. As + Bañ.Bix + Ca’ .Ca = ABCaty’. 
The fundamental syzygy (2.2) with m==3 and ô a line on y, so tl 
(8y) = 0, becomes | 


td) | ay | h? (82)? = Z (ax)? | By | (82)* 
| | (Cey) (2)? + (By) (vy) (Be) (re) + (Be)? Cr}. 


Let y be 1, 0, 0 and let this be a common point so that ao? = Bo = yo° 
8 = 0. Then | 


7.2) | aBy | h? (82) = S(ax)*.| Byè | 
| (Bo? (ye)? + Boyo (Bx) (ye) + yë (Be). 
The cofactor .of (ax)? contains the factor (8c). For writing 8 =. 
§, = — % so that | By8| is Bo(yx) — yo (8r), it is ` À 


| | Bo? (y2)? — yè (Ba)! 
that is, 0. Hence (ôx) divides each individual term in 7.2). 
' Thus the sought identity is 


7.8) ABCz'c= YA. Aye 
and therefore when A = 0 all apolar quartics (sé)* are apolar also to the for 


P ABOz“c°. ç 


va 


The associate conics are therefore all on the point c. Thus the conic faci 
is simply (¢y)’. ~- | 


88. The unique apolar form. | " 

Thus when A = 0, A (£, 5°) = (cé)#(en)?, and in particular AE e &*) : 
(cé)°. This is what the unique apolar sextic becomes when A = 0, and sin 
this unique sextic is of lower degree in the coefficients than A we infer th 
the apolar sextic is in general 


A ($$, £). 


Similarly if we border the second form of the eliminant we obta 
A(é,7) which represents all apolar quintics. When A= 0, the form | 
comes (cé)°(en), and A(é>,é) in another form of the apolar sextic, in pi 
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ticular when A==0, and therefore in general. So generally, by parallel 
argument, for a net of curves of order m, A(Ë£#?, y+) gives the apolar 
curves of order 2m— 2, A’(£2"-1 4%) gives the apolar curves of order 2m — 1, 
and when y = é either form becomes the unique apolar curve of order 3m — 3. 


§9. The case of several common points. | 

The identical vanishing of the bordered eliminant means that the net has 
2 common points. This case can be handled by bordering the eliminant twice. 
Thus for 3 conics we consider 


6 . I 1 

AEE m) = 1) À 0 0 
1 B 0 ‘0 

1 C 0 0 

3] ABC 7 n 

1| 2 0 0 

ii E? — 0 0 


When the net has two common points this equation in yy’, replacing ym’ 
by æ, in the join of the common points. And in general for n common 
points of any net we are to consider a determinant form of the eliminant, 
bordered n times. 


= 


On an Equation of Planar Motion. 
By FRANK MORLEY. 


S1. The equation. : 

The points of a plane being named by complex numbers, let a point of 
the base circle, whose centre is 0 and radius 1, be denoted by #. 

Then the general rotation, or displacement of a plane (say horizontal) 
over another, is given by 
1.1) y = tz — a 


where ¢ and a are given. 
We regard this not as an alibi but as an alias, y and + being the names 
in the two planes of two points in the same vertical. 
From the oo equations (1) we now select «1 by writing 


a= f(t). 
We have then for varying ¢ an equation of motion, 
1.2) y = tx — f(t). 


§2. Pins and slots. 


Jf in equation 2) we fix x, we have an equation which maps the base 
circle onto the points of the y-plane which successively coincide with s; 
that is, the path traced on the y-plane by a pin fixed in the æ-plane. | 

Similarly if we fix a pin in the y-plane we have in (2) the map-equation 
of the path traced in the x+-plane. 

Ii we make slots in the planes along two such paths, we have two pins 
moving in two slots, and the motion is thus mechanically defined. The two 
pins may be in the one plane, and therefore the two slots in the other, or 
we may have a pin and a slot in each plane. 


§3. The cusp-loci, or centrodes. 


A curve expressed as a map of the base cirele, . 
T= $ (t) , 
has a cusp when there is a value of t for which 


da/dt = 0. 
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Thus the paths in the y-plane, ior which æ is given, have cusps when 


dy /dt = 0, or 

3.1) g = f (t). 

and those in the +-plane, for which y is given, have cusps when da/di = 0, or 
3.2) y = tf’ (t) —f(t). 


These are the centrodes, and the motion is the rolling of the one on the 
other. But this is, mechanically, no simplification. For instance the rolling 
of a circle on a circle is effected by the sliding motion of cycloidal teeth. 

It is to be noted that when the curvatures of the centrodes at the common 
point are equal, all paths have a cusp. ‘Thus cusps are not always on the. 
centrodes. 


§ 4. Mechanical description of polynomic curves. 


We suppose the curve given as a map of the base-circle, 

y = pt). 
If in (+) occurs a term ct”, we replace the constant c by a variable a, so that 
y = xt" + (t), 


an equation of the form (1.2). 
The slots in which move the pins æ == 0, y = 0 are then 


y = $1 (t), g == — h, (t) /t”. 


These slots are in general simpler than the original curve; and to their descrip- 
tion the same method may be applied. 

We thus get rid of the terms in @({) which are of the form ct”, and if 
` (t) consists of a finite number of such terms the method will be practical. 
The standard case is when y is a polynomial in #, say 


Y -+ at + aot? +--+ Last 0. 


We replace this by the equation of motion 


Yo + ait + aol? + > +--+ cit = 0, 
and the slots are 
| y + math Laitti 0 
and D + GENE He + + Lans /t = 0 


where y == LÉ, 
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$ 5. M echanical description of rational curves. 
If the curve be given by: 


"o = Ax 





we write (an — t) (dun — 1 JT) = ünn — 1. 
Expressed by proper fractions in r, y becomes 


Bi 


by — rT 





n1 
y= Bo+ B/r+ 3 


Moving the base-point to By, and replacing B, by x, we have the equa 
motion in the form 


PE B Is 








=e + : by — 
When a = 0, the slot is 
n-1 By 
I= a by — T 
and when y= 0, the slot is : 
h_1 By | 
PT Aaa ae 


Répeating the process for each slot, we come to the case of two circula 
` or 3-bar motion (rational). | 
There remains the more general case when in the given expressic 
in partial fractions there are repeated poles, as for instance a term A/(a 
Geometrically speaking, the curve has then a focus at infinity. The ea 
is to allow inversions. . After a suitable inversion, any rational curve 
pressed in the form (5.1), the foci being now all finite. - 

Thus the general rational curve, after an inversion when necessa) 
be mechanically described by two pins moving in two slots, the slots 
simpler than the proposed curve. 


An Extension of the Problem of the Elastic Bar.* 
By H. T. Davis. | 


1. The Problem of.the Elastic Bar. It is well known ¢ that the prob- 
lem of determining the transverse vibrations of an elastic bar leads to the 
study of an ordinary linear differential equation of fourth order with four 
linear boundary conditions, two of these conditions holding at one end of the | 
bar and two at the other. 

For example, if w == f(x) is the initial elastic curve of a bar with fixed 
end points at ¢c—a and g = b, which starts vibrating without initial velocity, 
the ordinate of a point on the cpa curve satisfies the following partial dit- 
ferential equation : - 


pa 


ew 
A Lae ees ; FA = 0, 


and the following boundary conditions, 


W(a,t) = W(b, t) = 0, 
Wala, t) = Wi(b, t) = 0, 
where ¢(#) is a function of positive sign depending upon the physical prop- 
arties of the bar. 
If we assume that the solution is of the form 


W(x, t) = u(2) cos V À t, 
we are led to a study of the ordinary equation 


d'u 


aA — A$ (x) u = 0, 


ind the boundary conditions, 


u(t) — uld) == Í, 
w (a) =w (b) = 0. 


The problem of determining characteristic functions for this system and 


he expansion of f(a) in térms of these functions is the problem of-the elastic 


- * Presented to the American Mathematical Society, Dec. 29, 1922 and Dee. 26, 1924. 
+ See Lord Rayleigh’s Theory of Sound, Vol. 1, chap. 8. 
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bar, which has been extensively studied 
memoir considered asymptotic develop 
his dissertation in 1906 computed G 
boundary conditions in the homogeneou 
W. Stekloff and J. Tamarkine [ have 
homogeneous case, and in 1913 C. E 
results for special cases of the probler 
in the application of the theory of integ 
of which is given in Die Integralgleici 
Now if we set 


> 


d2 
L(u) = Te (pu) 


it is clear that the problem presented 
following differential system : 


L(u) + Ak 
4 0 
U;(u) = 3 ax kD) 


4 
U; (u) == J bj u D 
kzt 


where p(x) £0, k(x) 40 in the inte 

In this paper we propose to develo 
acteristic numbers and characteristic : 
down under the additional assumption 
adjoint. A method due to G. D. Birk 
asymptotic form of the characteristic 
paper consists in associating with syst 





* Annales de Vécole normale supérieure 
See in particular page 405. 

+ Dissertation, Göttingen (1906). 

& Rendiconti di Palermo, Vol. 31 (191 
Rendus, Vol. 154 (1912), pp. 269-271. 

§ Phil. Mag. (6), Vol. 25 (1913), pp. 8! 

| Second edition (Braunschweig), (1922 

[The idea of adjoint equations and ac 
been largely developed by Birkhoff and Bé 
Leçons sur les méthodes de Sturm, Paris, 
this- paper. 

** Transactions of the Amer. Math. Soc 
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which connects solutions of system (1) with solutions of the system adjoint 
to (1). Similar matrices exist for any problem where L(u) is a self-adjoint 
expression of even order and much of the work that follows can be generalized 
for equations of higher order. 

Boundary conditions in. which U;(w) is a linear combination of u, : - +, 
uD at one point only will be called Sturmian- boundary conditions, since it 
was C. Sturm who in 1836 first studied such conditions associated with a 
homogeneous differential equation of second order.* It is important to 
notice that in-the case of equations of order greater than three, different types 
of Sturmian boundary conditions appear. For.example, in the case n = 4, 
we may have three conditions at one point and one at the other or, as in the 
case of the vibrating bar, we may have two conditions at each point. The 
problems, presented by these two cases are very different from one another, 
for it is not difficult to show that the boundary conditions in the first case 
can never be self-adjoint, while in the second case only two conditions an the 
coefficients are necessary for self-adjointness.t | 


2. A Preliminary Normalization. We begin by considering the well- 
known Lagrange identity 


f” [o E(u) —u L(0)] de= P(u,0), — Q) 





` * Journal de Mathématiques, Vol. 1 (1836), pp. 106-186. 
+ This fact can be proved by means of a theorem due to D. Jackson. Transactions 
of the Amer. Math. Soc., Vol. 17 (1916), pp. 418-424. Thus suppose that 


> TW Ty 
aà% 2) 
as T4 To a 
is the matrix of the bilinear form P(u,v) in equation (2), section 2. Let A, be the 
square matrix of the coefficients of n variables in Ui(u), these coefficients being so 
chosen that A, is non-singular. Then A, will be the square matrix of the remaining n 
variables. If à denotes the product Ay? A, and 0’ the conjugate of à then Jackson’s 
theorem asserts: | 

“If the differential expression L(u) is self-adjoint, the condition that the bound- 
ary conditions be self-adjoint is that the matrix : 

11,5 — 211,8 + IL, 
be symmetric; if Z(w) is an anti-self-adjoint expression or differs from such an ex- 
pression only in the term of order zero, Ne condition is that the matrix just written 
down be skew-symmetric.” 

The proof of the fact in question consists in showing that for any choice of a 
non-singular matrix A, we are led to the contradiction that the determinant of A, 
must be zero. The author hopes to be able to state later the corresponding facts” for 
Sturmian systems of any order. , : 


3 , 
. 
| 


104. Davis: An Extension of the Problem of the Elastic Bar. 


in which P(u,v) is a non-singular bilinear form in the eight quantities 
ula), <°, w (a); ulb), +- w (b); vla), >+, 0” (a); 0(b),---, 07" (b). 

For the purpose of simplifying the coefficients of system (1) and reduc- 
ing it to a normal form, we make in (2) the following transformation of both 
dependent and independent variables: 


u(z) = p (z)y (z), s= E(t). 
v(x) = (x) w(x), 


Indicating by a bar the value of a function of v after its transformation 
` into a function of ¢, we shall have 


f [v L(u) —u L(v)] dr = 


IN (F). ad HE at ( $ VID a — (3) 


fı dfw — fd n E 
Pan (a) 9 Get te +a (g) ID a= aa), 








where P* is the bilinear form in terms of the new variables ÿ and w. 
We now notice that the property of self-adjointness will be preserved pro- 
viding the Lagrange identity remains invariant under the transformation. 
Therefore if we set, | 


(F) 7» (5) 1- EO 


where the ambiguous sign is determined from the sign of % so as to make the 
transformation real, it is clear that the resulting differential expression L* (y) 
will be self-adjoint and of the form 


Of 


tS, (09) thy try. (5) 


' L(y) = = 


We must next see that the boundary conditions of system (1) have also 
remained self-adjoint under the transformation defined by (4). 
Suppose that we employ the notation 


Ui(u) = dirt + oe -F aigtts (t= 1, T° 4), (6) 


Vilu) = Bart +: + Byte (f= 5,-°-, 8), (7) 


where u, to ws are the eight values w(a), u’(@), : °°, u’’(a) ;u(b),u’(b), 


m 
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u’ (b) and where U; and V; are connected by the identity * 


P(u, v) = à U: V3, 


d15= 


‘in which the first n V’s and the last n U’s are arbitrarily chosen. 


From the definition of adjoint boundary conditions there must exist 
constants cj, such that 


V5 = cj Uy + GU +: + Cia, (1=5,-::,8). (8) 


Upon substituting (6) and (7) in (8) and equating the coefficients of 
like terms we obtain four sets of eight equations of the form 


C1114 + Crater +: oa + Cradai == Bi, j 
(t= 1,-+, 8; j= 5,- , 8). (9) 


If A denotes the matrix of this system of equations and B the augmented 

matrix . | 
À (i p p hs R= ied g p | 6 ee ae) | 
Gis, © °°, Gag ais © © ‘> Gis, — Bie 

then a necessary and sufficient condition that the equation be consistent is 
that the ranks of A and B shall be equal.t 

. Suppose that the rank of A is r. By hypothesis the system is self-adjoint 
so that the ci; in (9) actually exist. Consequently all of the determinants 
in B of order higher than r must vanish. If the condition be added that the 
U: shall be linearly independent, then the ranks of A and B must both be 
equal to n. 

From Leibnitz’s A it follows :that (6) and (7) are submitted to 
the transformation 


wu? (a) =p (a)y(a) + (5 sD (a)y (a) +: + (e(a)y (a), - 
wu (b) =P by) + OSEP O) HH Oy” (8), 


where r== 0,- 8 ; 

Denote by C the matrix of this transformation. This matrix is clearly 
non-singular since its determinant reduces to the product of the principal 
diagonal which equals [¢(a)]*[¢(b)]*. By hypothesis on p(x) and k(x) 
this is different from zero. 

Consequently B*, the matrix of the transformed coefficients will be the 


* See Bôcher’s Méthodes de Sturm, loc. cit., chapter 2 
+ Bocher, Introduction to Higher cone New York (1922), p. 46. 


106 Davis: An Extension of the Problem of the Elastic Bar. 


following product, 
| B* =C B. 


Since B is of rank n by ipae and, since the first matrix is no: 
singular, it follows that the rank of B* must be n also.* A similar stateme 
applies to At ==C A. 

The transformation of the dependent variable may be similarly treat 
since the determinant of the matrix of the linear transformation on A* a1 


B* defined by it is easily shown to be f ES | [6 j a which 


non-singular from the hypothesis on k(x). 
These results may be summarized in the following theorem : 


Theorem 1. The self-adjointness property of both the differential ‘equ 
tion and the boundary conditions of system. (1) is wnalter ed by the trar 
for mations defined by equations (4). 


8. The Fundamental Matrix and Its Pr operties. Let us recall } that 
(ui, © °°, Un) is a fundamental set of solutions -of the general equation 
nth order 

L(u) = == pp(c)u® (x) + p (2) urd (x) i ` Paljus) = 0, and 
W, the Wronskian, is the determinant 


Uy Wi Wwa > © + a yu, D) 


| y Us Wa wa je us (m1) 
= š 
Un Wn T a Un TD) 


1 ôlog W 


m uai t= 1, -> -, n, will be a set of linearly independe 
o Uui | 


then v; = 


solutions of the adjoint equation. These solutions are called by Darboux i 
adjoints of the solutions u; and satisfy the relations : 


VUP F VUD 4 > ee HOn P 0, j <ni, 
puy D +. Pu D + ese + Ppp D) a= 1 /Po. | (1 


In case, however, that the equation is self-adjoint (or dnti-self-adj oin 


* Bocher, Higher Algebra, p. 79, theorem 7. 

{For an extensive development of this subject see G. Darboux, La théorie 
Surfaces, Paris, (1889), part 2, book 4, chap. 5; also L. Schlesinger, Handbuch 
Theorie der linearen Differentialgleichungen, Leipzig, (1895), Vol. 1, chap. 3. 
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it is clear that the vi must be linear combinations of (hi, dh, Vs 
Vi = Cith + Ciau + TATANEN -{- CinUns (4 = 1, RE n). (11) 


The matrix of this transformation we shall designate by C, and we shall 
show that it has the following fundamental property: | 


Theorem 2. If L(u) — 0 is a self-adjoint (or anti-self-adjoint) equa- 
tion of order n and if (v1,--*, Un) are the adjoints of the solutions (us, * >>, 
Un), then the matrix O of the substitution (11) is either symmetric or skew- 


~ 


symmetric as n is odd or even. 


To prove this we first obtain from the n equations (11), n sets of n 
‘equations by differentiating v;, n — 1 times and from these we can solve for 
the values of the c:; in terms of v; and Uj and their n— 1 derivatives. Thus, 


explicitly, we have 
= [ Dov: + Dv; cae Di yr" D] L/W, (i= LEE), (12) 


where Dg is the cofactor of v; in the determinant which we obtain by 


replacing the jth column of W by vi, vi, © +, vi. 
But from equations (10) we observe tat we have ` 


Daa = pov, W. 


By successive differentiation of this equation and the use of the differ- 
ential equation in eliminating terms which involve uj“, we obtain the follow- 


ing expansions : 


Do=(—1 — de Re. + (1) (pad) ] W, 

Das = [(po0s)” — (purs) + (p04) 1 (a8) 
Da2 oo [ (pov;)’ SE (P10;) | W, | ‘ . | 
Da = (pov;) W. 


If we call If the matrix of this substitution we observe that it is iden- 
tical with the matrix of the bilinear form P(u,v) iù equation (2) which, in 
the self-adjoint case, is known to be symmetric when n is an odd number and 
skew-symmetric when n is an even number.” . 

When this substitution is made in (12), c:; is expressed as a quadratic 
form in vv; whose matrix is symmetric when n is odd and skew symmetric 
when n is even. This proves the theorem. | 

=: We can obtain now by means of theorem 2 some elegant and important 


* L. Schlesinger, foc. cit., Vol. 1, pp. 70-71, 73-74. 
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identities satisfied by the second order m 
n — 4, where we assume the differential 


L(u) =u + pau” + 


For convenience we shall designate b 


Ga) - ( 
l m o © 


these minors of second order which are (; 

If we substitute the values of v; (+= 
tities (10), and those derived from (10) 
time recall theorem 2, we have at once 
between the minors: * 


cun( 2 1 }-Heu( © 2 )-Hau( 2 1) +e 
oa( 2 $ }-Heu( $ 2 )Heu( $ 2) ea 
ce( 2 2 }-e( 2 3 JFC? $) Fen 
oa( 1 2 }-Heu( 2 2 JH] $) Hen 


oa( 1 E )-Heu( 1 3) Heu 1 2) +n 
oa( $ 2 )-ôu( 2 2 )-Hau( 3 2) Hoa 


That system (14), which may be loc 
in the six variables ¢;;, is consistent for 
is readily seen as follows. The sixth o 
of all of the minors of the second order 
determinant Wa, then by the theorem of 


Ws 


The explicit determination of the 
plished as follows. Suppose that the fu 


* The linear dependence of the minor: 
of (14) has long been known. Jn an article t 
équations différentielles linéaires du quatri 
(1883), p. 329, they are shown to satisfy an € 
Philosophical Transactions, Vol. 179 (1888), 
relations and their connection with matrix C 

+ G. Kowalewski, Einführung in die Dete 
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been uniquely determined by the following relations at some point =a: 


diua) + aizu’ (a) + tiw” (a) + ait” (a) = Gi, 

where &;; is the Kronecker symbol which,is equal to 7 when i == 7 and equal 
to 0 when i = 7, and where the determinant D == | ai; | is different from zero. 

Then if.A4; is the cofactor of ai; in the determinant D, it follows that 

MD (a) = A/D and W = (ti, U's, Us, w”) = D8 /D* = 1/D. (15) 

Moreover, since | 

Cats FY Grotte IDL rats DL. 6, Ug GD == mD, G2 1, 2, 3, 4), 
we have . | 

C3 = (Djo/W) 01 + (Da/Whus + (Djo/W) or” + (Dis/Wju”, | 


where Dj, is the cofactor of w;% in the determinant W. 
But these cofactors are easily computed in terms of the a;;.if we make 
use of well known theorems on adjoint determinants. 
Thus . 
Du /W = D(D?/D®) ay, = = ins °°, Du/W == Bj kets 


from which it follows that 


7 —— Aji — jade! + jai dd fe 5405". 


Making use of equations (13) we can easily ne vi The values 
thüs obtained are tabulated for convenience below: 


to i 2 3 4. 
vla) dia dos | asa | hse. 
v(a) —fy13 — Us Us —Uus 


v” (a) Oy2—Po(@) dra (a) dng As2—Po (4) Asa Aapo (4) ay 
v” (a) —y+-p2(@)a13 Gar} P2(@)d23 tst P2(@)ds3 —Ou-+po(a)as 
` 4, General Separation Theorems. We now proceed to the examination 


of certain general results which follow from the relations developed in the last 
section.  ’ 





Consider the following two normalized Sturmian systems: 


Lu) + Aus ul + pou + plu + (ps + A)u = 0, 
(I) Ax(u) = Aou) = 0, (II) Aalu) = Aa(u) = 0, ; 
Bi(u) — Be(w) = 0, BoBur F 
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where the A;(u) are linear condition 
linear conditions at the point z =b. 

Tf we assume that the determina: 
can choose the fundamental set of sol 


Ay z 


_ where &; is the Kronecker symbol, ar 
systems will appear as roots of 


Bis Bu 


Ay = 
t Bə; Bos 


, an 








respectively. 

Suppose, further, that in matri 
and. Cy. 540, ¢34540. These are cor 
but they are consistent and can be sai 

It is easily seen that A, can be ex 


dem vaia) Hya) 
| Fradi 


where yi; isthe second order determi: 
jth columns in the following matrix: 


(bu b 
Do b: 


Now if each column of the ideni 
yı; and the resulting equations added 
multiplied by a non-vanishing consta: 
satisfied : 
P2! 





Y23 7 Y14 


This result is stated in the folle 
that it has no analogue in Sturmian s 


THEOREM 38. The characteristic 7 
_ are identical providing the following 


* Kowalewski, Determinantentheorie, { 
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1) Cig == C14 == Cog == Coy. 2 0, 
© 2) | ais | FO, 
a 3) Vos — Yu 


As: an example consider the following systems: 


po(b)y12 = 0. 








uT — ru = 0, | ul — du = 0, 
(D) w(0)=v7(0) = 0, . (II) w(0) = w’’(0) = 0, 
ufr) =w (r) = 0, u(r) =w (r) = 0. 


The conditions of the theorem are seen to be satisfied. We choose for a 
fundámental set of solutions the following : 


Uy == P7, Us = CPE, Ug = SIN pT, Uy == COS pT, (18) 


where p =— WA. In terms of these functions we can now easily compute the 
two determinants A, and A., whose zeros dre the characteristic numbers for 
the two systems (1) a (II). These determinants are found to be identical 
since 

À, = A, == 4X sinh pr sin pr, 


and the characteristic iune arei A ee 
We next derive a separation theorem for the characteristic numbers ol 
the following Sturmian -systems : 


-O W Lpa” + piw + (ps A)u = 0, 
(I)  Ai(u) = Aou) —0, (II) Au) = Aou) = 0, 
Bı (u) = B.(u) = 0, Bafu) = By(u) = 0. (9 


In. order to discover the conditions on the coefficients of the two system: 
so that the characteristic numbers of one will-alternate or coincide with the 
characteristic numbers of the second, we shall make use of the following 
theorem recently published by the author: * 


THEOREM. If the existènce of a sequence of characteristic numbers foi 
problem (I) has been. establishèd, then a sequence of characteristic number 
for problem (II), alternating or coincident with the characteristic number: 
of problem (I), exist provided 


f. ttes) 





T,(x,æ)]d 0, (‘SAS An) (20° 


* Bulletin of the Amer. Math. Soc., Vol. 28, (1922), pp. 390-894. 
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where T, and T are the Green’s funct: 
respectively. 


Let us now recall that we can wr: 
equation and its boundary conditions 


T(z, t) = Cyn, (£) + - 
where g(x, t) is a function defined as 


u (2), Us‘ 
: 1 U2(2), Uz‘ 
ga, t) = + ow 


urle), Un' 


Here the plus sign is to be used when : 
W is the Wronskian or determinant c 
their first n — 1 derivatives. 

We now notice that, by means o: 
g(x, t) in the form 


g (z, t) = + [u(x)v (t) 


where the ambiguous sign is to be dete 

In order to determine the constan 
T'(x,t) in the boundary conditions, : 
that the C; are expressible as linear fo 
of the two Green’s functions in the 4 
form in the variables u: (s), vi (x), i. « 


T: (x, æ) pre T: (æ, x) = 


Now if we denote by F the mat 
matrix of the linear substitution (11), 
into a quadratic form in w:(x), uj (x) 


T = 


‘By a fundamental theorem on 
T(x, tj both belong to self-adjoint sys 


eH 


* J. Horn, Theorie der partiellen Diffe 
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of -x ‘il t and consequently thew difference 1s a symmetric funcion® 

It follows at once, then, since T is the matrix of a bilinear form in ula), 
u; (t) which is symmetric that T is itself a symmetric matrix. Consequently 
when we consider the question of whether or not the quadratic form (21) is 
definite, we need only to examine the signs of the principal minors of the 
determinant of T and apply to them a well known criterion.{ _ 

We next proceed to the calculation of the matrix T for the special Sturm- 
ian systems (19). Suppose, for simplicity, that matrix C, by the choice of a 
proper fundamental system, is the following: 


0 0 0 Cas 

0 0 Cas © 

0 — cez 0 0 
— Cia 0 0 0 


~ 


'. We see explicitly from the values of ci; computed in the preceding section 
that this imposes upon the coefficients of A, (u), A2(u) the single condition 
C12 == 0. : 

If for brevity we use the notation 


By; By 


fi; E Bai B;; 


and Si; = 





Ba; Ba; | | 
By Bg; ° 


then the matrices of the Green’s functions for the two systems (19) will be 
M, and M, where 








9, 0, 0, Ci4 

0 0 Cas 0 

RU g | | 22 
a 0, 22) EE: R23 T 24/T 34; — 261Ls /Tas 4 ( ) 


Cis, 0, RC23T 34/ T'as, "ZEU EETA Togs - 


and where M, is an identical array except that Ti; has been replaced through- 
ut by Size 

From (22) we are able to write down the conditions for the self-adjoint- 
ness of the general Sturmian: system of fourth order. Since matrix M, must 
be symmetric we shall have | 


. C14T'1a — Ces T 33 = 


the condition for which is (17). Hence the ae Sturmian systein of 
fourth order in normal form will be self-adjoint providing its coefficients 
satisfy the conditions: 


* Bôcher, Méthodes de Sturm, loc. cit., pp. 104-105. 
t Kowalewski, Determinantentheorie, loc. cit., pp. 220 and 238. 
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pus yı 


Returning to (22) we observ 


T 
so that we have explicitly, 
0, 0, 
JÀ za 0, 0, 
0, > — Cas T'o4/T z4 


0 
0, 0, RCosT'23/ T'sa 


In order to prove the definiter 
show that the following determine 


— ealo + 1 


A = 
E 


SS [S4 (Tols = 
+ Tisz + T: 


If we now expand the dete: 
according to the first two rows we 


| Bu] = | by | |u | = | b: 
GS T 12834 = T2824 + 1 


Also, replacing in (24) the las 
as before by Laplace’s development 


Tias — T 
and similarly that : 
S120 34 — 84 


When these values are substitu’ 


A = — [SLT 34 + Sal's 


as ÉCHOS | bij | W WAPYISEYS 
- Hence A == 0, and the form is 
| 2 


These results may be summari: 
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THEOREM 4, The characteristic numbers of systems (I) and (II), (19). 
ther coincide or alternate with one another provided that their coefficients 
tisfy the following conditions: 


1) Ci — 0, 
2) Y23 — Yia — P2 (b) yiz = 0. 
3) | Oey |= 0. 


~ 


A simple example will illustrate the theorem. . Consider the systems: 


uT — dru =0, on uT — u = 0, 

(I) (II) | 
u(0) =w (0) =0, u(0) =w (0) =0, 
ulr) Ei (x) =0; Ea u(r) =u" (r) = 0. 


The coefficients are seen to satisfy the conditions of the theorem. 

I£ we choose as a fundamental system, the one given by (18), we can 
mpute the two determinants A, and A,, whose zeros are the characteristic 
imbers of the two -systems (I) and (II). These are found to be 


A, = 1 — cosh War cos W)z, 
A, = cos h Nr sin Ar — sin h Wr cos ‘W/m. | 
From these expressions we see that the characteristic numbers for the 
o systems will be = | 


An = [4 (en a 1) -+ en |*, Na = [4 (An = 3) + e’, |*, 


lere €n and e'n are numbers which become vanishingly small for large values 
n. The separation of the characteristic numbers by one another is thus 
plicitly seen for large values of n and may be verified by.a graph for small 
lues of n. | 


5. Asymptotic Distribution of the Characteristic Numbers. We can 
ike use of theorem 4 to obtain an existence theorem for the general Sturm- 
1 system. of fourth order. For this purpose consider the following systems: 


uIP + pow” + p'au + (ps +A)u = 0, 


Ax(u) = Aa (u) =0, A (u) = åz (u) =i 
na (IT) - (25) 


(I) 
- Bi(u) = Ba (u) = 0, u(b) =w (b) =0. -> 
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Choose for a fundamental set of so 
z= a, the following conditions are sati 
ui TD (a) = 


where ô;; is the Kronecker symbol. 
Then in system (II), (25), the . 
characteristic numbers will be zeros of t) 


P(A) = En 9 2) Ba 
+ Bas( 3 3 


where Æ;; is the second order determi 
and jth columns in the matrix formed 4 
Furthermore the value of F(z, À). 


the point 7 == a, and by successive diffe 
atk 

‘de gza 
ant in application and are recorded bek 


F(a) = Eis F(a) = — Png, HY 
= Eip (a) saas QE 245 FAP (a) == QE x1. 
Eis + 2p2(@) B13 — p2(a) Era + 2B 34. 

But it is known that F(x, À) satis! 
of fifth order: * 


OF OF , dl 
-Ir -+ 2p2 IF + 3p’. Ta 


+ (pe + pop’, — À 

. Consequently, if we apply the resu 

(II), (25), we can reduce the existenci 

Sturmian system of fourth order to the 
order. Thus we have: 


can be computed also. The ex] 


THEOREM 5. Given an integral F(a 
ly defined by the values (27). If thec 
the following conditions: 

1) G20, 2) yes —7y 
3) (b13004 a, bibs) ae 0, 


nn NH 








* Halphen, loc. cit., p. 329. 
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and if F(b,À) vanishes m times in the À-interval, Ay < À < As, then there 
exist at least m — 1 characteristic numbers of system (I) which either alter- 
nate or coïncide with the m À-roots of F(b, À) in the interval (Ay, Ag). 


From this theorem the asymptotic distribution of the characteristic num- 
bers for the general Sturmian system is readily deduced. For this purpose 
we make use of an important theorem due to Birkhoff,* which asserts that for 
values of p in a region S, the asymptotic form of the solutions of the equation 


La 


d'u deiu 
dx + pän (4, p) dant +: . + pao (a, pju = 0, 
| [e e] 
where e; (z, p) == À Gi; (v), are given by _ 
j= 


(i= 1, 2," n, 
(7 =0, E hy n— I, 
(m arbitrary, 


g 
i D= uz? (x, p) +e BRU Bi 


m-j 2 
P 


Li 


æ 
a FDL "S Ui; (æ) 


in which u: (z, p) =e ee uilt) 0 for a = rt = D. 


The w; are roots of the equation 
o” + anio (#)o™4 +++ ++ doo(x) — 0, 


and the E; are functions of p and x bounded for large values of p. 

We now apply this theorem to equation (28). Two cases are to be ‘con- 
sidered according ‘to whether we set À = — p* or A= + pr. 

First Case. If we choose À = — pt, then ts = 4 T f 5 ) , so that the 
values w; satisfy the equation 


o F dy = 0, | (29) 





A fundamental set of solutions of equation (28) -will then be 


Fi Piala) | 


p? erei (t==1, 2,- +- , 5) 


(30) 


Fi (2) = ewrte-a) py + De Zi 
where o = 0, w2==1+44, w = À —1, wa ——1 +, os = — 1 —1, 


* Q. D. Birkhoff, Transactions of the Amer. Math. Koc., Vol. 9, (1908), p. 225. | 
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In terms of these functions F(b) may 


Fa), : ++, Fiala), F(a), 
PF’, (a), Ne F'ii(a), F’ (a 
: : 
(OS Sk Sf oe Se SS 
W(b) get PUP (a), °° +, Fia YP (a), 
F 


where W (b) is the Wronskian of the funde 
From (27) we see that all of the F4 
FAP (a) which is linear in A and equal t 
observe that in (31) for large positive valu 
those containing F(b) and F(b), and sir 
~ p the dominant terms will be those contain: 
coefficients of these terms do not vanish. 
always different from zero can be seen exp 
of 1/p and retaining only those coefficiei 
lowest degree in 1/p. The coefficients of 
totic to 


+ p? {2 F(a) Dai + 


ae ats 


where the Dr: are the cofactors of the eler 
column of the following determinant: 


w3 @3 
D We" wg 
wt wg 


Since none of these cofactors are zero 
values FD (a) can be zero, because F (b> 
follows that none of the coefficients of F(. 

We next examine several special cases. 
be found by a simple computation and b 
terms of (31), that the dominant terms 
will be 

À ep cos p(b — a), 


From the p-zeros of this function we 
of the characteristic numbers, thus obtaïnir 
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i TA { an—I1 | ae 
AT TT | altb—a) * f ”. 
tor n sufficiently large. 

In order to obtain the A; which correspond to negative values of p, 
ve combine the fourth and fifth terms of (31). These will be found asymp- 
totic to — ea x so that no new values of A; are introduced. 

In a similar way we examine the case where F(a) —0, F(a) #0. The 
lominant function is then of the form 


A ep sin {p(b —a) + 7/4}, A0, 


rom which it follows that 


ae An — 1 . \ s 
4(b—a) 
Similarly, if F” (a) is the first value different from zero, we obtain 
u ~ —{nr/(b—a)}* The case where P” (a) is the first non-vanishing value 
rives the same asymptotic form of the characteristic numbers as for F(a) = 0, 
™ (a) £0, and the case where FU? (a) 4 0, corresponds to the first case. 


Second Case. If we choose A= p*, then the values of w; are the roots of 
5 —do—= 0, or o = 0, w = V2, ws =— V2, o = Vi, os = — Va. 

The same argument applies as in the preceding case except that the domi- 
rant terms are now either eV?%-0 for positive values of p or e-V2e0-0) for 
iegative values of p. Hence there will not exist characteristic numbers for 
arge values of p and the A;-sequence is finite. 

These results may be summarized as follows: ; 


THEOREM 6. Jf the coefficients of system (I), (25), satisfy the conditions 
if theorem 5, then there will exist for negative values of À an infinite sequence 
if characteristic numbers, separated by, or coincident with, the following 
alues when n is taken sufficiently large: 

2n — l . | : 
Ce ee { Rea * m if F(a) 0; or if PI (a) 40 and all 
he preceding values zero. | 
W) a LES eb if Pla) 0, F(a) 05 or if P (a) + 


) and all preceding values zero. 





(e) Ài ~ — | = =} + if F” (a) 540 and all preceding values zero. 


4. r 


For positive values of À, the number of characteristic values 
finite. 
As an illustration consider the characteristic numbers for the : 


~ 


ul) — u= 0, 
u(0) =w (0) = 0, u(r) =u" (r) Sn 


By a simple computation we have 
F (0) = F’(0) = F” (0) = F/(0) —0, F(0) =2. 
Hanes the characteristic numbers must alternate or ere 
values + Esg 4 a result consistent with that obtained in th 


ample of the preceding section. 
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On the Sylow Subgroups of the Symmetric 
and Alternating Groups. 


By Louis Weisner. 


= 


1. Introduction. It is the object of this paper to exhibit a formula for 
calculating the number of Sylow subgroups of each order in the symmetric 
and alternating groups of degree n. Let p be a prime factor of n! and let 
p™ be the highest power of p that ee n!; further lé n be written in the 
scale of p in the form . 


n = Oy + GP + Oop” apt ` -H agp. 
The sae of Sylow subgroups of order p” in the symmetric g group of degree 


! 
n will be shown to be a  _— ; 
Qo! al ax! p™(p—1)™ 


Incidentally other properties of the Sylow Lu de: i the symmetric group 
will be noted. 3 

The number of Sylow subgroups of order p” in the alternating group of 
degree n is evidently the same as the number in the symmetric group if p > 2. 
It will be shown that for n > 5, the alternating group contains as many Sylow 
subgroups of even order as the symmetric group. 


2.. An Invariant Abelian Subgroup. The substitutions 


= (1, 2,°°°, Pph == (p-+1, p+2,--°+, 2p),°°> 
x (fa — 1 p+i Ni} pte, T’ MP); 
where, with thé notation of $ 1 


Mi = Aip + Ain p” ai Pa -+ ap" (4 w k), 


clearly generate an abelian subgroup J of order p™ and type (1,1,-::-,1). We 
proceed to prove that I is invariant under every Sylow subgroup H of G that 
contains I, where G denotes the symmetric group of degree n. 

A conjugate I’ of I under G contains conjugates of s:, S2, * * *, Sn, At 
least one of these conjugates must affect one of the symbols 1, 2,°°-°, p. 
Let t= (1, %, +++, %) be such a substitution of J’, and for definiteness 
suppose ¢ affects the symbol 1. If H contains I and I’, (sı t) is in H and 
hence is of order a power of p, say p*. Now (sı) is transitive in the symbols 
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1, 2,- --, p, and (t) is transitive in the symbols 1, is, © * +, t%. It. follo 
that (sı, £) is transitive in the symbols which it affects. Hence p° is divisil 
by the degree of (sı, t) which, being less than 2p, must equal p. Hence 
and t affect the same p symbols. Since the symmetric group on p lett 
involves no subgroup of order p°, (Sı, t) is of order p. Hence s, is a pov 
of ¢ and is contained in J’. Similarly I’ contains Sa ..., Sm He 
L! == J, A 


| 3. Number of Conjugates of I. We proceed to determine the num’ 

of conjugates of I under G by calculating the number of ways of select 
the cyclic subgroups, each involving a single cycle of p letters, of whicl 
conjugate of T is the direct product. Denoting by «Py the number of F 
mutations of x things taken y at a time, it is clear that sı may be chosen 
nP,/p ways, and hence (s,) may be chosen in „Pp/p(p——1) ways. Af 
(sı) is chosen, (s2) may be chosen in »»P,/p(p—1). ways; and then ( 
may be chosen in n-2pPp/p(p—1) ways; ete. It follows that the cy 
groups, each involving a single cycle of p letters, of which a conjugate o 
is the direct product, can be chosen in 


neo * app? * * n-ppPp 


PO pee 


ways. But these cyclic groups. may be interchanged in n,! ways with 

altering the conjugate of J under consideration. Hence, observing that, v 

the notation of § 1, n— mp = t, it follows that the number of conjug 
n! | 


of I under G is mi ao! p™(p—1)™ 


4. Number of Conjugates of H. The structure of the normalise: 
of I in G, the order of which is m!ao!p™(p—1)™, is now readily de 
mined. The cyclic group generated by s; is invariant under a metacyclic gr 
‘Mi, of order p(y — 1}, which involves only the symbols that s; affects. Hi 
K contains the direct product M == MM», * + -, Mn, of order p™(p—1J] 
Since s; and s; are similar substitutions involving different symbols, we 
find a substitution ui; of order 2, which transforms s; into s; and w) 
involves only the symbols affected by s; and s;. The substitutions wi; cle 
generate a group G, which is contained in K and is simply isomorphic \ 
the symmetric group of degree n.. Since G, and M have no substitutio: 
common besides identity, and G, transforms M into itself, the orde 
(M, G1) ism! p=(p—1)™ Now K evidently contains the symmetrie gı 
N of order ao! on the symbols m + 1, m+ 2, >, n, which I does 
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ach term of which will now be discussed separately. . 
In order to treat the first term of (14), we break it up into four parts: 


15 1 j a €2 1 a [f° ES [+ rr 
) / par J, f, Vee 0 «+ 0 0 €a eee 
: Tj C T/r 
T 

€ €2 


‘here each integral has the same integrand. 


For the first term on the right-hand side of (15), we have 


1/2 f° f dı (af) sin (3m — p)a sin pa sin (3n — q)8 sin gf dadp | 


é sin? a q sin? B 


Sw), Sy | $1 (aß) | an e 8 af" i. E Sil 


"gS 0/2 
<m and meas = 7/2 pe : 
sin T m = 1,2, 








sin mr 
sin g 








t follows from the existence of the first integral given in (11) that, given 
positive 8, we can choose e and € sufficiently small to make this first 
arm less in absolute value than 8/12. 

For the second integral in (15) we have 


1/pqr” eSa S dal aß) sin (2m — p)a sin pa p)a Sin pa Saen GR SRA es 


~ ginta o sin? B 


< 4q AT €z D IN LR) | mane 


rom the existence of the second integral in (11), it follows that, since e, and 
are now fixed, we can choose n sufficiently large to make this term less in 
solute value than 8/12. A similar treatment of the third term in (15), 
id the existence of the third integral in (11), show that it also can, by proper 
101ce of m, be made less in absolute value than 8/12. The last term in (15) 
in obviously be made less in absolute value than 5/12 for m and n sufficiently 
rge. Therefore, by proper choice of m and n, the first term of (14) can be 
ade less in absolute value than 8/3, oe on the existence of the in- 
grals i in (11). 
For the second term in (14), we have J 


* We use the identity 


] "1/2 sin? Kw 9 
r o sin?æ k/2. 
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: at yal fer sin (2m — 
pq f J n Beeps 


sin? a 
/2 
= 1/2pr Í, yı (a) 


We know from Pollard’s work * that the 
assures us that we can make this part of 
That the third term of (14) can be 
follows from a similar reduction and t! 
(12). 
By an easy reduction, the fourth t 
Hence we have 
I ce 
m-prL n-gil (1) 
ee — $ < à 
Pq 
Similer reductions, as pointed out befo 
cases of the other s‘”, and the lemma is 


Lemma 3: If the conditions of L 
of the expressions (4) corresponding to 
sas a limit. 


As in Lemma 2, we carry through 
For the double Fourier’s series, we 


a Apt FF e + vel 


For the first term, since 


F/2 sin xg 
1/7 f 


o sing 





* Loe. cit., p. 339. 
+ Cf. Bierens de Haan, Nouvelles Tabl 
No. 7. 
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we have the following reduction: 


— 


7/2 AT ` sin (2m — p)a Sin pa sin nB | 
2 se Nee ge ee E) 
1/pr : f å f, Wy (a) sin? a sin B dadB. 
sin? a 


| 1/2 

- = 1/2pr J. (a) da. 
- It follows from the discussion of an analogous expression in Pollard’s pape 
that the existence of the first integral of (12) is a sufficient condition th 
this term can be made less in absolute value than 8/8, for m sufficiently larg 
For the second term of (16.), we have 


| 1/77? MT) sin? ma — sin*(m—p)a sin ng dadp | 


sin? a sin B 





sin nB 


m/2 
—|1/er [Une SE ap 


; w/2 
<4 f 
= 4 

0 


To this we apply the Riemann-Lebesgue Theorem,* which, together with t! 
existence of the second integral in (12), enables us to infer that we can ma 
the expression less in absolute value than 8/3. | 

The third term of (16) we divide. as we did the first term of (14) : 


ve ff Pare EST + SOS SESE 
+ SS}. 


each integral having the integrand of (16). The discussions of the fn 
three terms of the right-hand side of the above equation are entirely analogo 
to those used in the cases of similar terms In Lemma 2. For the last ter 


| 1/pr? Jy: fe bs ( af) sin(2m — p)a sin pa sin ng dad 


sin? a sin 8 
=f et f T2 


That this tends to zero, we infer from the generalized Riemann-Lebesgue TT 
orem and the existence of the second integral in (11). Hence the third ter 








Ye) | 
3 | sin nBdp. 


pi = ) sin (2m — p)a sin ng dad, 








* Lebesgue, “ Sur les Séries Trigonometriques,” Annales Scientifiques de VEec 
normale supérieure, Ser. 3, Vol. 20 (1903), pp. 471-473. 


134 MERRIMAN: On Certain Theorems Rega 


of (16) can be made less in absolute value than 
The fourth term reduces immediately into 
Summarizing, we have 
m 
> Sin 


lim i=m-prl 
MaN-300 SRE e 


p 


Since the discussions for the other s are simi 
As we noted before, the other expressions 
double Fourier’s series can be treated by the n 
Lemma 2. Hence, applications of these lemma 
IT, if we remember that the other conditions of 
out as fulfilled by the double Fourier’s series. 


§ 3. Generalization to Three Variables of The 
Consider now any infinite triple series Sip 


terms of either sign, and in which 


im. _ 
imn00 Pima == 0 


lim pimn == 0 (for every m,n), ‘I 


17 1->00 tm 
oo lim pimn = 0 (for every J, n), I: 
m~>0O hbm 

lim pimn == 0 (for every l, m), l 

F3 00 mn 


As in $ 1, we construct an auxiliary series 


(18) Pimn = — Qima 
The analogue of Lemma 1 for three varia 


Lemma 4: If sequences of positive integ 
be found such that pi steadily with l, while 
conditions on the {qm} and {rn}, and if 


lim 914 mT'n Gimn = 0, ` 
Lmin- 


then 
lim Pidmln Ql-pt, m-qm, n-rn = 
LM 2900 
The proof of this lemma follows at once a 
Lemma 1. 
We are now in a position to deduce the an: 


and their Application to the Double and Triple Fourier's Series. 185 


TuroreM III: If the series Suimns satisfying conditions (17), is also 
summable (C1) to s, and if sequences {pi}, {qm}, and {ra} can be found satis- 
fying the conditions of Lemma 4; and if also each of the expressions of the 
types * 


lemn lim 


? 
(19) > Sijk > Sijn S, Simn 
i-pt+1, M-Qm+l, n-rn+i 2 izl-pi+l, Jzum-qm+l1, . 4=l-pt+rl, 
PimTn Pilm Ppi 


approaches s as l, m, and n become infinite; then the series converges to s. 
- By a reduction mee analogous to that used in $ 1 to arrive at equa- 
tion (5), we have: 
z m n 
> Sime > Stjn D Simt 


Sinn = > ¢t=l-pri ae j=m-qntl $ Enfant 
P E Gm Tr 
pm tn mn ` 
Sin > Simk : > Sijk 
(20) — .=l-prtl: jem-gutl t=l-pitl, k=n~ratl __ Geman Gmtl, ken-Tatl 
; Pilm — Pifn Amtn 
` mn | 
Sijk 
I-pitl, m-gmtl, n-rn+l 
+ —— ee P1Qmn A l-pi, m-Qm, norn » 
a i PiGmtn 7 
Similarly, 
IpI Mim, NnIFn lpt migm i+pt, nirna Miam, NITR 
Sijk Sijm - Simk D> Slik 
+1, mtl, n+1 . = 4=14+1, j=m+1 di: 42141, k=nt+1 gzm+1, kent 
PidmTn Pilm Pita UmT'n 
l+pt | mtm ntra 
> Simn > Sijn ` ` Simk 
(21) #4 ore zm+l A. kenti 
pi Im Tn 


++ Simn — PiQmTn Aimn- 


As l, m, and n become infinite, Lemma 4 and the hypothesis enable us to 
deduce from (20) that i 


4 ` 


(22) lim Simn = = § 85 
and from (21), that 
(23) i | ‘Tim Simn = $. 


A combination of (22) and (23) gives 


* The other eleven expressions of these types appear in the body of the proof of 
the theorem. 


5 
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(24) im Sima =S, 
bmn 


and the theorem is proved. 


§ 4. Application to the Triple Fourver’s Series. 


Theorem TII will now be applied to the triple Fourier’s series, to 
a-condition for convergence analogous to the Dini conditions mentioned 
and to the generalizations of those conditions | obtained in § 2. 
We first write for convenience: 


$ia, B, y) = f(t+2a, y+28, aay) — f (£+2a, y +28, 2+0) 
— f (x+ Ra, y+ 0, 24 
— f(a+0, y +28, z+2y) + f(x + Ra, y+0, 240) 
+ f(#-+0, y+28, z- 
| + f(x+0, y+0, 24 Ry) — f (1+0, y+0, 24-0) | 
‘x1 (a, B) = f(2+ Ra, y+28, 240) — f(x+0, y+0, 2+0) 
x2 (a, y) = f (w+2a, y+0, 2487) — f (240, y+0, 2+0) 
xs (8; y) = f(#-+0, y +28, z+2y) —f(a-++0, ÿ4-0, 2+0) 
xa (a) = f (z + Ra, y+0, z+0) — f (1+0, y+0, z+0) 
_ xs(8) = f(a+0, y +28, z+0) — f (1+0, y+0, z+0) 
xe(y) = f (+0, y+0, z+2y) — f (1+0, y+0, 27-0) 
P (a, B; y) = (a, B; y) + xı (a, B) + X2 (a, y) + xs (£, y) — x4(a) 
— X5(8) —xe(y) + f(#+0, y+0, 240) 
= f(&+2a, y4RB, 2427). 


We are then ready to prove the following theorem: 


| TasoreM IV: If f(x, y,z) has a Lebesgue integral in the 
(—97 SaS7; —wSySa;—7S257), and if its developmen: 
triple Fourier’s series is summable (C1) to the value 


2 FF(®+0, y+0, 2+0) + f(0-++0, y-+0, 2—0) + f(0-40, y- 
(25) s—% 4+ f(a—0, y+0, #40) + f(0-40, y—0, 2—0) + f(a—0 
+ f (20, y—0, 240) + f(a—0, y—0, 2—0) 


at. the point (x, y, 2); then the development also converges to s at that 
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provided ‘the integrals of the following wee exist : 


MINS SCENE 
Fe sgh aa 
(27) - fs: Ets dadB fc [7 Lx (8) | dadp 


(28) D tale er. 


e © 
for arbitrary, small, positive és. 


_As in 82, sequences {#1}, {qm}, and {rn}, with the desired properties, 
can be found, since the general term of the triple Fourier’s series approaches 
zero as 1, m, and n become infinite.” Hence, to prove our theorem, it remains 
only to be shown that the expressions of the form (19) for the triple Fourier’s 
series approach s as a limit as Z, m and n become infinite. We shall indicate 
the discussion for the expressions given explicitly in (19), with the remark 
that the reductions for the others are similar. 

We set | 

1 w/e (°. 1/2 7/2 

(28) om= aa ff . ST Hetta y42B, 242) 
| sin? la sin? mB sin? ny 
sinřa sinf sin? y 








dadBdy ; 


and introduce a notation analogous to that used in §2: o@ ; s; st; 
(t—1, 2, ::-, 8), where o ( represents the expressions analogous to 
(29) in which the integration is extended only over that portion of the ori- 
ginal region included in a single octant ; and wae each s is the limit of a 
corresponding Eos ` i 
We are ihe “ready to prove three lemmas concerning the behavior of the 
expressions (19) corresponding to the triple Fourier’s series. - | 
| 
Lemma 5: If f(x,y, 2) satisfies the-conditions of the above theorem, the 
first expression in (19), corresponding to its triple Fourier’s series, will ap- 
proach s as a limit. | 


Proceeding i in rie the same manner. as in Lemma 2, we shall mania 


* This follows from a further generalization of the Riemann eme Theorem. 


+4 
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the result for s“, and since the proof for the corresponding expressions with 
the other upper indices is similar, our lemma follows immediately. 
For the triple Fourier’s series, we can write this expression as 


1 T/2 T/2 {© T/2 
am S, S S T eta 9426, 2427) 


sin? la — sin? (I1—p)a sin? mB — sin?(m—q)B sin? ny — sin?(n—r)y 


dadBdy, 





sin? a sin? 8 sin? y 
which reduces to - 4 ee 
( 30 1 w/e 1/2 4 ; 
) | para? J. f, ‘ (aBy) 
sin Ce Jasin pa sin Gn) B sin gf sin a ysinty aad Bay; 
Sin” a sin” g sin* y 


and for the purposes of the lemma, we break it up into eight terms correspond- 
ing to the eight different terms of D(a, B,y). | 

We note first that the last df these terms reduces immediately to s®. 
The treatment of the first term is an obvious extension of the discussion of 
the first term in (14) ; and the others can be reduced immediately to expres- 
sions whose treatments are covered by the various discussions in Lemma 2 or 
in- Pollard’s paper. Hence it follows from the existence of (26), (27), and 
(28) that, by proper choice of l m and n, each of the terms we are considering 
can be made less in absolute value than 8/7; therefore 


lemon 

| 8 55%, 
Üm 3-p1, m°at1, n-r+1 
nS: SS eee == gM), 


par 


Since similar reductions hold for the other s“, the lemma follows readily. 


Lemma 6: If the conditions of Lemma 5 are satisfied; then the second 
of the expressions (19) corresponding to the triple Fourier’s series will ap- 
proach s as a limit. 


Lemma 7: If the conditions of Lemma 5 are satisfied, then the thira 
of the expressions (19) corresponding to the triple Fourier’s series approaches 
s as a limit. 


r 


The proofs of these lemmas .are entirely analogous to those outlined . ir 
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the other lemmas of the paper; these lemmas, then, follow readily, contingent 
on the existence of the integrals (26), (27), and (28). | 
The theorem of this section is an immediate consequence of the three 
. lemmas just stated, since it follows from these lemmas that the expressions 
(19) have the desired properties.” Hence, a sufficient condition for the con- 
‘vergence of a summable triple Fourier’s series is the existence of the integrals 
given in (26), (27), and (28), which are the generalizations to three vari- 
- ables of the Dini condition for the convergence of the simple Fourier’s series. 


UNIVERSITY OF CINCINNATI, 
JUNE, 1924. 
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On the Power Characters of Units in a Cyclotomic 
Field. 


By H. S. VANDIVER. 


If we consider the relative cyclotomic field Q(K), that is, an algebraic 
field which contains the cyclotomic sub-field Q(a), a = e?7/?, p an odd prime, 
then if w is an integer in Q(X) and q is an ideal prime, we have 


oV- == 1 (mod. q) 


where N (q) is the norm of q in Q(K), and (w) is prime to q. Also there is 
one and but one integer a in the set 0, 1, 2,---, p— 1, such that 

| NCg)-1 ' 

o P? == a (mod. q) | 
provided q is prime to p. The expression af is known as the power character 
of w with respect to q in the field Q(K). We also write 


(ij = 


These power characters have been treated ‘by Furtwängler * who gave two 
laws of reciprocity involving them. Consider the problem of determining 
(w/q), where w is a unit in Q(K). For the special case where 2(K) is the 
field Q(a) itself, the power character was determined by Kummer } in terms 
+ Crelle, 44, 1852, 93-146. 

of known functions of the ideal q, provided Q{a) is a regular field, and ow is 
any unit of the type 

| (an (=a) 

Gaia) 


The units sa): elay) rs e(a) (where p= (p—1) /2, and y is a primi- 
time root of p) form an independent system, so that any unit in Q(a) can 
be expressed in the form 


e(a) = \ 


e(a)”, e(a)", ses e(avt?)nu-2 


the ws being rational fractions. 


* Cf. references to Furtwängler in “ The Report on the Theory of Algebraic Num- 
bers,” Bull. Natl. Research Council, Feb. 1923, p. 20. 
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In particular if | 
En(a) =a e(a) e(av) y?r e(a) y*n e.. (ar) rer i 


then Kummer * proved the relation, where À is written in place of p, and A : 
is any odd prime, | 


À ua yr—1 _- do?" log Y, (e) 
(1) == (I prre (r + 1) nr) . er (mod. À) | = 
where - | 


$ 


(ED) ee 
ii 
r is any integer s40 or — 1, modulo À, 
Į, (2) 2a ŞS £ _(r+1) ht ind (git+1) 
h | 


Zi is an ideal prime in Q(a) whose norm is gt, q odd, g is a primitive root of 
3, h ranges over the integers 0, 1, 2,---, g*—2, ‘excepting (gt —1) 2, 
and g is selected so that g@*-P/A=a4 (mod. Y). The symbol 

dy?" log F, (e?) 

dy\-2r 

means that the (À — 2n)th derivative of log Y, (e”) is taken with respect to v, 
and v = 0 substituted in the result. Here e is the Napierian base. Owing 
to certain applications I expect to make in another paper, it will be necessary 
to use an extension of Kummer’s results to the fields defined by primitive pnth 
roots.of unity, n prime to p, and the present paper will be devoted to the proof 
‘of the extended theorem. | 
I was enabled to carry out this investigation through a grant, relieving 
.me of the duties of teaching from the Heckscher foundation for the Advance- 
ment of Research, established by August Heckscher at Cornell University. 


1. Transformations depending on the Jacobi-Kummer cyclotomic function. 
This function was treated by H. H. Mitchell t and is defined as 
Var (6) ere > g ~bk+(atb) ind (g4+1) 
h | 
where 8 is now any primitive mth root of unity (m — pn) ind w is determined 


by g"1%= (mod. q), q being an ideal prime in Q(8) whose norm is gt, 
g is a primitive root of q, and A ranges over 0, 1, - ++, g*— 2, with the 7 


* Z. ©, 106-125. 
+ Transactions Amer. Math. Koc., 17, 1916, 165-177 
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exception of (qt — 1) /2 if q is odd and zero if q= 2. Also g is selected so 
that i 
g'-1 


g m == b (mod. q). 





As defined here this function is a special case of that treated by Mitchell. 
It has the properties (Mitchell, 7. c., p. 168) 


(2) T (0) Y(81) = gt 
if a z£ 0, b z£ 0, a+ b50 (mod. m), and 
(3) Yo, o (0) = Yo, 8(0) = — 1. 


We now set, if B = e?in/n 


dr log ¥ (eB) 
aaa 


D,(8)— [EER] 


this symbol indicating that v= 0 is substituted in the function of e” after 
differentiation. Put U —1/Y(et8B), we have 


dlog Y(e’B) | y d (ek) 
- dv on dv 


and 


v = 0 


and . 
dt (eB) d-i (eB) dU 
(4) Dem TD ae + 
gee eg SEB) | du 


dv ' kW 
Now by (2) the function . 
Å = w (z8) U(x tpt) — qt 
vanishes for s—a. Consequently since (sP? — 1) /(x— 1) is irreducible in 
the field 0(8),* we have h 


z? — 1 
A = W (z) a 





where W(x) is an integral function of x, with coefficients in the field Q(B). 
If V = (e”—1)/(e*—1) we have 


(5) Yes) (e81) =q + VW(e?) 


* Weber, Algebra, Vol. 1, 2nd ed., 600. 
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and 
| gt -+ VW 


P (egt) = Y(er) 


= (¢ + VW)V, 
where W == W (e). 

We shall now transform this expression by means of variations and ex- 
tensions of the methods employed by Kummer } for the special case in which 


ð is a primitive pth root of unity. 


We shall use the notation 
X d F'(eB) 
F (eB) ® = = 
and 
di F (eB) ; 
Y (E) cs 
ECB) laa dvi v = 0 
(6) WEB) P UO (gt + VW) + iU (VW) + 


For v = 0 this reduces, since g¢==1 (mod. m) to | 
| ` (e*B-1) P == U” (mod. p) . 
EREE 


(4) then gives | O 
D,(8) == (e%B)T Y (e8) ' ie) P (eg) -D Pr) 
- (mod. p). 
“Tf | mn = fi(8) 
then D(e-vB-1), = (—.1) #f, (8-1) 


and therefore 


D, (8) =f-(8)fo(B*) — (r— 1) fra (8) fa (82) 
f(A) fre(B1) (mod. p). 


f: (8) => (—bh -+ (a+b) ind (g + 1))#g-Ph+ina(ghst) 


Now 


h ranging over the values stated in definition. 


Set 
Í — bh + (a+b) ind (9+1) = On 

and — bk + (a + b) ind (g* +1) = Or. 
Then 


D-(P)=F Z (0 —(r— 1) On Cu +- Tua (mod. p), 


1 Journal für Mathematik, Vol. 44, p. T22. 


ba 
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Or 
(7)  D,(8) =2 Z (aoo “ve (mod. p) 


where h and ? each range over the integers 0, 1,---, g?’—2, excepting. 
(gt —-1) /2 if q is odd and zero if q =2. Put 





1 
pha gl À -e = g” (mod. q). 


Then. the right hand member of (7) may be written 
ZX (—bin (g"—1) + (a+b) ind ("— 1) —aind (g” — g”) 
X (bk —(a + b) h) pw-t 
‘where h’ and k’ each range over 1, 2, - +, g'—2, but W 32k, since in 
that case ind (g* — g”) has no meaning. Set, if p= — 1 (mod. n), 
(8) a= pl | 
f b= n— pl. 


Evidently these values satisfy the restrictions on relation (2). Applying them 
to the last expression, it reduces modulo p, to 


mS ZE (—ind (g¥ —1) + ind (g¥ —1) (W HN) pe 
c oR ` 


We re-introduce the values i’ == k’ since for such values the expression van- 
ishes. We again use the symbols A for h’ and k for k’. "s shall now employ 
the generalized function treated by Mitchell. 

Let 6, = e2ix/"P where n, is any divisor of n other than unity. Then 
using the same & function as before, we have 


Y(0,)¥ (0:7) = 9! 


«x 


since (8) gives 


4560, 6540, a+6540 (mod. mp). 


We now go thru, exactly the same argument with this relation as with (5). 
There is obtained 


D,(8)=n SS (—ind (9*—1) + ind (g*—1)) (bh) Bu 
modulo p, if 8, = g?tr/m, Since n, is any divisor of n we can then write | 
_ Dp(B°) == nt X E (— ind (9—1) + ind (g*—1)) (kh) pee 
s= 1,2, > +, n—1. 
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n-l 
Since = BA ==( B" — 1) /( gi — 1)—1—— TI, j0 (mod. n), then 
(9). S eD) 
= ES (ind (9—1) + ind (g@—1) (k— a)ri 
ie ~ > (— ind (g — 1) + ind (g >1)) (K— h) 


c ie a atan integer in the set 1, 2, ‘s n— 1, and K ranges over 
the integers < qf — 1 which satisfy K = ¢ (mod n). 


We have 
À & (ind (g"—1) + ind (g —1)) (k— h) | 
> X ind (g*~1) De 2 ind (g*— 1) (4—h)r4 
= 2 — (g'—2) (~A) ind (gh —1) 
FE (q'—2)kr4 ind (g*--1) (mod. p), 


since > Ae ==0 (mod. Pp), s=1, 2,-- ‘, p—2, 
k 


Noting that gt = 1 (mod. p), the above reduces to 


((~= 1) 1) D he ind (g#—~1) (mod. p). 
h 
Similarly , 
: —È > ind (g#—1) (X — h}r1 
Ok 


HE Sind (g*—1) (K-71 


reduces to 
f — È KE ind great) (mod. p), 


if we observe that 2 K*==0 (mod. p), s—1, 2s * * *, p-—2, and that there 
are (q¢—1) /n values of K. Hence (9) becomes, if r < p, 


(10) 2 BD, (Be) 
rat SCD 41) Siting (pt 1) 
— n 3 KT ind (gë — 1) (mod. p). 
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Now if 
y= (gt —1), 


S hi ind (P— 1) =F E 
h J à 
where i == 1, 2,°° -, m— i, and 7 = ( 


But 
(gt —1)(gem—1) °° ° ( 


whence, noting that ind (— 1)=0 (1 
S ind (g—1) = inc 
j 


and since g= 0 (mod. q), then 


S ind (g — 1) = in 
J 


and (10) then becomes, for r < P» 


y-t 


(11) S BD, (8°) = 


al 


((—1)" +1) & #tind 


where i= 1, 2,° °°, m— 1, and]: 
1=c (mod. n). 


9, Tfw is any integer in (4), 


or, since g(a'-D/" == 9 (mod. q) 


qi-1 


el 


P sez On ind © ce: a" 


T 
q 


Writing I (o) for n ind w we have f 


€} 
and 


(ata) $*D, (8) =r 
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Let i—ep+d. If d is fixed, then e ranges over the integers 0, 1, ay" 
n — 1 and then 
Il (Gorri — 1) Es gna IL (0e? — grd) 


| = f4 — 1 
and therefore 


Dai] (0—1) =F d I (at — 1) (mod. p), 
i d 
d= 1, 2,- < -, p— 1; and this may be written o g 
p-1 ` ‘(p-1)/2 | 
S'dr11 (at— 1) = D dy? I (ath/2) 
á i 
+2 E ( a”®/2 2. a"ä/2) 
+3 (p— 4) (Tani EC D) 
and since the 1 term exists only in (11a) when r is even, we have 
PT Š (p-1)/2 
> d I(t — 1) =n I (a) SX d” (mod. p) 
d=1 G=1 


and since r is even then | 
‘> df=0 (mod. p) 
dy 
x 
r= ?, 4, 6,5 °-, p— 3, and 
È dP = (p—1)/2 (mod. p), 
so that from ae we have 
n-1 
> BSD, (8) =— n FI T(6'—1) (mod. p) 
s=1 7 : 
0<r< p—l, and 
n-1 i 
2 B° Doa (8) =— I (a) — 2 FS I(@—1) (mod. p), i 
or we may write | | 
n-1 2-1 
(12) Sa, (gr) =—n $ I(aife—1) (mod. p) 
0<r<p—l, aa 
(18) Spe Dy.(8*) =—I (a) — ire I(aïge—1) (mod. p). 


These two relations are the extensions of Kummer’s relation (1). 


+ 


t 
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A Configuration of Thirteen Pencils of Cubics. 
and Cubics with Three Real Inflexions.. 
| By B. M. TURNER. 


In an earlier paper (P,)* the writer discussed the system of plane cubics 
with a given quadrangle of inflexions. The nine points of inflexion of any 
one cubic offer a number of ways of choosing four points which form a 
quadrangle, but among these quadrangles some have vertices in common. It 
follows that all the cubics with a given quadrangle of inflexions in common 
with one inflexional set form a configuration with notable geometric prop- 
erties. The first part of this paper gives the results of a study of the real 
cubics contained in this configuration. The second part is devoted to a 
discussion of cubics with three real inflexions given. 


I. Thirteen Pencils of Cubics. 


From among the nine points of inflexion of a real non-singular cubic 
there are three ways of selecting four points, two real and one pair imaginary, 
no three collinear; and three ways of selecting two imaginary pairs. In this 
paper quadrangles with two real vertices are considered first because they lead 
to a geometrical construction complete in itself, while the corresponding con- 
struction from two pairs of imaginary points serves only as a supplement to 
the former in a more extensive complete figure. -For convenience in the 
investigation, the canonical infléxional set of Hesse is taken as the oirgin. © 


. $1. Quadrangles of Inflexions: Two Real and One Pair Imaginary. . 


As shown in P,f, every set of four points, two real and one pair imagin- 
ary, no three collinear, belong to two, and only two, completely determined 
inflexional sets for real cubics. Hence, the three such sets of four points 
selected from : 


(dirai; (Or = Le) 


(A) | (— o’, 0, 1), (— 1, 0, 1); (—w, 0,1), 
(1, — w, 0), © (1, —o?’, 0), (1, — 1, 0), 


* American Journal of M athematics, Vol, XLIV, No. 4, Oct. 1922. Throughout 
this article the earlier paper is referred to as Ps. l 
7 Ps, pages 266, 275. ` ba 
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determine uniquely the three following inflexional sets: 


(0, 1, —1), (o—1, —1, 1), (w? — 1, — 1,1), 
(1) (— 1, © — 1, 1), | (— 1, 0, 1), (— 1, wo” — 1, 1), 
(1, TT Ws 0), (1, —w, 0), (1, =e 0); 
(0, 1, — 1), (o? — 1, 1, — 1), (w—1, 1, —1), 
(2) (— o’, 0, 1), (— 1, 0, 1), (— o, 0, 1), 
(— 1, l, w — 1), (—1, l; W — 1), (1, ==], 0); 
(0, 1, — 1), (0, 1, — o), (0, l, — 0), 
(3) (1, w?— 1, — 1), (— 1, 0, 1), (1, »—1, — 1), 


(1, — 1, w?— 1), (1, —1,  — 1), (1, — 1, 0). 


Each of the three derived sets has, in addition to the four selected points, 
the third real point in common with (A). Hence the following theorem: 


(1) There are three, and only three real pencils of cubics with three 
real and a pair of imaginary points of inflexion in common with a given 
real pencil. i l 


These four inflexional sets contain only twenty-one distinct points :— 
namely, the nine of (A) and twelve others related to the nine by equian- 
harmonic properties. The four pencils of cubics have only seven real in- 
flexional axes, the four of the pencil corresponding to the set (A), 


v=0, y =0, z=0, s+y+z=0, 


forming a quadrilateral and the sides of the accompanying diagonal triangle, 


y -+z=0, z+ z=0, z4 y=0. 


The twenty-one points are the intersections of the seven real axes by the 
imaginary lines | | 

wr t+y+2—0, wxty+r—0; 

xz + wy + z= 0, z -+ wy +2—0; 

+ y + oz = 0, x -+ y + oz =D. 
Thus: 2 


(2) The twenty-one points of inflexion of a given real syzygetic pencil 
of cubics and the three real pencils having in common with it three real and 
a pair of imaginary inflexions, all lie on seven real lines which form a quadri- 
lateral and its diagonal triangle, and are determined by the three pairs of 
imaginary inflexional axes of the given pencil which pass through the three 
real inflexions, 
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§ 2. Quadrangle of Inflexions: Two Imaginary Pairs. 


Two pairs of imaginary points which form a quadrangle belong to four 
` completely determined inflexional sets for real cubics.* When the three such 


quadrangles are selected from 


the nine derived sets are the following: 


| *P, page 264, 


(0, L — 1), (0, 1, —w), (0, G — o), | 
(A) (— wf, 0, 1} (— 13.0; 1); (— o, 0, 1), i 
| (1, TT Ds 0), (1, — w”, 0), (1, — 1, 0), 


(0, 1, — 1), (1—o?, 1, — a°), (1—w, 1, — o), 
(1) (— a, 0, 1), (2, 0, 1), (— o, 0, 1), 
(1, TT Ws 0), (1, — o, 0), (2, 1, 0); 
; ; (1, 1, 1), (1, 1, w”), (1, 1, w), 
(2) (— o, 0, 1), (—1, 0, 1), (— o, 0, 1), 
Cu 0) (1, — o, 0), (2, 1, 0); 
(1, Í, 1); (1, w?, 1), (1, w; 1); 
(3) (— o, 0, 1), "(2, 0, 1), (— o’, 0, 1); 
(1, T Ws 0), (1, — w?, 0), (1, — 1, 0); 
(0, 2, 1); (0, 1, — o), (0, 1, — o°), 
(4) (— o, 1— o, 1); (— 1, 0, 1), {— w, 1 — of, 1), 
= (1, —, 0), (1, —°, 0), (12,50): 
(052, 1), (0, 1, — o), (0, 1, — «*), 
(5) (w, 1, 1), (1; 1,4); (a, 1, 1), 
(1, — +, 0), (1, —— w, 0), | (1, — 1, 0); 
(0, l; — 1), (0, 1, —w), (0, 1, — o’), 
(6) (1, 1, =): (1, l, 1), (1, l; w°), 
(1, — 07, 0), (1, — o, 0), (1, 2, 0); 
(0, 1, 2), (0, 1, — o), (0, 1, —o?), 
(7) (— w°, 0, 1), (1, 0, 8), (— w, 0, 1), | 
(1, — w°, 1—°), (i, — w, 1— 0), (1, —1, 0); 
(0, 1, — 1), (0, l; — o’), (0, l, — v), 
(8) (— w?, 0, 1), (1, 0, 2); (— v, 0, 1), 
(1, a, 1), (1, ®, 1), (1, 1, 1) 
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(0, +, 2); (0, 1, — o°), (0, l, — o), 
(9) (— w?, 0, 1), (— 1, 0, 1), (— o, 0, DPA 
LA; (anid), (Gii): 


Each of these derived sets has, in addition to the two selected pairs of imagin- 
ary points, one real point in common with the set (A). Hence: 


(8) There are nine, and only nine, real pencils of cubics with one real 
and two pairs of imaginary points of inflexion in common with a given real 
pencil. 


These ten sets contain only twenty-eight distinct points:—namely the 
nine of the set (A) and nineteen others related to the nine by equianharmionic 
properties. The ten pencils of cubics have sixteen real inflexional axes: the 
four corresponding to the original set (A), 


t=0, y=0, z=0, z+y+z=0; 
and twelve others, 


y — z = 0, — zt + z = 0, z — y = 0, 


—s +y +z =0, s—y -+ z= 0, z+ y —z= 0, 
— 2t + y + z= 0, z — ey + z = 0, z + y — 2z = 0, 
— v + 32y + 2z = 0, 3g — Y + 2z = 0, RE + Zy — z =Q. 


These points and lines together with the points and lines found when 
the two real and a pair of imaginary points were selected, form a complete 
projective figure considered in the following section. 


§3. The Cı; Configuration. 


The combination of theorems one and three in the two preceding sections . 
gives the following: 


(4) There are twelve, and only twelve, real pencils of cubics with five 
points of inflexion in common with a given real pencil. 


The inflexional sets for these cubics contain in all only forty distinct 
poirits, the nine of the original set, the twelve others in the sets having three 
real and one imaginary pair in common with the original, and the nineteen 
others in the sets having in common with the original one real and two 
imaginary pairs. These forty points, ten real and fifteen imaginary pairs, 
have a notable arrangement on lines. ee 
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The thirteen pencils of cubics (the original pencil and the twelve having 
five points of inflexion in common with it) have nineteen real inflexional 
axes: the four of the original péncil and the set of three and set of twelve 
added by the twelve pencils. The nineteen, as determined in: the two pre- 
ceding sections, are arranged in four sets of three pairs in elliptic involution: 
—namely | | 


T = 0, '— T -+ By + 22==0; 

(1) 4 y +z =0, — 2r +y +z = 0; 

| ~s ty eee, - @+y-+z=0; 

cf f y= 0, RE — y + 2z = 0; 
7 (2) 4 z -+ g= 0, . g — 3y + 2z = 0; | 

| T—Yy +2=0, ct y+a2=0; 

z == 0, 2 + 2y — z = 0; 

(3) 4 aty=0, ` s +y— 2 =0; 

i Os a a `, ery 2x0; 

E can — 22 + y+2—0; 

(4) 3 Z—x=0, e—2y -+z = 0; 

| T—y==0, | w+ y — 3z = 0; 


with the four pairs of imaginary axes of the original pencil, 


wot + y -+ 2 = 0, Wg -+ y +H z= 0; 
t -oy + z= 0, t+ oy +z =Q; 
% + y + 02 = 0, x+y + oz = 0; 
v -+ wy + w°2 = 0, s + ey + oz = 0; 


respectively as double lines. These pencils in involution have for vertices 
the three real points of the original inflexional set (0, 1, —1), (—1, 0, 1), 
(1, —1, 0); and the point (1, 1, 1) called in the further discussion the 
“harmonic point,” because it is. common to the three real harmonic polars 
for the original ,pencil of cubics and is also related to the real inflexional 
triangle as harmonic point with respect to the line of reals. 

- Thus as regards the configuration of thirteen pencils of cubics, here 
denoted by Cis, the following theorem may be stated: 


(5) The nineteen real inflexional axes of C,; are the four of the original 
pencil and fifteen associates uniquely determined by harmonic properties, 
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which form four pencils in ellipti¢ involution, with the three real points of 
inflexion and harmonie point of the original pencil as vertices and the four 
pairs of imaginary inflexional axes of the original pencil as double lines 


(Fig. 1). 





Fig. 1. 


The forty points all lie-on thirteen of the real inflexional axes, namely 
the four of the original pencil, | 


50, y=0, 2=0, t+y+2=—0, 
forming a quadrilateral, the sides of the accompanying diagonal triangle, | 
yte=x:0,. z+ zr=0, &+y—=0; | 
and thè six lines | 


| y — z = 0, z — s = 0, Ty = 0, 


an mwe i = M 
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completing a harmonic pencil at each of the six vertices of the quadrilateral.. 
(Fig. 2). Thus the forty points of inflexion of C,3, ten real and fifteen 





* 


Fie, 2. 


imaginary pairs, lie on thirteen real lines which form a complete projective 
figure.* | | 

The pairs of lines in elliptic involution through the harmonic point. 
` (1, 1, 1) are the real harmonic polars, | 


| y—z=0, z—z=0, 2—y—0, 
for the original pencil, together with the lines 
— 2r Hy +z =0, v—3y +z=0, x-+y—?z=0, 


which join the harmonic point to the three real points of inflexion. Thus 
when three collinear real points and an arbitrary fourth real point are taken 


_ *The figure consists of the special Desargues’. configuration 10s, known as. the 
quadrangle-quadrilateral configuration, and the diagonal triangle common to the asso- 
ciated 4-point and 4-lime. The further relation of the Ci to this configuration of 

‘ points and lines are discussed in a paper published in the Annals of Mathematics, 
Second Series, Vol. 26, Nos. 1 and 2, Sept.-Dec., 1924. 


} 
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respectively as the three real inflexions and harmonic point for a cubic, the 
_ three real harmonic polars have the following unique construction. 


Draw the three lines joining the harmonic point to the three points 
of inflexion and construct the lines harmonic to each of the three with 
‘respect to the other two. 


Because of this relation, the three lines joining the harmonic point to the 
three real inflexions may be called the “harmonic polar associates”; and for 
the cubics under consideration the intersections of these lines with 


m0, y= 0, 2—0, 


. are 
(0, 1, =) (1, 0, 1), (1, 4, 0), 
(0, 1, 2), (230,1) (1, 2, 0), 
(0, 2, 1), (1 0, 2), (2, 1, 0), 


which together with (1, 1, 1) are the ten real points of the determined set 
of forty. That is: À 


(6) With respect to a given pencil of cubics, the three real points of 
inflexion, the harmonic point, and the six other intersections of the harmonic 
polar ‘associates with the sides of the real inflexional triangle, are the ten real 
points of inflexion for the C,, determined by the pencil. (Fig. 3). 
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These ten points are further related.. The six | 


(0, 1,2), (2% 0,1), (1, 2, 0), 
(0, 2,1), (1,0, 2), . (8, 1, 0),. 


0 


lie on the conic; and on each of the harmonic polar associates two of these 
six are harmonic with respect to the harmonic point (1, 1, 1) and one of 
the thiee (0, 1, — 1), (— 1, 0,1), (1, —1, 0). 

The thirty Imaginary points of inflexion of a Cı (the imaginary points 
of the group of forty) lie by sixes on the eight imaginary inflexional axes 
of the original. pencil. | 


II. Cubics with Three Real Inflexions. 


The results of the discussion of the quadrangle consisting of two real 
inflexions and an imaginary pair (in which case a third real inflexion is 
fixed) suggest the consideration of the system of cubics determined by three 
real inflexions. : It is convenient, however, to consider first the more restricted 
‘system determined by three real points of inflexion and a fourth real point 
as harmonic point. 


t 


$ 1. Three Real Inflexions and a given Harmonic Point. 


It was noted that for a syzygetic pencil of cubics the harmonic point and . 
line of reals are harmonic point and line with respect to the real inflexional 
triangle. Consider any cubic with (0, 1, — 1), (— 1, 0,1), (1, — 1, 0) 
as real points of inflexion and (1, 1, 1) as harmonic point: The sides of a. 
real triangle passing singly through the points of inflexion have equations 


at ty ta—0, e+ gy +z=0, o+y+y—0, 


where a, 8, y are any real numbers. The condition that the polar line of 
(1, 1, 1) with respect to this triangle be x + y + z = 0 is a = 8 = y. ‘Thus 
the sides of the real inflexional triangle of the cubic under consideration have 
equations of the form 


at -+ y +z=0, tctatz=—0, v+y<+arz—0. 


It is known that for any non-singular cubic there is one pair of imaginary 
inflexional axes through the harmonic point, and further * that the lines of 


* Pi, page 265. 
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this pair together with the three harmonic polar associates form an equi- . 
harmonic system. Thus the cubic under consideration has as one pair of 
inflexional axes the lines equiharmonic to 


—2¢ + y+2z=—0, ge—2Ry +20, v -+ y— Êz = 0; 
that is, 
. 2+ oy + wz =0, roy + o= 0. 


The intersections of these imaginary lines with the sides of the real ey 


triangle, 
(o — w?, aw? — 1, 1— aw), (ao? — w, aw — 1, 1 — aw’) ; 
(1 — aw, w — w°, aw? — 1), (1 — aw’, o — ow, aw—1); 
(aw? —1, 1—aw, w— o°), (aw — 1, 1—aw?, w — o); 


for any arbitrary value of a, together with 
(0, 1, — 1), (—1,0,1), (i, —1, 0), 


satisfy the conditions imposed upon the inflexions of a cubic. Consequently 
the cubic under consideration is any one of the doubly infinite system repre- 
_ sented by the equation 


(r+ y-+2) (e+ oy + az) (z+ wy + oz) 
+ A(ar tH ytz) (£ +ay +z) (£ +y + az) —0, 


depending upon two variable parameters which enter one in the first and one 
in the third degree. To every value of the parameter a there corresponds a 
unique pencil, hence 


(1) All plane cubics with the same three real points of inflexion and 
a given harmonic point form a doubly infinite system consisting of a a 
infinity of syzygetic pencils. 


As the parameter a varies from zero to infinity the sides of the real 
inflexional triangle describes three pencils of real lines, intersecting the fixed 
pair of imaginary inflexional axes in three singly infinite systems of pairs 
of imaginary points. These points (except in the two special cases con- 
sidered in the next two paragraphs) are all distinct, since two real lines 
cannot intersect in an imaginary point. However, these are not all the 
points on the two imaginary axes, for they are intersected by every one of 
the double infinity of real lines in the plane (excepting those through their 
real point of intersection) in a pair of imaginary points, and no two of the 
intersections coincide for the reason stated. From this follows the theorem: 
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(2) The imaginary points of inflexion of the doubly infinite system: of | 
cubics determined by three real points of inflexion and a given harmonic 
point, are the intersections of the pair of lines equiharmonic with respect 
to the harmonic polar associates by the three pencils of lines through the 
three fixed inflexions, 


The three lines 


at +y+2=0, 
e+ ay + z = 0, 


form a triangle unless the determinant formed by the coefficients vanishes, 
that is unless a = -——? or 1. If a==— 2, the three lines intersect in the 
harmonic point and the curves form a pencil of nodal cubies, that is, the 
six imaginary points of inflexion coalesce at the harmonic point where the 
cubics then have a node.* Since the three lines are concurrent for no other 
value of a, this coalescence can occur at no other point. Hence, 


(3) Included in the doubly infinite system of cubics determined by three 
real points of inflexion and a fixed harmonic point there is precisely one . 
pencil of rational cubics :—namely, a single infinity with a common node at 
the harmonic point. 

If a= 1, the three lines are coincident and the curves form a pencil of 
reducible cubics 


(wy +z) (£+ oy + 0%) (2 + oy +02) +All +y +2)? =0, 


consisting of the line of reals and a pencil of conics with the pair of imagin- 
ary axes as tangents and the line of reals as chord of contact, that is, the 
three pairs of imaginary pore of inflexion coincide at the two points of 
contact. 

The vertices of the single infinity of real inflexional triangles 


Gut D Ce ee = 
as a varies trace out the lines 
Y—-2=0, 2—t=0, c—y—0, 


which are the three real harmonic polars for every curve of the system. 
Hence. . : 


E A node on a cubic with three real points of inflexion is necessarily an isolated 
point. ` 
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(4) The locus of the vertices of the real inflexional triangles, for the 
doubly infinite system of cubics determined by three real points of inflexion 
and a fixed harmonic point, is the set of three real harmonic polars common 
to all the curves of the system. 


To each of the single infinity of pencils of cubics of this system there 
corresponds a Cy, consisting of the pencil in question and twelve others 
having five points of inflexion in common with it. Every such C,, has in 
its inflexional group of forty points the three real points of inflexion and 
‘ harmonic point common to all the curves of the system. The six other real 
, points are the intersections of the sides of the real inflexional triangle by 
the three harmonic polar associates, 


a aa Po Li s -+ y— 2z = 0, 
expressible as pairs 


(a— 1, 2a +1, — 3), (a — 1, — 3, 2a +1); 
(— 3, a— 1, 2a +1), (Qa+ 1, a— 1, — 3); 
(Ra + 1, — 3, a— 1), (—3, 2a -+ 1, a— 1). 


As a varies these pairs trace out respectively the three harmonic polar asso- 
ciates. The harmonic point and three fixed inflexions are given by the values 
of a(— 2 and 1) OPORE to the singular cubics included in the system. 
This gives the theorem 


(5) The locus of the real points of inflexion of the Cis, for the doubly 
infinite system of cubics determined by three real points of inflexion and a 
fixed harmonic point, is the set of three harmonic polar associates common 
to all the curves of the system. 

As ' 

y —z==0,. — 2e + y + z= 0; 
2 — T = l, s — 2y + z= 0; 
gz — y = 0, s- y —22=0; 


is a pencil of lines in involution at (1, 1,1) with 
atoy--ows=0, F wy -H oz = 0 
‘as double lines, 


' (6) The locus of the vertices of the real inflexional triangles and of the 
` real points of inflexion of the Cs, for the doubly infinite system of cubics 
determined by three real points of inflexion and a fixed harmonic point, 
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is a pencil of six lines in elliptic involution with the harmonic point as vertex 
and the two imaginary lines through the imaginary points of inflexion : as. 
double lines. 


§ 2. Three Real Inflexions. 


The argument in the preceding section with respect to the system of 
cubics with 
(0, 1, — 1), °(—T, 0, 1), (1,—1, 0) 


as real points of inflexion and (1, 1, 1) as harmonie point is independent | 
_of the choice of coordinates for the -harmonic point. Consequently there is a 
double infinity of such systems with the three inflexions. The removal of 
the restriction that the curves have a fixed harmonic point gives.the system 
two more degrees of freedom and accounts for the four-fold HAE of cubics 
in a plane with three common real points of inflexion. 

Corresponding to the three pairs of lines forming a pencil in elliptic 
involution through the harmonic point (1, 1, 1) :—namely 


y—z=0, —2%+y+z—=0; 
Z — t = 0, g — 23y + z = Î;. 
s — y == 0, g +y — 2z = 0; 
with 0 
z + oy + wz =0, g- oy +uwz—= 0 


as double lines, there are three pairs of points forming a range in elliptic 
involution on the line of reals z + y + z = 0 :—namely | 


(0, 1, — 1), (—2, 1, 1); 

(= 1, 0, 1}; (1, —2, 1); 

(1, sd 0), (1, 1, — 2); 
with 

(1, w 0"), (1, o, ») 
as double points. The removal of the restriction with regard to the harmonic 
point leaves the range of points invariant; while the totality of harmonic 
polar associates and real harmonic polars for the four-fold infinity of cubics | 
form six pencils of real lines through the points of the range, and the in- 
flexional axes through the harmonic points form a doubly infinite system of 
imaginary lines through each of the two double points. Since every imagin- 
ary line in a real plane passes through one, and only one, real point, these 
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inflexional axes include all the imaginary lines (in the plane of the cubics) 
through the two double points of the involution. Consequently the following 
theorems hold for the quadruply infinite system of cubics in a plane deter- 
mined by three real points of inflexion: i 


(1) The imaginary points of inflexion are the intersections of the two 
doubly infinite systems of imaginary lines through the two points equianhar- 
monic with respect to the three fixed inflexions, by the three pencils of real 
lines through the three inflexions. 


(2) The locus of the vertices of the real inflexional triangles is a double 
infinity of sets of three lines, one set through each real point of the plane, 
the lines of each set being the three real harmonic polars common to the 
curves of a doubly infinite system of the cubics; the whole forming three 
pencils, one through each of the points harmonic to one of the fixed inflexions 
with respect to the other two. 


(3) The locus of the real points of inflexion of the Cs is a double in- 
finity of sets of three lines, one set through each real point of the plane, the 
lines of each set being three harmonic polar associates common to the curves 
of a doubly infinite system of the cubics; the whole forming three pencils, 
one through each of the three fixed inflexions. 


(4) The locus of the vertices of the real inflexional triangles and of 
the real points of inflexion of the Cıs is a double infinity of sets of six lines, 
one set through each real point of the plane, each set forming a pencil of 
three pairs in elliptic involution with the common harmonic point of a doubly 
infinite system of the cubics as vertex and the imaginary lines through the 
imaginary points of inflexion- of the same doubly infinite system as double 
lines; the whole forming six complete pencils of lines through the three fixed 
inflexions and their conjugates in the elliptic involution on the line of reals, 
having the vertices of the systems of imaginary lines through the imaginary 
inflexions as double points. 
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' A Mathematical Theory of Competition. 
By Ge F. Roos. 


1. Inrropucrion. With reference to the fact that the demand for a 
commodity often depends not merely on the price at any given time, but also 
on whether the price is increasing or decreasing at this time,—or, more 
exactly, assuming that the demand is a.linear function both of the price 
and of the rate of change of price as well,—G. C. Evans has developed a 
theory of monopoly.* The following is an‘account of a corresponding theory 
of competition, which seems to have new elements of mathematical interest. 
In order to save space the author limits himself, as far as possible, to these 
latter considerations. 

Let us assume there are two producers, each manufacturing subject to 
the same cost function, 


(1) qu) = Au? + Bu +C 


' amounts u, and ue, respectively in unit time, and each trying to make his 
profit Il;, +1, 2, a maximum. 

If we assume that the demand is a linear function of the price p, and the 
rate of change of price, dp/dt, and further that as many units are sold as are 
produced then, 


) y(t) =m + —ap(t) +h À 40 


-where as in Evans’ earlier paper t we take a < 0, b > 0, A> 0, B> 0, 
C>0. 
In the theory of competition the following two problems are of interest. 


PROBLEM (1). Given p==p, at t= t, (h being negative) choose u 
so that II, is a maximum when g'is regarded as not subject to variation, 
and at the same time choose uz so that IT, is a maximum when u, is regarded 
as not subject to variation. 

In this case the restriction on p at == ż, involves no naon On U 
and uz since (2) involves an arbitrary constant. 


* G., C. Evans, “The Dynamics of Monopoly,” Amer. Math. Monthly, Vol. XXXI, 
No. 2, Feb., 1924. 
*G. C. Evans, “A Simple Theory of Competition,” Amer. Math. Monthly, Vol. 
XXIX, No. 10, Nov.-Dec., 1922. 
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PROBLEM (2). Given p = p: at t= t, and p= p, at t= i, choose p 
as a function of ¢ so that I, will be a maximum when the function u, alone 
varies with p and so that IL will be a maximum when the function w alone 
varies with p. 

In this case the variation of u, (or ta) is ni arbitrary on account of 
(2) and the boundary conditions. 

In both cases the total profits during the interval of time t, to & will be 
given respectively by, 


(3) | I = ftom — at) Jat 
(4) IL = f {pu — q (uz) | dt. 


2. CONDITIONS For MAxIMUM. These problems do not seem to reduce 
strictly to problems in the calculus of variations but solutions, however, are 
given below. Let us discuss them in the order already given. 


In order to obtain a solution of problem (1) let a(t), %(t), and p(t) 
be the valies of u, u:, and p giving the desired solution if such values exist. 
Replace tı, Ue, and p by, 

| u = ü, + oya (t) 
(5) Ue = ihe + wapa (t) 
p= p+ A(t) 


where ¥,(¢) and y2(¢) are continuous functions of ¢ admitting continuous 
derivatives in the interval ¢, to tə and 6(¢) is a continuous function of # 


. admitting continuous derivatives in this interval and vanishing at t. By 


(2) it is easily seen that 6(¢) satisfies the differential equation aob + hob’ = 
wi, + wey, and is therefore determined by its value at one point say t, 
It is evident that wy: (t), w2ÿ2(t), and w6(¢) will be léss in absolute value 
than a fixed quantity e in all the intervals provided | œ, | and | w| are small 
enough. 

Obviously, 4 = ity, Us = tin, and p= p when o, = œ= 0, because 
of (2). 

Now if we replace ti, Us and p in (3) and (4) by their values as given 
by (5) we get II, and II, as functions of œw, and ws; hence the HERET con- 
ditions for a solution of our problems are, 


f GARI OIL, 
ne —0 when w, = we == 0. 
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By the vo rules of differentiation applied to (3), 


ôIT du ĝu 
(6)  —— sie eta a (ue | at. 
by 


Ow 


By (5) this expression’ becomes, 
om. 
a Ji CaCI + 06(4)] + [a + oha (t) GE 


From the initial conditions and (2) and oi j 


wb (t) == g/t f * ory (7) + watpe(r) e@/MT dr, so that | 


ty 


D a =e -(a/ht sf. Ya (r) eer dr, 


Ow 


Substituting this in (6) gives, i 
= 
si = f lt) + 08(E) — 2A (h + oa (t) ) —B 
) t £) e- (a/b) (t-7) d 
+ 7 H tD a-y (r) dr] dt + f’ at i ies ae ee 


Before we can draw any definite conclusions from the above expression 
‘at is necessary to write the iterated integral in a different form by applying 
‘Dirichlet’s formula and then interchanging t and r, the parameters of integra- 
tion. This gives, 


a T [5 + wf (t) — 2 A (ü, + ori (t)) — B + o/h 


t 
r er (a/b) ¢ my, (r) dr + 1/h eta/h)t f” ü (r) e~a/h) Tdr] hy (t) dt 
i , t 


and for œo, == w == 0 this becomes 


ta ty 
(=) == f; [5 — 24m — B + 1/h emt f ü (7) 7dr] ua (4) dt = 0. 
' ta1=qg=O t 


004 


Since y(t) is arbitrary, we can soute that the integrand is zero and 
therefore write as a necessary condition, 


ta 
(7) p—2%Au,—B+ 1/h ent Í, t (r) eM 7dr = 0, 
2 
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In an entirely similar manner we derive from (4) 
tg 
(8)  p—2Ate—B+ 1/h ewnt f tn (7) e-@/ 7dr = 0. 
t 


These equations are proved to be sufficient by showing that @II,/d0, < 0 
when w: = 0 and 0 < o, < 1, and 0Tl2/dw, < 0 when w, = 0 and 0 < o: < 1, 
no matter what the functions y,(¢) and y(t) are. The reasoning follows: 

When (7) is true, (6) becomes 


T = f, Wr (Et) Lob (t) — 240:4: (t) + o/h f RE 2 alee dt. 


Let nr be the value of 6 when w2—0. Then from (2) and (5) 
wy (t) = awb: (t) + hw6,’ (t) 


or solving this differential equation for w6,(¢t) we can write 
t 
w0 (t) = (w1/h) e-(a/h)t Í et, (r) dr 
ty 


If we substitute for W(t), o1ÿ1(€) and o/h F e a/b) GE (r) dr their 
values as given by the relations above, then 


Taf O 


ty O1 ! 


Cob, (t) — 24 (o0: (t) + hob’ (t)) + 06, (t) ]dé 
= 2 06,2 Os. 7 i Law, (t) D ji 


+ 2h W sowo. 


Now by an integration performed on the last term i this expression we 
can write 


lw 


w1 


ou to ta 
“a Onis, f o0 (t) dt — 2A Jo f [aus (t) + hobi’ (t) ]2dt 
ty ty z 


+ [h o/o sO 


The first two terms of this expression are negative (see (2)), and the 
term outside the integral sign vanishes at ¢,, so that it is negative when A is 
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negative. It is evident that the expression is negative independently of the 
sign of À if it happens that, 





tg la 
Ra/ wi f wb dt — 2A / iy f [awb -j hob] 2 dt | 
th ty 
> | kajor b(t) 


but we shall not attempt to discuss this phase of the problem. It is perhaps 
worth mentioning that if we be given p = pe at t= t instead of p= p, at 
t= 1, we can find w, as a function of ¢ so that I, during the interval of time 
t, to t will be a maximum.and we as a function of t so that M, will be a 
maximum provided h is positive. 


3. DOLUTION OF INTEGRAL Equations (7) AND (8). We wish to find 
p as an explicit function of # such that it will satisfy equations (7) and (8) 
and (2), or in other words solve these three equations for the three unknowns 
Uy, Ue, and p. Adding (7) and (8) and remembering that uw, + U: = ap + 
b + hp’ we get, 
(9) he-@/Mt [2p — 2A (ap +b + hp’)— 2B] 

re La 
+ (ap +b + hp’) eo 7d, — 0, 
a! t : ` 

Before proceeding further lét us notice that this expression conditions 
the value of p at t == į, i.e. p must satisfy the equation, 
(10) 3p — 2A (ap +b -+ hp) —2B =0 when t= tz. 


The integral equation (9) can readily be reduced to a second order differen- 
tial equation with constant coefficients by a differentiation with respect to £. 
We get on collecting terms, 


(11) — RAR p" + hp’ —a(3 — 2Aa) p = b — 2Aab — 2Ba. 
The general solution of this equation is, 


__ b—2Aab ~ 2Ba’ 


(12) p= al — a) + Ciemat + Cest here 
1+ V1—84a(3 — 2Aa) _ 1— V1—84a(3 —24a) 
dE ag ET nu 


and C, and C, are determined from the initial condition p = p, at ¢== tł, 
and the condition (10). In fact the determinant of the linear equations in 
C, and C540. There always exists therefore a unique solution of thé prob- 
lem proposed. 
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Since Ur and Ua are solutions of the same integral equation [see (7) 
and (8)] we can conclude that u, == us and proceed to determine the amount 
of goods produced by means of. (2). 


4. SOLUTION OF PROBLEM 2. Given p= p, at t= t, and p= p: at 
t = f, we wish to find u, as a function of t so that I, is a maximum, and uz 
as a function of ¢ so that IL is a maximum no matter what the variation of p. 
Let yalt), ¥2(¢), and 6(#) be continuous functions of ¢ with their deriva- 
` tives and write 
Uy = th + M 
Ug == Üg + woe (t) 
p = D + ob (t) 


where i, ü» and p are the values of uw, ue, and p giving the desired solution. 
The three families wi, woe, w are therefore arbitrary except that they are 
always related by ois + wef, = aob + hob’. Let us now impose the further 
condition that 6(¢) vanish at t = £, and at t = tz. 

As before we get u, == ŭi U= ŭ, and p= p when o, = o= 0. The 
necessary conditions for II, to be a maximum as a function of u, and Th, a 
maximum as a function of uo are OI, /dw, = IL /002 = 0 when w, = we = 0. 
. For the determination of uW, the parameter wz will be zero, and there- 
fore the work is simplified by considering the family w6,(¢) for which œ: == 0. 
In fact, we can write wii (t) = aob, (t) + hoo,’ (t). - 

As in article (2) we obtain, 


mr JG ate pu, 2 P au up) at 


ô 
where 2 — — grue f yı Ge 68/77 == w/w, b (t). 


004 
By means of the relation wyı = dwb, + hob,” this expression becomes, 


(A) = f JUL i+ att) + tr o/o 


for k 
| — [2A(ü + awb: + hobs’) + BY eee. } dt 


= f {oi ap + awd, + hob,’ + ü, — 2Aati, — TA — 2Aahob,’ 
— Ba— ahw6,’} w/w CA dt 
t2 
RE + f (hp6,’ — Ahib” — 2Ah?w8,’? — hBGy’) w/o, dt. 
ty à 


= se we + 


—— — e mn 


-- pe - os =- 
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` By integrating by parts the first three terms under the ea integral 
sign and remembering 6(,) == (t2) — 0 this can be written as, 


or, $ 
M fi J- dob, -F oil? oa, — Bae, — oad; SAnheb} 


— Ba — ahuby’ — hj! + 2Ahih! + 24h00] w/o 0, dé 


and for w, = wz = 0 this becomes, 
= 
— =J [—hp’ + ap + (1—24a)ū, — Ba + 2 Abily’ 16. (t) w/o, dt = 0. 


If we let the value o, —1 correspond to the eae w = 1, i. e., let 
y(t) = u(t) —ū(t) when 6,(¢) = p(t)—p(t), the relation between 
w(t) and wb (t) yields the identity œ == w But 6,(¢) is arbitrary except 
that it vanishes at ¢, and tf. Hence we can conclude that the above integrand 
is.zero and write 
(18) hp’ + ai + (1—2Aa) a, — Ba +24) = 0. 

In an entirely similar manner we obtain from the condition II, / Gwe == 0 
(14) — hj’ + af + (1—24a)ü: — Ba + 2Ahü =0. . 


It happens that these conditions are also sufficient, for when (13) is true 


the ee (A) for dI1,/@w, becomes 


Le “=f. [ (a00, + hob’) w/ 6: + (008 + hobi) w/o 6 


— 2A (aud, ie Hob?) ut Ken) 
" 1 
+ Bh w/w By r] dt. 


TE we integrate the terms in 6,’ and montée that 6, vanishes at &, 
and at #, this can be written as, 


ne fe w*0,2dt—24 f” (a0, + holy’)? dé 
Jo, wY h ty 
and for we = 0, 0 < œ < 1 this is evidently negatived by the inequalities (2). 
The conditions (13) and (14) and equation (2) yield the solution of 
our problem. If we add (13) and (14) we obtain on dropping dashes 
Rap — 2hp’ + (1 — 2Aa) (u + te) — 2Ba + 2AR (uy! + uo’) = 0 


and by (2) this becomes 


(14A) —2Ah?p” + hp’ —a(3 —2Aa) p = b — 2Aab — 2Ba. 


` 
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This differential equation is the same as (11) but the constants in the 
sclution are determined differently. The general solution is, 


(15) | p = Po + Crem! + Ciere, 
where m, and mz have the values previously given, and 


b — 2Aab — 2Ba. 
Po = ~~ a(8 — 2da) 
For simplicity suppose 4: = 0, then if we let ri = pı — Po and r, — 
Pa — Po, Substitution in (15) gives us 


Ta — rag mata 
L= e7 mioma) ta 


Tym To Male 
1 Due e (Mama) to ? 


CO, = C, = 


We can therefore say that a unique solution of the problem proposed 
always exists. 


5. Discussion OF SOLUTION OF PROBLEM 2. It is interesting to note 
that although (15) is a solution of a differential equation containing a term 
in p’ while Evans’ corresponding result for monopoly is a solution of a differ- 
ential not involving p’ similar conclusions regarding the solution can be made. 

A particular solution of (14A) is the constant p=, which is the 
Cournot competition price obtained when the equation of demand does not 
involve the rate of change of price.* i 

If we choose the end values such that p — p, ete., it-continues to be a 
solution of our problem. Also, as in the case of monopoly, no solution not 
identically equal to p, can take on the value pẹ more than once; in fact, the 
real non-negative value of {= t, for which p = p, is given by 


Cs 


ge Mama) t =. 
1 


The derivative dp/dt will be zero for the single real value of ¢ in the 
interval 0 = t 5 ta for which 


MoCo 
mC, 

We can show by using the values of C, and C, in terms of r, and ra that, 
if r, and 7, have opposite signs the graph of price against time cuts the line 
a= p, once and has no horizontal tangent in the interval, the price continu- 
ously increasing or decreasing as the case may be, from p, to pa; if r, and rz 


gmim) t — — 


*G, C. Evans already cited. 
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have the same sign the graph fails to cross the line p= p, at all and has 
one and only one horizontal tangent provided the interval of time is large 
enough. As is seen by direct computation we must have 

Mi — Me me” — moemt 


pale ee e 
me met a2 mee Mat 2/ 1 Mi — Mo 2 


otherwise there is no horizontal tangent. Since the second derivative does . 
not vanish where dp/dt does we can conclude that p has a maximum in the 
interval if dp/di is positive at t = 0, and a minimum if dp/dt is negative at 
t=0. This slope dp/dt has the same algebraic sign as the quantity 


m emets Paaa Mete 


” fa — Ti 
Mi — Mo 


A comparison of this quantity with the previous inequality shows that 
when 1, and r, are both positive p(t) has only a minimum and when r, and rz 
are both negative it has only a maximum. All of the above results are inde- 
pendent of the sign of h. 

Since (13) and (14) are necessary and sufficient conditions for the solu- 
tion of the problem, u, and us are not necessarily identical, as functions of t, 
but may have initial values conditioned merely by the fact that their sum is 
given by (2). 


6. EXTENSION TO n PropucERs. It is instructive to investigate the 
phenomenon of competition when n producers are involved, inasmuch as we 
can derive a formula which includes (15) as well as the monopoly formula 
_ of Evans. 


Altho each of the problems already discussed can be extended to the 
case of n producers I shall only give the extension of problem (2). 

If we let Ur, Uz * * *, Un represent the respective amounts produced by 
each competitor then, 


(27 Uy Ue Un = ap + 6 + hp’. 
If TL, IL, > - +, I, denote the respective profits we have, 
ta 
m= f [pui — q(u)] dt, EEE EEE 


where each competitor assumes that the production of the other or others is 
independent of his and each tries to make his profit a maximum. 
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Let yı (t), Wo(t),- + +, Yn(t) and 6(¢) be continuous functions of t with 
their derivatives and write, 
Ui = Ùi + opi (t) where t= 1, 2, 8,---,n 
| p= p + oA (t) 
where @,, dz, * * *, ta, and p are the values of Ui, Uz, * * *, Un, p when p is 
chosen as a function of ¢ so that I; will be a maximum when the function u: 


alone varies with p. Because of (2)’ the n +1 families oyi, was, * © *, 
Onn, w0 (t) are always related by 


OW + Woo + oe + Onn = awoh + hol’. i 


The necessary conditions for II; to be a maximum when u; alone varies 





6M, OM. OM, 
with p are therefore a A = = 
when w = @ = °? * on = Q. `N 


By an analysis similar to that of article (3) we obtain the n necessary . 
and sufficient conditions, ` 


— hp + ap + (1—2Aa)u;— Ba + RAhu; = 0, i= 1, 2, 8,-+ +, 7. 


If we add these n equations and remember that ur + Ue: * * -F Un = 
ap + b + hp’ we obtain the second order differential equation, 


— RAhp” +- (n—1)hp’ —a(n +1—24a)p = b — 2Aab — nBa. 
The general solution of this differential equation is, : 


' (15V p = Po + Ci’enit 4 Oem: where 
_ _b—2Aab — nBa 
Po = a(n + 1—2de)’ 
(n— 1) + V (n— 1)? —8da(n +1—2da) | 
4Ah 


(n—1) — V a CP TIES + 1— 2Aa) 
4Ah 


M1” —— 
m = 


| and 0,’ and C; are determined as before in terms of r, and r2. 

If n —2 our expression (15)’ reduces to the formula discussed for two 
competitors, and again if n — 1 we get the monopoly price already referred 
to. Again if n= ©, we find that C, > 0, C,—>r, and p — B for all tf, 
—that is, the larger the number of competitors the more rapid 1s the adjust- 
ment to new price levels. 
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7.. APPLICATION OF INTEGRAL Equations. In the present paper we 
have assumed that the demand is a linear function of the price and the rate 
of change of price. Another likely hypothesis is-to consider the demand as 
depending not only on the present price but on all previous prices as well. 
This new hypothesis will lead into the theory of integral Egnatia: Such an 
assumption is of the form, | 


i t 

(16) y(t) =ap(t) ++ SG —r)p(rdr. 

where we assume p(— œ) is finite and @(t— 7r) is negligible if £— 7 is 
large and negative. This is the usual restriction in treating the phenomena 
of hysteresis. Consider the problem in which the interval of time extends 


‘from t= — œ to t=—t, and each IT; is to be a maximum considered as a . 
functional of the corresponding w:. We have then, 


le | | 
if [pu — g(u)] dt. 
0 
Using the methods of this paper as given in article (2). we get, 


PORC ue SCD ay 


& 


_ sista fi MO O gaya 


j | 
where ¢(¢-— 7) is the resolving kernel of Se) f {: 


0 t t : 
Then = ao 4 f gr) rala) dr 
so that after applying Dirichlet’s formula, we get, 
aie aa. 
= f “nip o6(t) + B+ M Aqu + op) —B 
a | 7 U(r) | 
a Ladin + f“ a eeri 


‘and for œw, = w = 0 this becomes 


(ae Jere =f [p-bw fete, —2 4 fe a u(r) #(r—t) de]ya(t) dt, 
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In the same manner as before we have as necessary conditions for a solu- 
tion of the problem proposed, 


iaie HU f, Pe ee ee 


tg 
p+ /a—2Au,— B+ 1a f | Ua(r)6(r—#) dr = 0. 
Adding these two equations gives | 
(17)  2p+gy(t)/a—2Ay(t) ne + 1/a S y(r) (r —t) dr = 0. 
-Now from (16), 


yb fetes) 
ag a a p(r) dr. 


— b t y(r) —b 
= 1— + PO gaa. 


po 


We can therefore write (17) as 


er 2 


Er soe aa fi $(t—r)y(r)dr 
If we define: 


K (tr) Pie when. r<t and 
a — p(r—t) when + ># and ae 04 
==() when r ==Ż 


we can write this Fredholm Integral Equation as, 
tg 
(18) y(t) =F) HA f E(t, run âr. 
to 
=f (t) —A f Elt il), 


where &(t,7) is the resolving kernel of K(t,7) unless A happens to be a 
characteristic value. It is perhaps worth while to mention that À is a positive 
fraction less than one (see Inequalities given in (2). 

Returning to. the earlier problems, if we add (7) and (8) [the necessary 
conditions for a solution of problem 1, hypothesis (2)] and substitute for p 
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its value obtained as a solution of the differential equation (2), the following 
integral equation for the determination of y results. 


JD =f) + S Eau (ede, where 


f(t) : eee anc Rent ps Fae a” ~(a/h) (t~a) and 
26e (a/b CET) umee giel R) (t-r) 


RAR 


and pz is the value of p at t= $a, to be determined later. This equation 
can be solved without appealing to the results already obtained in the dis- 
cussion of problem 1. | 

In fact, since K(4— +) satisfies a simple second order differential equa- 
tion we can obtain the revolving kernel from the fundamental reciprocal 
formula. Differentiating twice and combining by K” (v) — a? /h K(v) = 0 
gives a second order differential equation whose solution is, 


k(t — r) = gemt- A. guemett-n 


where m, and ms are the quantities previously called m, and ms, and 


K(t— rt) = 


RAhme + 6Aa— 1 ' 2Ahm, + 6Aa—1 
n= Lam m) > Pa “EAP Gm — m) 


We can therefore write the solution of (19) as 


(20) y(t) =H) — J, EEA 


where the value of p, is determined as follows: 
From the initial conditions and the linear differential os (2) we 


obtain - 
De sui Dı e7 (a/h) Cati) ~~ (1/h) g~(a/h) af" eta/h)r y(r) dr 
y t 
and by (20) this becomes 


l 5 | | 
Pa = pı CHD rt) 4. (1/h) e/t f elt f(r) dr — 1 A g- (a/R) ta 
ty 


sf, eat dr S k(1— 2) f(w) da 


an implicit equation for the determination of p2. 


THe RICE INSTITUTE, 
Houston, Texas. 
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Imprimitive Substitution Groups. 
By G. A. MILLER. 


“SI. Definitions and generalities. 


A transitive group G of degree n is said to be imprimitive whenever the 
letters of G can be divided into distinct sets or distinct systems which are 
transformed as units by all the substitutions of G. Each such set or system 
is supposed to.be composed of more than one letter. While the notion of 
imprimitivity is one of the oldest in the theory of substitution groups, appear- 
ing in the works of P. Ruffini and E. Gallois, comparatively little progress 
has been made as regards the determination of the possible number of dif- 
ferent systems of imprimitivity that may appear in the imprimitive groups 
of a given degree n. In the particular case when such a group is regular 
it is known that there is a (7,1) correspondence between the possible sys- 
tems of imprimitivity and the non-identity subgroups of the group. In par- 
ticular, the regular abelian group of order 32 and of type. (I, I, I, I, I) has as 
many as 372 different systems of imprimitivity. | 

In view of the fact that the notion of imprimitivity is so fundamental 
it is not surprising to find that a large number of equivalent definitions of 
the term imprimitive group can be given. Among these are the following: 
A necessary and sufficient condition that a substitution group is imprimitive ~ 
is that all the substitutions of G which transform a given letter into another 
given letter transform among themselves a certain subset of the letters of G. 
This subset does not necessarily constitute a system of imprimitivity of G. 
‘Another necessary and sufficient condition that G is imprimitive is that for 
any fixed letter of G@ it is possible to find another letter such that the totality 
~ of the substitutions of G which transform the former into the latter does not 
generate G. This is equivalent to saying that this totality generates an intran- 
sitive group. It may be noted that the letters of the transitive constituent 
of this intransitive group which include the given fixed letter constitute a 
system of, imprimitivity of @ but that this is not necessarily true as regards 
the letters of the other transitive constituents of this intransitive group. The 
degree of each of these other transitive constituents is divisible by the degree 
of the former constituent, and whenever this quotient is unity the letters of 
the corresponding constituent constitute also a system of imprimitivity of G. 

The definitions of imprimitivity which were noted in the preceding 
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paragraph are based directly on the representation of the group as a substi- 
tution group. It is interesting to note here also definitions which are based. 
. upon abstract properties of G. It is well known that a necessary and suffi- 
cient condition that G can be represented as a transitive substitution group 
‘on n letters is that it involves a subgroup G, of index n which is not invariant 
under G and does not contain any invariant subgroup of G besides the identity. 
If we write the augmented co-sets of G with respect to G in the usual way, 
as follows: 
G = Gi + soG, + 58,4, +--+ ++ SnG 


it is well known that a necessary and sufficient condition that the correspond- 
ing transitive group of degree n is primitive is that G, is a maximal sub- 
group of G. This is equivalent to saying that a necessary and sufficient 
condition that this substitution group is nope: is that there is at least 
one co-set s a1, Where a has one of the values 2,-8, - - + , n, which does not 
generate G. In what follows it will be proved that a necessary and sufficient 
condition that none of the co-sets s, G generates G is that every pair of 
letters of this substitution group appears in a possible system of imprimitivity. 
Hence we have the following three cases: A necessary and sufficient condi- 
tion that this substitution group is. primitive is that every co-set s G: gener- 
ates G; a necessary and sufficient condition that it is imprimitive is that at 
least one of these co-sets does not generate G; a necessary and sufficient con- 
dition that every pair of its letters appears in some possible system of im- 
primitivity is that none of these co-sets generates G. | 

To prove the italicized theorem of the preceding paragraph it should 
first be noted that the group generated by s .Gx Where a has any one of the 
values 2, 3, - > +, n, includes G,. This group is evidently of degree n when 
G is Sai as a transitive group with respect to G,, as will be assumed 
in what follows. In fact, Œ, and any substitution of G which is not contained 
in G, obviously generates a group of degree n. When the group generated 
by 9G, is transitive it must therefore coincide with G. When it is intransi- 
tive it must involve all the substitutions of G which transform a letter omitted 
by G, into the letters of its transitive constituents which involves this omitted 
letter. Every one of.the remaining substitutions of G must therefore trans- 
form all the letters of this transitive constituent into a set of letters which 
has no letter in common with this constituent. That is, the letters of this 
‘constituent constitute a system of imprimitivity of G. Moreover, they con- 
stitute the smallest system of imprimitivity of G which involves this omitted 
letter of G, and the letter by which it is replaced in s,, as a direct consequence 
of the definition of a system of imprimitivity. | 
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Since every right co-set which involves a fixed substitution generates the 
same group as the left co-set which involves this substitution and since the ` 
former co-sets are composed of all the substitutions of G which transform a 
letter omitted by G, into a fixed letter, it results that this omitted letter 
appears in a system of imprimitivity containing an arbirarily other letter 
of G whenever no one of the possible co-sets with respect to G, generates G, 
and vice versa. . Hence the theorem under consideration has been established. 
It also results from the above that to every proper subgroup generated by a 
co-set, or by more than one co-set with respect to G, there corresponds a sys- 
tem of imprimitivity of G which involves the letter omitted by G, and to 
every such system there corresponds such a subgroup. That is, there is a 
(I,I) correspondence between the different possible systems of imprimitivity 
= of G and the different subgroups generated by one co-set, or by more than 
one co-set with respect to G, A necessary and sufficient condition that G 
is imprimitive is that some two of the n conjugates of G, under G generate a 
proper subgroup of G. | 


§2. Number of systems of imprimativuty. 


We shall first consider the different possible systems of imprimitivity 
of the transitive group G which are such that each system is composed of two 
letters. When G is non-regular the subgroup G, composed of all the sub- 
- stitutions of G which omit a given letter a, must omit all the letters of the 
system including a, in the various possible set of systems which are such 
that each system is composed of two letters, since the substitutions which 
omit one letter of such a system must also omit the other letter of the system. 
If the degree of G, is n— m, it is known that G, is invariant under a sub- 
group of G whose order is n, times the order of G, and which involves a 
regular constituent of order n,. As the conjugates of the substitutions of 
this constituent represent the substitutions which involve the letters of G 
and are invariant under @ it results directly that there is a (I, I) correspond- 
ence between the substitutions of order 2 in this regular constituent and the 
different systems of imprimitivity of G which are such that each system is 
composed of two letters. 

Since n, is a division of n it results from the preceding paragraph that 
the number of the different systems of imprimitivity of G such that each 
system is composed of two letters is equal to the number of operators of order 
2 in a group whose order divides n. Moreover, if n, is an arbitrary divisor 
of n the direct product of n/n, regular groups of order n, extended by sub- 
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stitutions which transform the fransitive constituents of this. direct product 
according to a regular group obviously contains exactly as many systems of 
“imprimitivity, such that each system is composed of two letters, as there are 
substitutions of order 2 in the given regular group of order m. This estab- 
lishes the following theorem: It is possible to construct an imprimitive group 
of degree n which has exactly as many different systems of imprimitivity as 
there are operators of order 2 in an arbitrary group whose order is an arbi- 
trary divisor of n, including nz and an imprimitive group of degree n cannot 
have any other number of such systems of imprimitivity. In particular, if 
an imprimitive group of degree n has at least one set of systems of imprimi- 
tivity such that each system is composed of 2 letters the number of such 
systems is always odd, and is equal to the number of substitutions of order 2 
on the letters of this imprimitive group which are commutative with every 
one of its substitutions. ; 

The theory of the number of possible systems of imprimitivity such that 
each system involves a prime number p of letters is much more difficult when 
p is odd than when p is 2. To illustrate this fact it may be noted that when 
p is odd it is possible to-construct a group of degree p? and of order 2p? 
which has exactly two systems of imprimitivity such that each system involves 
exactly p letters. To construct such a group it is only necessary to extend 
the regular non-cyclic group of order p” by means of a substitution of order 
2 which is commutative with one of the substitutions of order p in this regu- 
lar group and transforms another of these substitutions into its inverse. The 
group of order 2p* thus obtained contains 2 and only 2 invariant subgroups 
of order p while its remaining p—-Z subgroups of this order are conjugate 
in pairs. ‘This group obviously contains no systems of imprimitivity besides 
the two whose systems are composed of p letters each. 

If the order of G is p” each of its systems of imprimitivity such that a 
system is composed of p letters corresponds to a substitution of order p which 
is invariant under G. Hence the total number of such systems is found in 
a group containing only substitutions on the letters of G and whose degree 
is equal to the degree of G. It therefore results directly that when p is an 
odd prime number and G is of order p™ the number of its systems of imprimi- 
tivity such that each system involves p letters is equal to the number of the 
‘subgroups of order p in a group whose order is a divisor of the degree of G. 
In particular, the number of these systems is always of the form I + kp. 
If d represents any divisor of the degree of G, including this degree but 
excluding the identity, then it is possible to construct an imprimitive group 
whose degree is equal to the degree of @ such that this imprimitive group 
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contains exactly as many systems of imprimitivity in which each system is 
composed of p letters as there are subgroups of order p in an arbitrary group 
of order d. Such a group can obviously be constructed 'by the method used 
above when p was supposed to be equal to 2. | 

Every transitive group of order p” contains systems of imprimitivity 
such that each system contains a number of letters which is an arbitrary 
proper divisor of the degree, excluding the identity, since such a group con- 
tains an invariant subgroup whose order is an arbitrary divisor of the order 
of-the group. It is interesting to note that every transitive constituent of a ` 
Sylow subgroup of a symmetric group has one and only one set of systems 
of imprimitivity for every such divisor of its degree. If'such a Sylow sub- 
group is transitive then it will also contain one and only'one set of systems 
of imprimitivity for every such divisor of its degree. Hence the following 
theorem: Every transitive constituent of a Sylow subgroup of the symmetric 
group of degree n has one and only one set of systems of imprimaitivity such 
that the number of letters in a system 1s p; p,’ * +, p* 1, pt being the degree 
of this transitive constituent and a being greater than unity. In other words, 
a transitive constituent of a Sylow subgroup of the symmetric group has the 
smallest possible number of different systems of imprimitivity for a prime 
power transitive group of this degree. 

Suppose that G contains a transitive subgroup whose degree n, is less 
than the degree of G. It is not difficult to see that G contains either no set 
of systems of imprimitivity such that the number of letters In one system 
is n, or it contains only one such set. In the latter case a system of impri- 
mitivity is composed of the n, letters of the subgroup in question. The 
italicized theorem of the preceding paragraph is obviously a special case of 
the general theorem just noted. In particular, it results from this theorem 
that when G@ involves at least two transitive subgroups of degree n, which 
have some common letters but not all letters in common then it cannot involve 
systems of imprimitivity such that each system involves exactly n, letters. 
It may also be noted that every non-regular prime power transitive group of 
degree p? contains one and only one set of systems of imprimitivity ; viz., the 
one corresponding to the systems of intransitivity of the ‘invariant subgroup 
of order p. 
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Classification of Monoidal Involutions Having 
a Fixed Tangent Cone. 
By Marran M. TORREY. 


I. Introduction. 


1. -Ifa (1,2) algebraic correspondence is established between the points 
of two spaces (z’) and (s), such that a point P, of (x) uniquely determines 
a point P’ of (x), but the point P’ determines two points of (x), P, and a 
second point P», P, and Pz are conjugate points in a rational involution. 

The correspondence between the spaces is defined by associating with 
the planes of (x) a web of surfaces, order n, of (x), such that any three 
surfaces of the web, not all belonging to the same pencil, intersect in only 
two variable points. These two points correspond to the one point in (x) 
which is the intersection of the three associated planes, and they are two 
conjugate points of the involution. For certain points P’ it happens that 
the images P, and P, coincide. The locus of such points P’ is called the 
surface of branch points I”; its image, the locus of the point P, = P}, is 
called the surface of coincident points, K. This latter surface is always a 
component of the Jacobian of the web | sn |, images of the planes of (z). 

. The first systematic discussion of (1,2) correspondence between two 
spaces was given by De Paolis.* Previously De Paolis had studied the (1, 2) 
correspondence between two planes,f as had Noether and others.f This space 
transformation has proved useful in the investigation of the singularities of 
certain surfaces, for example, the Kummer surface, and has also been used 
in the study of space involutions by Sharpe and Snyder.§ In the present 


* R. De Paolis, “Le trasformazioni doppie dello spazio,” Lincei Memorie, ser. 4, 
vol. 1 (1885), pp. 576-608. 

7 R. De Paolis, “ Le trasformazioni piane doppie,” Lincei Memorie, ser. 3, vol. 1 
(1877), pp. 136-171; “ Le trasformazioni piane doppie di seconde ordine e la sua appli- 
cazione alla geometria non-euklidea,” Lincei Memorie, ser. 3, vol. 2 (1878), pp. 31-50; 
“Le trasformazioni piane doppie di terzo ordine primo genere e la sua applicazione 
alle curve di quarto ordine,” Lincei Memorie, ser. 3, vol. 2 (1878), pp. 851-878. 

iM. Noether, “Über die ein-zweideutigen Ebenentransformationen,” Sitzungs- 
berichte der physik. med. Societét zu Erlangen, vol. 10 (1878), pp. 81-86; “ Über eine 
Klasse von auf die einfache Ebene abbildbaren ORDRE Math. Annalen, vol. 33 
(1889), pp. 525-545. 

$ F. R. Sharpe and V. Snyder, “ Certain Types of Involutorial Space Transforma- 
tions,” Trans. Amer. Math. Soc., vol. 20 (1919), pp. 185-202, vol. 21 (1920), pp. 52-78. 
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paper it is used in discussing some types of monoidal involutions in which 
the monoidal transformation is compounded with the ‘homology, the Geiser, 
the Bertini and the Jonquières involutions in the bundle. In addition all 
monoids of the web defining the (1,2) correspondence have a fixed tangent 
cone. 


II. The Monoidal Involution Compounded with the Harmonic Homology. 
' 2. Given a transformation of order n, whose defining equations are 


(1) T'i = Prodi t=, 2, 8. 
L'a = Un1Ta + Ua 


where Pn-2; Un-1, Un are ternary in 2, Te, Ta, and the net | b | is defined by 


1 = Li? 
(1) Po == Vols 
Ps = T3? 


To the planes of (#’) correspond a web of n-ics in (x) with the following 
basis elements: 0”-1 = (0001), a basis curve Bncn-2) Which is the intersection 
(Pus, Un-1%4 + Un), and the simple point O, == (0100) with a consecutive 
point Oy which lies on the line consecutive to OO, in z; = 0, and also on the 
monoid tnt, + Un = 0. All monoids of the web have the common tangent 
CONE Un-1 = 0. i 


3. Discussion of the ternary transformation. 


, 2 — 7 >? 
Tı = T1, Ti = VTT 
T'o = Log; or ts = T'a, 

, 2 EED 


To any plane av’, + bx’2 + cx’3 = 0 through O’ = (0001) in (2’) 
corresponds a quadric cone az? + bass + ex? = 0 of (x). When the plane 
describes the bundle (O’), the quadric cones of the corresponding bundle in 
(x) all pass through the line OO, (x: = z = 0) and have a common tangent 
plane x; = 0 along this line. 

Consider any pencil in the bundle of planes of O’. There is a pencil of : 
quadric cones in (x) all of which intersect in two lines besides the fixed 
line OO. Therefore to a line of O’ correspond two lines of O, and there is 
_a (1,2) correspondence between two bundles. 
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The equations of the involution may be written 
| à 


d'a —— ms Lis a? ss di: 
: Uo == De, by solving Zola == Toa, 
U's = Ta, i T3? == 24", 


The fundamental elements in the (1,2) correspondence are 
T = g = 0, Loto), t= Q. 


The line a, == 7, — 0 corresponds to 2’, == 2’, == 0, a basis line in (2’). 
As a point approaches 2’, —2,;=—0 in any plane 2’,-+ Aa’, = 0, its two 
images in (x) consist of a direction in the plane a, + Az; = 0, and the plane 
zs —=0. Hence the true image of T'a = Z’; = 0 is the line zs = z = 0; 2 
is an extraneous factor. 

Similarly a direction thro v, = z; = 0 has for image a direction thro 
2’, = 2’; = 0 and the extraneous factor +’. The proper image. in (2’) of 
Tı = Va = 0 is the line v7’, — 2’, —0. To a direction through 2’; = 2’; = 0 
correspond two directions through x, —2:—0. Hence the image of every 
line through O’ in 2’; = 0, excluding 2’, = 2’; == 0, is the line 7, = t; = 0. 

The tangent plane x; — 0 has for image in (xY the line (2, = 2’, = 0, 
which is basis for the cones, images in (x) of the planes of O. 

The equation of L’ is 2’, = 0. 

From a consideration of the equations of the involution, it is clear that 
K is the plane x, = 0. 


4, Now return to the general transformation given by equations (1). 
A line through O pierces ‘a monoid of the web in a single point P, apart 
from O, to which corresponds in (2’) a point P’, the intersection of the line 
associated with OP,, with the plane which is the image of the monoid. The 
line O’P’ corresponds to two lines in (x), OP, and a second line intersecting 
the monoid at the point Pa. Hence there is a (1,2) correspondence between 
the points of two spaces; P, and P, are conjugate points in the involution T. 

Two surfaces of the web intersect in a curve of order n?, composed of 
Baen- : OUP 2)" and a variable curve Cen. Hence the following corre- 
spondence exists: 


Sı w Son sg, Cyr Cus s'i m Sns ci rm) Cone 
Con has O to multiplicity 2 (n — 1). The projecting cone of Czn from O is 


a quadric belonging.to the || net, and each generator meets cən in only 
one point apart from O. Hence genus of Cen equals genus of a quadric cone; 


i 
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p=0. This result is not in keeping with the Riemann-Roch theorem, since 
Pa = 0. | i 

5. The order of L’ is given by the value of 2p + 2, but when p==0, 
this formula cannot be applied. However, it is clear geometrically that L’ 
is identical with the surface of branch points for the ternary transformation, 
that is, the plane v’, = 0. For to any point P’ on L’ correspond two co- 
incident points P on K. Hence the line O’P’ corresponds to a double line 
OP, and to every point on O’P’ corresponds a repeated point on OP. The 
entire line O’P’ lies on L’, and the locus of points which have coincident 
images in (x) is evidently identical with the locus of lines whose images in 
the ternary transformation are coincident lines. The surface of coincidences K 
is the plane z, = 0, and is a component of the Jacobian (J == 4027 tn1Pn-2”) 
of the web (1). In addition the line z, == a, == 0 is invariant in I; this is 
evident from the equations of the involution (2) since either s, and 2, both 
change sign, or both remain the same, according as n is odd or even. 


| 6. Images in (x) of fundamental elements of (x). All points on the 

line OO, except O and O have for image the point O’. If a point of OO, 
is approached in the plane x, + Az; = 0, the image point approaches O’ on 
the locus x’3(a’; — A?a’,) == 0. Hence the points of this line are in (1,1) 
correspondence with the pencil of lines through O’ in 2’,—0. The image 
of O, is the line 2’, = 2’, = 0. 


7. The image of every point on a simple basis curve is a straight line, 
so that the image in (z) of Ban-2) is a ruled surface: Any Con meets Dre 
in 2n(m—2) points which must lie on 8. Of these, 2(n—1)(n—-2) are 
at 0; hence co, meets 8 in 2(n— 2) variable points, corresponding to 
2(n—2) points in which a straight line of (x) meets the image of 8. All 
points of pn» except basis points have O’ for image; any curve on Pnz COT- 
responds to a bundle of directions through O’. For the basis curve, these 
directions are given by the lines of the ruled surface, which is therefore a 
cone R’s¢n-2)- | 

A plane through O cuts Con in two variable points. Therefore the surface 
which is the image in (x) of this plane meets a straight line in two variable 
points and is a quadric surface Q's. The complete image must be of order 2n, 
so that the image in (2’) of O is a fixed surface Q’ecn_1)- Since the equation 
of ‘a plane through O does not involve a,, the image does not involve z’, 
and both Q’, and Q’sacn-1) are cones. 


8. Every generator of the common tangent cone u:_, = 0 is a parasitic 
line. If a surface of the web contains an additional point on a generator, 
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it contains the entire generator, and there is a net of surfaces of the web 
containing the same line. This net corresponds to a bundle of planes in 
(x); the generator corresponds to the vertex of the bundle. As the generator 
describes the cone un, the image point describes a curve é. The cone tn, 
cuts a, surface of the web in n(n—1) lines; this is the order of &, since 
it is the number of points in which a plane of (+) cuts &. “Any si not 
through O cuts tn, in all its generators, so that every s’2, image of a plane 
of (x), passes through é. For the composite s’s,, & lies on the fixed com- 
ponent Q’en+1). The (n—1)}(n— 2) intersections (us, Pn-2) correspond 
to (n—1}(n—2) directions through O’, so that un, has (07312), 
Hence each generator of Q’s:n-1) meets & once apart from O’, and the genus 
of & is equal to that of the cone. A study of the involution will show that 
the image of & in (x) is composite, being un and a basis curve y; the genus 
of & is therefore equal to that of w,1—0 which, with no restrictions, is 


ee This shows that Q’ocn-1) has Stan to?) double 


Of these (n—1)(n—2) 
á 2 


generators. result from pairs of conjugate lines 


OD Un». The other (n—1)(n—2) coincide along 2’, = z’, == 0, for per- 
forming the ternary transformation on Una = 0, it is found that Q’ 2(n-1) has 
the line 2’, = 23 — 0 to multiplicity n — 1, with the plane 2’, = 0 tangent 
to all n—1 branches. 


9. Equations of the involution. The ternary involution gives 7, == —a’;, | 
Tr = La, Ts = Ts, and also di(z) = pi’) for all 4 of the net. Denote 
f(—2',2',2’,) by f and f(#’,2’20’,) by f’. Then the equations of the involu- 
tion are given by 


Una + Un —— WnaT'a + Un 
Pn-2i - En D'n-2pi 
which becomes 
pa ma Prob nis + Braun — Dustin 
D n-sUn_1 


Interchanging primed and unprimed letters, the equations of the involution 
become 
Li == — Pn-aln 1%; 
(2) T'a me Dn_gttn-1L2, 
| d'a == Pn-2Ün1T3» 
La == Dn-2 (un-1T4 + Un) —— Pn-süne 


The involution is of order 2(n — 1); the Jacobian of the system is J; = 
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Dn-s%n10°n-2Un1 3; every surface is a cone or a monoid, and all monoids have 
the common composite tangent cone Pn-2Un-ı == 0. 


The basis elements of the involution are as follows: 


Lines (Duo, Pn-2); of these n— 2 are invariant on 
K, and (n—2)(n—3) are arranged in pairs of 


CORIUDALOS ins sea E EEEE TE eases (n — 2)? 
Curve Bracn-2): (Pn-o; Un- + Unhssss sos... n(n—2). 
Lines (Es ink reid ee Raising bane een n—-1 


Curve yn-1)(2n-3); given by the intersection 
` (üna Pn-oļlUn-184 + Un] — Pn-sün) after subtrac- 
tion of the lines CS Vay eee dise (n — 1) (23n — 3). 


The total fixed intersection of two monoids of the web (2) is of order 
[2(n—1)f?—2{(n—1); the variable curve of intersection is of “order 
2(n—1). ° 

Note that the point O+ and: the line OO, are not basis in J. O is basis 
to multiplicity 2n — 3. 


, 10. Discussion of the involution. The conjugate of a plane az, + bre 
+ ca, = 0 is a plane az, — bt — cz, = 0. These meet in one invariant line 
which is also on K, : z, == 0. - An arbitrary plane through O does not con- 
tain any pairs of conjugate lines, but all planes of the form z, + mz, = 0 
are invariant- in J; the pencil of lines through O in any one of them is self- 
conjugate, a line of the pencil having for its conjugate another line of the 
` pencil. | | i 

By the involution, wn. = 0 is transformed into ün-ı = 0. Every monoid 
meets a generator 7 of us, only at O. It meets the conjugate line 7’ at some 
point not O which varies with the monoid, so that to the point O on r cot- 
responds the entire line 7’, and the conjugate of O alone is :1=—=0. From 
equations: (2), it is evident that the complete conjugate of O is pn-sttn., = 0. 

The intersection (us, Ün-1) consists of n— 1 lines (Ky, Un) and 


mope» pairs of conjugates. Since every line of Un-ı == 0 is para- 


sitic, the conjugate of Un- ==0 is a curve on ün — 0, which, since any 
plane meets tn- in all its generators, must lie on all surfaces of the web (2). 
‘The cone Un1—0 meets Sən- in (n—1)(2n—8) lines apart from 
(Ki, Uni), the images of which are (n-—1)(2n—3) points in a plane. 
The ‘basis curve is therefore of order (n—1)(2n— 3); call it yoneayconea)- 


4 
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The points of y which correspond to the (n—1)(n—2) conjugate lines 
(Un-1, Un) are all at O, since to a generator of tn, = 0 corresponds a direc- 

tion through O; (71 —1)(m—2) lines (Dr, Un) also correspond to direc- 
tions through O; hence y has O to multiplicity 2(n—1)(n—2). 

The lines (Kz, un.) are at the same time invariant and parasitic. They 
lie on tiny, so that each of them meets y in one point not at O. An arbitrary 
plane m meets any one of these lines in a point P. Since this joint is on K, 
the monoid. of the web | Sen) | corresponding to + passes through P. It 
also passes through y which is basis for the web; hence this generator has 
2n — 3 intersections with the monoid at O, 1 on y, and 1 at P, a total of 
2n — 1. The generator lies entirely on this arbitrary monoid, and is there- 
fore basis for the web. A similar proof holds for all the lines (Ki, ur). 

The variable curve Cecn-1), conjugate of an arbitrary cı in J, has O to 
multiplicity 2n — 3, for since a straight line meets a plane through O in one 
point, the corresponding plane through O meets ¢Ce,n-1) in one variable point. 
Cacn-1y Meets Bnçn-e) in n— À points apart from O, for it meets Px. in this 
number apart from ©, and since Cein-1) is the intersection of two Sa.) which 
have their entire intersection with, py. fixed, the »—2 points must he. on 
basis elements. An arbitrary line does not meet n-z in any of the (n — 2)? 
basis lines; therefore the points of intersection of Coçn-1) and Pa lie on 
Buz). Since a line meets Un in n— 1 points, Cocn1) MeetS yn-1)c2n-3) 
in n— 1 points, and finally, since a line meets a plane on one point, Ces 
meets any monoid of the web | sx, | in one variable point. 


11. Double curve. The intersection (Sı, S2cn-1)) js composed of the 
line (sı, Kı) and a residual 43, the image of which is the double curve on 
Sone This double curve is of order ae) and genus (n — 2)(n— 8). 


The fundamental elements un-1, 32", Qn-22"-) are of orders n—1, 2n 
and 2n? — ön -+ 2 respectively. l 
This case, where fhe monoidal involution is compounded with the har- 
monic homology, was thought by Martinetti to be the only possible non-per- 
spective monoidal involution.” 


HI. The M onoidal Involution Compounded with the Geiser. 


12. The defining equations of this case are 


* V. Martinetti, “Sopra una classe di trasformazioni involutorie dello spazio,” 
Istituto Lombardo Rend., ser. 2, vol. 18 (1885), pp. 132-142. ; 
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(3) T'i = Pn-2i (== 1, 258: 
v's = Un-1%4 + Un 


‘where pus, Un-1, and Un are all ternary in 2%, %2, v3, and the d: — 0 are cubic 
cones with 7 common generators OP., + - +, OP;, and vertex at (0001). 

The web of n-ics corresponding to the planes in (+) space has as basis 
elements; O”1, 7 points P; lying simply on each ¢; and on Un1%4 + Un = 0, 
and the curve Bucn-s) Which is the intersection (Pn-3; Un1V4 + Un). 


13. Discussion of the ternary transformation. 
Dis tes 1. 2,0. 


The basis elements are the 7 lines OPi; call them h;. This is recog- 
nized as the Geiser transformation in the bundle. The images of the 7 basis 
lines in (x) are 7 planes in (2’). 

A plane r in (x) through O cuts any cubic cone of the net in three 
generators; hence a plane in (#’) through O’ cuts the image of w in three 
lines. This image is therefore a rational cubic cone of (2’). 

L’ is a cone of order 4. The image of L’, is the surface of coincidences, 
counted twice; it is a sextic cone Ke with the 7h; as double lines, and is the 
Jacobian of the net of ds. | 

Each of the 7 planes in (2’), images of the 7 basis lines, has for image 
in (x) the line A; and a nodal cubic cone y; : hi?. Therefore the 7 planes 
are tangent to L’ wherever they meet it, the necessary and sufficient condi- 
tion for tangency to L’ being that the image of the locus shall be composite — 
in (x) space. Since DL’ is of order 4, the planes are bitangents to the cone. 
Each of the 7 planes cuts every other one in a line; the cone y; passes once 
through each of the 6 basis lines hy (k £1) and twice through h; because of 
the bitangency. 

s, corresponds to a cone Gs in J. Gg, has the Yh; as triple lines. The 
genus of Gs is zero, the same as its conjugate plane in the involution. 

The Jacobian of the net | G | is composed of the 7 nodal cubic cones yi. 
It is of order 21, and contains the basis lines 8-fold. It will be referred to. 
as Jo.* 

14. Returning to the general transformation (3), we see that the 
planes of («’) correspond to the surfaces of a web of monoids, vertex at 








* V. Snyder, “Conjugate Line Congruences Contained in a Bundle of Quadric 
Surfaces,” Trans. Amer. Math. Soc., vol. 11 (1910), pp. 371-387. 
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(0 0 0 1), with a fixed tangent cone. A line through O” corresponds to 
two lines through O. The two lines through O pierce a monoid of the web 
in two points corresponding to the one point in which the line of O” meets 
the plane which is the image in (x) of the monoid. 

Two monoids of the web intersect in a basis curve Bnin- : OD (9-3), 
and a variable curve Csn : OSMD, The following correspondences exist: 


17 San; CC; Sir Sn; Ci Can. 


Since Cs, has O3-)), its projecting cone is a cubic, no generator of 
which meets csn in more than one point. This cubic cone belongs to the 
net ||. The curve has no apparent double points and hence the genus of 
Can is the genus of a non-singular cubic cone; p==1. This agrees with the 
| Riemann-Roch theorem for a regular system. 

The order of L” is therefore 4. It is the cone L’, associated with the 
Geiser transformation in the bundle, and the surface of coincidence is the 
corresponding cone Ke. This can be proved by an argument identical with 
that given in Section IT. | 


15. Images in (2) of the fundamental elements of the web. The 
image of each point P; is a bitangent plane to L'a To show that the image 
of P; = (y) is a plane, take the point (y: + eé;) and expand the expressions 
for 2’; in powers of e We obtain 


g = e ( = 


Prat: ép Ha op rafi Éa + = + Es) ¥i + 


and similar expressions for the other 2’; Divide by e and then let e ap- . 
proach zero. Eliminating é, &, é between the four expressions, we get a 
linear equation in 2’), giving a plane as the image of Pi. 

Any point on h; except P; and O has for image in (2’) the point 0’; 
corresponding to each of these points on hi, there is a pencil of directions 
. through O’, one direction corresponding to each plane of approach to the line. 
For a plane ~ through h; has as image in (2’) a bitangent plane of L’, cor- 
responding to P;, and a quadric cone. These intersect in two lines, one cor- 
responding to the line consecutive to A: in r, the other to that intersection 
. of x with y; which is not at hi, where y; is the nodal cubic cone already 
referred to. As a point approaches h; along a line of ~v, the image point 


190 Torrey: Classification of Monoidal Involutions 


approaches O’ on a line common to the bitangent plane and the quadric cone. 
This direction through O’ varies with the quadric, and hence with the plane 
a but always lies in the bitangent plane which is the image of Pi. 

The image in (24) of Buçn-s) is a ruled surface. The curve cz, meets 
Bnen-sy in 8(n—3) points apart from O’, so that a straight line in (2’) 
meets the image of Ban-a) in 3(n—3) points. Any point of Pr except 
basis points has O’ for image, so that a curve on Pn- corresponds to a cone 
of directions through O’; hence the ruled surface is a cone f’3(m.3). It will 


_ appear later that this surface is a component, of the tangent cone to 8’sn at O’. 


A plane through O meets csn in 3 variable points. Hence the s’3. which 
is the image of this plane meets a straight line of («’) in three variable points, 
so that the image is composite. It consists of a fixed cone ae image 
of O, and a variable cone Q's. 

By reasoning identical with that given in Section II, the image “of ‘the 
tangent cone Un-1 = Q is known-to be a curve &ncn-1), basis for all sm and 
lying on the fixed cone Q’ gcn-1) The intersections of Ur.1 = 0, .Pn-3 = 0, 


-correspond to (n—1)(n—3) directions through O’; & has O’ to multi- : 


plicity (n—1)(n—3). Hence each generator of Q’scn-1) meets é once 
apart from O’, and the genus of £ is equal to that of the cone. As in the 


previous case, this is equal to a . The (n—1)(4n—7) 


double lines on Q’scn-1) result from that number of pairs of conjugate lines 


ON Un- 


16. Equations of the involution. If we use the notation ¢’;, ete., to. 
indicate ‘the conjugate of œ; in (x), we have 


(4) Pn-3aPi E D'n-sD”i 4 = 1, 2, 3. 
| Un-1Ta F Un = UW nd’, + Un. 


| From the result of the Geiser transformation, we have 


= 0 i=], 2, 3. 


where G; is of order 8, and also 


= $i (Gi) = pid 2. 


_ Making these substitutions, and solving equations (4) for +’, we find for 
the equations of the involution 


| (5) Tai i | a; = Pn-glin-1 (Gi) Gi À = 1, À, 3. 


L'a = Pn-s ( Gi ) Ja (Un-10s te Un) — Pn-3Un ( Gi) . 
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It is of order 3(3n-— 1) ; the lines h; are basis of order 3n — 1; the points 
P; are basis of order 3n. The tangent cone of the web of Secsn-1) is fixed and 
composite, Pn-a(Gi)}J orun- = 0. Other basis elements are: 


The curve Bncn-3) == (Pn-ay Un-1%4 F Un). 

The lines (Dr, Pn-s(Gi)). Since these surfaces are conjugate in J, 
their lines of intersection must be either invariant, or conjugate lines. The 
intersection (Ke, Dns) gives 6(n— 3) invariant lines; the remaining 
- (n — 3) (4n — 15) are arranged in pairs of conjugates. 


The lines (fus, Ju). 
The lines (Ke, Un-1), which are dis on Una (Gi). 
The curve (Un-ı(Gi), Pn- (Gi) Jor (Una®s + Un)— Pn-stn (Gi) ). 


From this intersection must be subtracted the lines Ai, and the lines (Ke, 
Un-1), both of which have been counted elsewhere. The residual intersection 
is of order 9(n—1)*%. Call it yocn-1)% 

The total fixed intersection of two surfaces Satan.) is as follows: 


The lines k; count for an intersection of order........ 7(8n—1)? 
Lines consecutive to h;, due to tangency............. 7(38n-—1) | 
Hu can te re. n(n—3) 
(Pizas Peal Gi) anses Nan entend 8(n—3)? 
CR din) cute due ae nee 6(n—1) 
(Pn-3 Ja). E E tees R1(n—3) 
Viney? has creas awiee isd phen HU dc anes 9(n— 1)? 


The variable residual intersection is a curve of order 3(3n — 1); it is the 
. conjugate of a straight line. 


J r Un-1Pôn-s [Un (Gi) LS Pr- (Gi) F21?. 


17. ‘Discussion of the involution. The conjugate of any plane s, 
through O is a cone Gs, meeting the plane in 8 lines. Six of them are the 
Invariant intersections (si, Ke); the remaining two are conjugate to each 
other. Hence every plane through 0 contains one and only one pair of 
conjugate lines. 

The cone tn1(Gi) = 0, de by performing the involution on. 
Un-1 == 0, is conjugate to O in J. The complete conjugate of O is seen from 
equations (5) to be pn_stni(Gi) = 0. The conjugate of wn is a curve y, 
which is basis in J and lies on w:,(G;). Since the cone tn, meets Ssçsn) 
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in 9(n — 1)? lines, apart from the fundamental lines (Ke, un-1), the order of 
y is 9(n—1)*. It is the curve 


[Uni ( Gi ) 3 Pn-s ( Gi ) Jos (Un-1Ta + Un ) aed Pn-sUn (Gi) | 3 


The points of y which are images of the 2(n — 1) (4n — 7) conjugate lines 
(Un-1, Un+(G:i)) are all at O; the intersections (fxs, Ur) also correspond 
to directions through O; hence y has O to multiplicity (n —1)(9n—1%). 
The 3(n—1) generators common to Un. and y; have for images 3(n — 1) | 
directions through P;; hence y has the 7 points P; to multiplicity 3(n—1). 

The argument of Section II shows that the lines (Ks, Un-1) are basis 
in the involution. | 


18. Let A be an arbitrary point on h; and let a line c, meet h; at À. 
The point P; has for image in (v) a plane bitangent to L’ From the 
Geiser transformation it is-known that the image in (x) of this bitangent 
plane is a cubic cone y; with A; double and the 6h, (k 5&7), simple. Hence 
the conjugate of P; in the involution is y:. Since the variable conjugate 
of any plane through; O is a Gs with hi? (i= 1, 2,- >, 7), the conjugate 
of the plane through c, and h; is a quintic cone Qs passing simply through hi _ 
and doubly through the 6k4. A line through O in this plane meets c, once, 
so that a generator of Qs meets Z, the conjugate of c, once. The image of 
any point on W#:, avoiding the basis lines, is Pi; y; and Qs have 14 lines of 
intersection along the basis lines; the fifteenth is a line g conjugate to g, the 
line through O consecutive to h; in the plane (cı, hi). When the point 
generating c, passes through A, its conjugate describing ¢ will pass through 
A on g. Since every point on g except O is conjugate to P;, A must be at O, 
that is, one branch of é at O has g for tangent. The line c, meets prsu» 1 (Gi) 
in 3(n— 1) points at A, and in 6n—8 other points. The conjugate of 
each of these points is at O, hence é has O to multiplicity 6n — 7. Since 
it lies on Qs, its order is 2(3n—1). It has been seen that the order of hy 
in the involution is 83n — 1, so that this result checks with the fact that the 
conjugate of an arbitrary line is of order 3(3n—1). 

This discussion shows that the conjugate of any point of h: is the entire 
line h; to multiplicity 3n — 1. These lines, isolated parasitic lines for the 
(1, 2) correspondence, are fundamental of the second kind in the involu- 
tion.* It is also clear that each point on h; corresponds to oo? directions 


* D. Montesano: “Sulla teoria generale delle corrispondenze birazionali dello 
spazio,” Nota IIT, Lincei Rend., ser. 5, vol. 30 (1921), pp. 447-451. 
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through O on the cone yi. There is a (1, 1) correspondence between these 
directions and the pencil of planes through hj: 


19. The complete conjugate of a plane through O is a cone of order 
3(8n—1), having each h; to multiplicity 3n. The monoids of (5) con- 
tain these lines to multiplicity 8n — 1. Since the intersection of two monoids 
can always be reduced to the intersection of a cone and a monoid, h; must be 
of multiplicity 3n(3n— 1) in the intersection, so that along each h; there 
are 3n — 1 consecutive lines common to all monoids of the web. The 8n—1 
planes tangent to all monoids along h: are those of the fixed tangent cone 
of the web, pn-3(Gi)Joitin1—=O0. The cone un does not contain hi, but 
Pn-3(Gi) has h;8®, thus determining 3(n—3) fixed tangent planes along 
hi, and the other 8 are given by Ja, 2 by yi; and 1 by each of the 6yr. 
Hence the fixed tangent cone of the web (5) is not only tangent to all sur- 
faces of the web at O, but is also tangent to the 3n— 1 branches of every 
surface along each of the 7 lines hy. 

The variable curve ¢s:3n-1), conjugate of an arbitrary c, has O to salt 
plicity 9n — 11, for since a straight line meets a G; in 8 points, the cor- 
responding Cg3n-1) meets a plane through O in 8 variable points. All tan- 
gents to the curve at O lie on the same fixed cone. The curve passes through 
each of the 7P; to multiplicity 3, since a line meets y; in 3 points; it meets 
Yocn-1)? In n— 1 points, and meets Ban-s) In 8(n — 3) points apart from O. 
For it meets Pn- in 8(n—3) points and since it is the intersection of two 
Saign-1) Which have their entire intersection with gy, fixed, the 8(n— 3) 
points must lie on basis elements. An arbitrary line will not meet pr_s(G:) 
in any of the 8(n — 3)? lines (pas, pns(Gi)), neither will it pass through 
any of the 7 basis points whose images are the 7 nodal cubics composing J215 
hence the points of intersection of ¢s,an-1) and Pr avoid the lines (ns, 
Pn-s(Gi)) and (Pn-s3, J21), and must lie on Baem-3 Finally, the curve 
C3gn-1) Meets any monoid of the web | sac3n-1) | in one variable point. 


20. Double Curve. The intersection (Sı, Ssçan-13) is composed of 
(Sı Ke) and a residual Goçn-15. Since Sacgn-r) has h:%%"1, and Ke has h:?, 
Soc) has Y points H,3-). The plane s, intersects Bacs) in n(n— 3) 
points which are on Ssan-1), and therefore on fs. The curves (sı, Ke) and 
Sgen) intersect in 12(n—1) points apart from 7H;. These points have 
images on L’, which are branch points of the image of 8-1) in (x°), a double 
curve ON Ssn. 
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Cut 91) by an arbitrary sn of the web (3). The plane of è meets sn 
in a curve Cn through n(n — 3) points of Bacn-s) and therefore à meets Sa in 
2n(4n—3) other points, arranged in pairs of conjugates, which are images 
of n(4n— 8) points in which a plane of (x) meets 8’, the double curve. 
The order of 8’ is therefore n(4n — 3). 

The genus of S9(n-1) 18 9n? — 21n +18. To find the genus of ¥ncan_sy, 
apply Zeuthen’s formula »— 7 = 2a(p’—1) —28(p—1); »—=0, f= 
12(n—1),a==2, B—1, p = 9n?—21n-+-13. Solving for p’, we find for 
(3n — 4) (3n — 5) 


the genus of 8 the value > 


21. Fundamental elements extraneous in the involution. Consider a plane 


3 ee | : 
D ait; == 0 through O. Its image in (2’) is a fixed Q’sin1) and a variable 
1 


“ 3 4 
Q’ ; its conjugate in J'is Pn-sUn-1 (G) > ai = 0, If the values (3) for 
1 


ws, T'a, v's, are substituted in Q’acn-1) Q’s, P oe is a factor of the resulting 
equation. Hence p31 is extraneous in J. In addition the transformed 
Q’s(n-1), Which is now of order 9n — 11, has lost a factor of order n— i. 
This factor represents the cone tn+., the common tangent cone of the web 
| sn.. ‘This is evident when it is recalled that every S’sn, and for composite . 
San the fixed Q’sin-1), passes through £ncn-1), the image of un, in (2’). 

Since these components are extraneous for an arbitrary s’s,, they are 
extraneous for every S's» This fact may be used in investigating the gen- 
eral San. 


F l 
Given a plane $ aiz; — 0 in (x). Its image in (2) is a certain Ssn; 
; 1 


its conjugate in the involution is 
Pustina (Gi) EG + as paa (Gi) Tz (Unis + tn) — Pastin (Ge) ] — 0 
u S'an (Pn-apis Pn-sh2, Pn-ahsy Un-12a F Un) = | 
Pn-sün- > Aiti [Pn-sün1 (Gi) > aii + as {Pn (Gi) 


Un-1Ta + Un) — Pn-stin (Gi) }] . 


The highest power of +, on the right hand side of this equation is z,?. Since 
2, enters only in the expression for «’,, and there linearly s’s, must have 2’, 
.as highest power of 2’,, so that O’ is a point of multiplicity 3n — 2. Hence 
we may write: | 
(6) San == Wgn- "a + anata + Wgn = 0. 
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LS 


The same result can be obtained geometrically. : Any line 7” of the 
bundle O’ has two image lines r, and r, in (æ). They intersect a plane s, 
in two points A,, Az which are not conjugate, and hence have two distinct 
image points on 7’, A’;, and 4’. The two images of A’, are conjugates in I; 
one is on 7, and s,, the other on re and Sagan- The same is true for A’>. 
Since every line of the bundle O meets s, in only one point, 7” can have but — 
one pair of points On 8’sn, and therefore s’an, has 078-2. 

To determine the tangent cone of s’3n, equate the coefficients of z?, in 
the two expressions for Ssn. | | 
U' sn-2 (Pn-sh1, Pn-3P2, Pn-2B3) Un- = a" aP g He U7 nana (Gi )J 21 

K U’sn-2(¢) = Aea GN. ois 


The tangent cone of S's» is therefore fixed. Its components are the 7 bi- ` 
tangent planes corresponding to Ja, and the cone R’3,n.3), the image in (2’) : 
of Bnin-ay, Since the image in (x) of R’scn-s) 18 Pn-aPn-s( Gi). 

This case for the particular value n = 3, has already been treated.* 


IV. The Monoidal Involution Compounded with the Bertini. 


22. The transformation in this case is based on the ternary involutorial 
transformation given by a net of sextic cones with 8 double lines OP:, + :, 
OP,, and 2 simple lines OP’ and OP”. 

The ternary type was first studied by Bertini} Through 8 ott 
lines OP,, - : +, OP, there are œ sextic cones which have these for double 
lines. If the condition is imposed that cones of the system pass through a 
line OP’, it is found that every cone of the net thus obtained passes through 
another fixed line OP”. The expression for this line has been derived.{ 
The (1, 2) correspondence between the lines of (O’) in (#’) and (O) in (x) 
is given by the equations 


(7) v’ TS p*, T'a TR py, - x’ or f, 





* C. Moffa, “ Su alcune corrispondenze birazionali involutorie dello spazio dotate 
di un sistema lineare di dimensione tre di superficie del terzo ordine unite,” Naples, 
1923, Unione Tipografica Combattenti. 

+E. Bertini: “Ricerche sulle trasformazioni univoche involutorie nel piano,” An- ` 
nali di Mat., ser. 2, Vol. 8 (1877), pp. 244-286. 

t V. Snyder, “The Involutorial Birational Transformation of the Plane, of Order 
17 2? Amer. Journ, Math., vol. 33 (1911), pp. 327-336. 
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in which ¢ = 0, y = 0 are cubic cones through OP,,---, OP; and f =Q is 
a proper sextic cone having these lines double. | 

These three sextic cones have as basis lines OP’, +, OP? and in 
addition the other two lines common to f and ¢, which will be called OP’ 
and OP’. In other words, we consider a net contained in the triply infinite 
system of Bertini sextics. 

The locus of coincidence points is a cone of order 9, whose equation is 


(by) 
8 ————— =l. 
(8) 0 (21273) 
- This Ky has OP, <: +, OP*,. The order of the surface of branch points 
L’ is 6.* It has three branches with a common tangent plane. 
The image in (+) of any plane through O’ is 


arp” + apy + asf = 0. 


The image in («’) of a plane through O is also a sextic cone, which is rational, 
since its generators have a (1, 1) correspondence with the pencil of lines 
in the plane through O. Noether showed that these sextics of (2) form an 
co? quadratic system, and that they have three branches through the line - 
zı == x’, = 0 with the common tangent plane 2’, = 0. 

Since to a line of (#’) through O’ corresponds a pair of lines of O, an 
involution is established between the lines of O. The conjugate of a plane . 
in this involution is known to be a cone of order 17, having each line OP; 
six-fold. Call this cone Bz. 

The conjugates of the lines OP; in I are sextic cones o;, such that c: 
has OP: and OP? (k341). These eight cones form the Jacobian J4, of 
the net | Bi; |. Each of the lines OP’ and OP” is the conjugate of the other 
in J. They do not lie on Ks, nor are they basis for the net of cones | B:, |. 


23. Images in (+) of the basis lines. If (a1, £2, £a) are the line co- 
ordinates of OP;, consider a neighboring line (a; + «é;), and expand the 
expressions for x’,, T's, x’; along this line in powers of e. Since ¢?, dy, f, 
and their first derivatives vanish along OP;, the expansions begin with e. 
Divide by €, eliminate the parameters &, é» és, and there results for the 
image of OP; a quadric cone q’; of (x). 

These 8 quadric cones, g'i, * * *, Q's, are components of 8 adjoint cubics 
of L’,, the other component being the plane æ:—0. Since the cubic 


* A, Wiman, “Zur Theorie der endlichen Gruppen von birationalen Transforma- 
tionen in der Ebene,” Math. Annalen, vol. 48 (1896), pp. 195-240. 
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adjoints have a tacnodal line at d'a = %' = 0, the quadrics are tangent to 
a’, = 0 along this line. . Their equations are of the form 


aa’ ya's +b a's? Lors + dz’, 2 is () 
| 
` . * a m } 
The image of 9’; in (x) is composed of OP; and the sextic cone oi; hence 


the quadrics must be tangent to L’, along all lines of intersection. Six inter- 
sections are at wv’; = x’, = 0 ; each q’; is tangent to L’, along three other lines. 

If a similar expansion is carried out for the lines OP’ and OP”, in both 
cases the equations reduce to æ,—0. This plane, image in (2’) of OP’ 
| and OP”, has all its intersections with L’, along the line 2’; = 2’, = Q. 

One other line must be considered, OC, the ninth intersection of ¢ and y. 
Since ¢ and y are both invariant, this line is invariant. It coea not lie on Ky 
and is therefore an isolated invariant line.* 

24. Now consider the general space transformation of degree n, defined 
by the equations 

: ` -g = Dn” 
(9) T2 = Pn-ohp 
L'a = Pn-sf 
T4 = Un-104 + Un 


where Pns, Un-1, Un, are all ternary in zı, tz, ts, and ¢*, dy, f, are the cones 
described above. As in previous cases, these equations define a (4, 2) cor- 
respondence between points of (2’) and (x). 

The basis elements are the 8 simple points Pı, > ++, Ps, the points P” 
and P” also simple, O”"1, and a basis curve Burne) : OUP @®, the intersec- 
tion (pn-e, Un-i%4 + Un). The variable part of the curve of intersection of two 
n-ics of the web is cen : O81. This curve lies on a sextic cone belonging to 
the net (7). Hence p = 2 for. the curve cer, and the order of the surface of 
branch points L’ is 6. This given another illustration of the violation of the 
Riemann-Roch theorem. 

By reasoning identical with that used in the preceding cases, A is seen 
to be the cone appearing in the ternary transformation, and the surface of. 
coincidences is the cone K 92 OP": + OPE 

The correspondence between the two spaces is: 


: 2 . fia af . , 
, ST Sans Ci Ons S 17 Suny C1 Con. 


# 
* M. Halphen, “Sur les courbes planes du sixième degré à neuf points doubles,” . 
Bull. Société Math., vol. 10 (1882), pp. 162-172. 


4. 
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25. Images in (2’) of the fundamental elements of (x). The points P: 
are double on the surfaces representing 2’,, V'a, x, in equations (9), but 
simple on the monoid representing 2’, If we expand these equations at a 
point in the neighborhood of P;, in general the resulting image is the point 0’. 
But all monoids of the web (9) have a common tangent plane at Pa, the 
plane tangent to un1%,-+ Un = 0 at this point. If P; is approached on a 
line lying in this plane, the coefficient of € in the expansion of +’, vanishes. 
Proceeding as we did in the ternary case, we obtain at once the equation of 
g'i, the quadric cone already mentioned. Hence the images of the 8 points P; 
are the 8 quadric cones q’;. Every. point on OP; except O and P; has for 
image the point O’; to the oo! planes of approach to the line OP;, correspond 
cot directions through O’ on g'i. 

Similarly the image of the points P’ and P” is the plane 7’, —0. Hach 
point of OP’ and OP” has O’ as image and there is a (1, 1) correspondence 
between the pencil of planes through OP’ (or OP’’) and the pencil of lines 
through O’ in 2’, = 0. | 

The image of the curve Buns) is a cone ons). “The equation of 
F's- may be obtained by performing the ternary transformation upon the 
equation of the cone n-c. 

The image of the point O is a fixed cone Q’ecn-1), since the image of any 
plane through O is composed of a variable cone @’., and a fixed cone which 
must be of order 6(n—1). 

The image of the tangent cone Un is a curve énn-1), Which lies on every 
S'en, and in particular, on the fixed cone Q’eqn-1)- & has O” to multiplicity 
(n—1)(n—6). As was previously shown, the genus of & is equal to 
(n— 2) (n— 3) 

2 


“nn i) io 70) double lines, of which 3(n—1)(3n—4) coincide at 
(n-—1) (1%?n — 26) 


, and this is also the genus of Qsim- Hence this cone has 


result from pairs of conjugate lines . 


26. Equations of the involution. From the result of the Bertini ternary. 
transformation, we have 


d'a = B;(2:) t= 1, 2, 3 
where B; is of order 17, and also 
$”? == J’ sah? : 


py = Jisbh 
7 an J sf 
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where J4s is composed of the 8 sextic cones oi, conjugates of P1,---, Ps in I, 


and enters to the second power since each P; is double on ¢?, gy, and f. 


Using these results and solving in the usual way, we find the involution is 
defined by the equations 


(10) a; == Daclin1(Bi)By i= 1, 2, 3. 
A == pnc (Bi) F746 (Uns + Un) — Pn-6Un (Bi) . 


The order of the involution is 6(3n — 1) ; its Jacobian is 
J f == Uny Png (B i ) D°n-6 [Un (B i) la J Žas. 


The surfaces Secgn-1) have Pa, © - +, Ps to multiplicity 6n — 1, and the 
lines OP, © - +, OP, to multiplicity 6n — 2. P’ and P” are not basis in I. 
Other basis elements are: the curve Buus); the lines (pn-e, Pn-o(B:i)), of 


“which 9(n— 6) are invariant, and (n—6)(1%n—111) are arranged in 


pairs of conjugates; the lines (Ko, Un+); the lines (J4s, pac) which are 


counted twice; the curve of intersection 


[Uni (Bi), Puc (Bi) F746 (Un1%4 + Un) — Pn-cUn (Bi) + 


which after subtraction of the lines OP; and the lines (Ko, wa-1) is of order 
3 (n — 1) (6n — 5) 3 call it Yatn-1) (6n-5)* 
Now count the fixed elements of the intersection of two surfaces of the 


web | Secan-1) |. In this case, there are 2(6n— 2) lines consecutive to each 


OP; which must be counted in the intersection. The total fixed intersection 


is of order 36(3n—1)?—6(3n—1), so that the variable residual is a 


curve Ce (3N~1)+ 


87. Discussion of the involution. The conjugate of a plane s, through 
O is a cone B,;, meeting the plane in 17 lines through O. Nine of these lines 
are the intersection (sı, Ks); the remaining 8 are arranged in pairs of con- 
jugates. Hence every plane through O contains 4 pairs of conjugate lines. 

As in previous cases, the conjugate of O in I is the composite cone 
Pn-stln1(Bi) = 0. The conjugate of the cone Un 1S à CUTVe Yscn-1)(6n—s) ! 


O2%-0 2-16) | This curve lies on the cone un+(B;), and has each point P; 


to multiplicity 6(n— 1). It is basis for all surfaces s¢(3n-1). 
Let A be an arbitrary point on OP; and let a line c, meet OP; at A. 


‘The conjugate of P; in I is known to be a sextic cone ø; having OP; triple, 


and each OP, (k=£4) double. The variable conjugate of any plane through 
O is a cone of order 17 with OP; sextuple; hence the conjugate of the plane 
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a through ci and OP; is a cone Qı, passing fourfold through OP, (k 1) 
and triply through OP;. Since an arbitrary line through O meets c, only once, 
an unrestricted generator of Qı, meets €, the conjugate of c:, once apart 
from O. The image of any point on oi, avoiding basis lines, is Pi; o; and 
Qı Intersect in 65 lines along basis lines and in a line g, conjugate to g, 


‘which is the line through O consecutive to OP; in the given plane. When 


the point generating c, passes through A, its conjugate describing ë passes 
through A on g, and since every point on g except O is conjugate to Pi, À is 
at O, that is, one branch of & at O has g for tangent. c, meets the cone 
Dn-cUn-1(Bi) in 12n—17 variable ‘points, which correspond to directions 
through O, in all, 12n — 16 passages through O on ¢. But & is of order 
12n — 4, since cı meets a surface of the web | Secsn-a) | in 12n — 4 variable 
points. Hence & has an additional passage through O, giving O to multi- 
plicity 18n—15. The additional branch through O is also tangent to @. 
For belonging to the net of Bertini sextics, there is a pencil | D | all cones 
of which are tangent to the plane w at OPi, and hence pass through gj. Con- 


- sider the line c, as the limiting position of an arbitrary line ¢ not intersécting 


OP;; c’ has 18n — 23 intersections with pnotn-1(Bi), corresponding to direc- 
tions through O on its conjugate. It has also two intersections with any ¢° 
of the pencil which approach coincidence at A as c’ approaches c, Also of 
the 18n — 23 intersections with puctn-.(Bi), 6(m—1) approach coincidence 
at À. The latter correspond in the limit to the intersection (oi, tn.) and 
do not concern the proper image. The two points on ¢, however, are on a 
self-conjugate surface; hence their conjugates must lie on ¢, oi, and Qi, that 
is on g.. This shows that OP; plays a-special role in the plane +; it is the 
only line whose conjugate meets the curve © in more than one point apart 
from 0. ~ 
Just as in the case of. the. Geinar transformation, these lines OP; are 
fundamental of the second kind. 

The complete conjugate of a plane han O is a cone having each OP: 


to multiplicity 6n; a monoid of the web (10), however, contains these lines 


6n — 2 fold. Since the intersection of two monoids aa be reduced to the 
intersection of a cone and a monoid, these lines enter to multiplicity 
6n(6n—2) in the intersection, and hence 2(6n — 2) lines result froni 
tangency. Of the tangent planes along these lines, $4 are given by J's 
and 6(n-—6) by pn-6(B:). Each plane tangent to J4s along OP; has two 
branches of the surface tangent to it, and each branch of the cone pn6( Bz) 
through OP; has two consecutive lines common to all surfaces of the web 


| Secan-1) is 


~ 


- to be 
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` By methods identical with those used in the preceding cases, it is found 
that the variable curve Cesn-1) has O to multiplicity 18n — 23, each P; to 
multiplicity 6, meets yscn-1)(6n-s) in n — 1 points apart from O, meets Bacn-e) 
in 17(n— 6) points apart from O, and meets any monoid of the web | Se cana) | 
in one variable point. Al tangents to the curve at O lie. on the same fixed 
cone. 


, 28. Double curve. The double curve is the image of the plane curve 
83 6n-s)- Applying the methods of the preceding sections, its order is‘ found 
CR, and its genus 3(3n — 4) (n— 1}. 

. The fundamental elements extraneous in the involution are: p61 
Sn, Un. This result gives for the tangent cone Wen- of the surface s'en, the 
. composite cone whose equation is 


8 | | 
x’? II qi” R’ sin-o) Le @ 
i=] 


V: The Monotdal Involution Compounded with the Perspective Jonquières. 


29. Giver! a pencil of planes through OP, where O is the point (0001) | 
and P is (0010), | | 
` Ti + kta = 0 | 


and à pencil of cones of order m, — 


Om -+ roms = 0 T 


where om, has OP to- multiplicity m—2, and ym has OP ‘to multiplicity 
m—3 Through any line of O passes one plane of the first pencil and one 
cone of the second pencil; these intersect in a second line, not OP, which is 
the conjugate of the first in J. 

- Consider two spaces (x) and (x’). The equations 


sy — wita — 0 
@ ohn — L'aBalms = 0 
define a (1, 2) correspondence between the lines of O’ and O. The trans- 


formation is given by the equations 


5 . 2 Tam 
(11) | Da = Lams 
| x’, = hm 
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and the image in (x) of any plane of (+) through 0” is 


at +. bray + ch == (0, 


The basis lines are: OP to multiplicity m — 2, and the 4m — 6 lines of inter- 
section of y and œ as simple lines. 

By using the fact that K is a component of the Jacobian of thé net (11), 
its equation is found to be 


(12) | hs — pys == 0 
where the subscripts indicate partial differentiation. It is of order 2m — 2 
with OP to multiplicity 2m — 4, and the 4m — 6 simple basis lines OS. 

An involution of rays through O exists in every plane through OP, its 
two intersections with Ken. being the double lines of the involution. The 
order of the involution is 2m — 2; a plane through O has for conjugate a 
cone J om-2. 

The fact that the involution is of the same order as the coincidence 
cone is sufficient to show that it is a perspective Jonquiéres. The properties 
can also be derived directly.* . 

The conjugate of OP in I is a cone of order 2m — 3, say Comes It 
has OP to multiplicity 2m — 4, passes through the 4m — § lines OS, and 
is the first polar.of K:» with respect to OP. The plane through OP and 
any line OS; is tangent to Ken Every line of such a plane is conjugate, 
to OS;, and since every plane through O meets each of these tangent planes 
in. a line, every Jam-2 passes through OS;, which is therefore basis in Z. The 
J net is defined as follows: Jom. : OP?™8; OS, ++ + OSgn-c. 

Any plane through O meets Kom- in 2m— 2 lines which must also lie 
on its conjugate Jen Since this is the total number of lines in which the 
plane meets Jem-2, the class of the involution is zero. 


80. Discussion of the fundamental elements of (#’). A plane of (x) 
through O corresponds to a rational cone of order m in (2’), Q’m. 

Every generator of Ym has for image in (z) the line O'P’, 2’, = 2’, = 0. 
This line is basis of order m-— 1 for the cones @’m, and it is the only funda- 
mental line in (2’). | 

L’ is of order 2m—2; the generators of L’ and K are in (1, 1) cor- 
respondence. Since K meets ym-ı in 2m — 4 lines apart from basis lines, 
L’ has O'P’ to multiplicity 2m — 4. 


* P. Boyd, “On the Perspective Jonquières Involutions Associated with the (2,1) 
Ternary Correspondence,” Amer. Journ. Math., vol. 34 (1912), pp. 291-324. 
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The 4m—6 lines OS; correspond to 4m—6 fundamental planes in 
(z’), all of which pass through O’P’, and have one line of contact with L’. 
This accounts for all tangent planes which can be drawn through O'P” to L’. 

The image in (2’) of the line OP is a cone C’m.: O’/P/™3. The image 
of a plane through OP is a plane through O'P’, counted twice, since the order 
of the image is 2. 

. The intersection of L’ and any cone Q’m, apart from O'P’, consists of 
gm — À lines of contact. The fundamental cone O’m2 touches L’ in 2m— 4 
lines 


81. The general transformation is given by the equations 


Da = Prn-mE Ym- 
(13) L'o = Pn-mToŸm-1 
La = Pn-mỌm 
L'a = Un-1%a F Un 


where Dim, Un-1, Un are ternary in 21, To, Zs, and Ym- Ọm, are the cones 
already discussed. 

The basis elements are: O"1, the simple point P == (0010), 4m — 6 
simple points $:, and the curve Ban-m) Which, is the intersection (Pn-ms 
Uns, + Un), and has O to multiplicity (n—1)(n—m). The variable 
curve of intersection of two surfaces of the web (13) is a curve Cmn : Om), 
pm-2, lying on a cone of the net (11). The genus of Cmn is m—2; hence 
the order L’ is 2m-—2. It is the cone already considered, and as before 
the locus K is given by equation (12). As in the Bertini case, the Riemann- 
Roch theorem does not hold. 

The correspondence is ‘therefore : 


Sy dm S'ma; C1 Peut Cas Sa pus Sn 5 Ce ~~ mn- 


32. Images in (x) of fundamental elements of (s). Any plane 
through O meets Cmn in m points apart from O. Hence a line of (2’) meets ` 
the image of the plane in m points. This image is a cone Q’m and the 
image of O is a fixed cone Q’min-1y- If in addition the plane through O 
passes through P, the image is a single plane, counted twice, passing through 
O'P’ ; hence the image of P is a cone of order m—2, C’m-2. This cone has 
the line O'P’ to multiplicity m — 3, for the image of OP i in (æ) is known 
to be yma : OP, 

If a plane of (x) passes through OP and a point Si, it is one of the 
4m — 6 tangent planes to Km As before, the complete image in (2’) is 
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composed of Q’min-1), C’m-2, and a tangent plane through O'P” to E’ counted 
twice, once, on account of the tangent plane to Ko», and once as the image 
of S. 

All points on the lines OS; and OP have their images at O’, and there 
is a (1,'1) correspondence between the planes through OS: and the pencil of 
rays through O’ in the image plane of Si; also between the planes through 
OP and the co! generators of the cone C’m-» 

The image of Bn (n-m) 18 à cone R'min-m) hil has o'p’ to. multiplicity 
(m — 1) (n — m). 

The image of the tangent cone uw, is a curve {ncn-1), With O to faulti- 
plicity (n—1)(n—m) and P to multiplicity (m—1)(n—1). £ is 
basis or every surface s’m», and in particular lies on the fixed cone Q’min-1), 
no generator of which can meet é in more than one point. Hence Q’ are 
contains O’P’ to multiplicity (m—1)(n—1). The genus of Qn na) is 
(n —2) (n—3) 

2 
from pairs of conjugates on uw: and 


others at O'P’. 


; it has Cn —1)(n~—1)(n—2) double lines resulting 


(mn — m—n +1) mic 
2 


88. Equations of the involution. From the ternary transformation we 
know that 
CW ma = Cpm- T am- h = 


and similar expressions for sym- and m, where T is composed of the 
4m — 6 fundamental planes and Cem- is the fundamental cone, conjugate 
of P. Solving in the usual way, we obtain 


(14) vs = Pn-mUn-1 (Ji)Ji i= T; 2, 3. 
Ba = Dum (Ji Tams” (Un-1T4 + Un)— Pr-mtn (J;) . 


S 
The involution is of order mn — m — n. All surfaces of the web (14) have 
O to multiplicity 2mn — m—n—1, P to multiplicity 2mn — 8n — m + 3, 
and each S; to multiplicity n. The line OP has. multiplicity 2mn—3n—m-+2, 
and each line OS; has multiplicity n— 1. Two monoids intersect in n—1 
additional lines along -each line OS; because of tangency, and in (m- — 2) 
(2mn — 3n — m +2) additional lines along OP .for the same reason. 

Other basis elements enter as in the preceding cases. They are: the 
curve Ban-m) 3 lines (Dn-ms Pnem (J id), lines (Prem; T ame) lines (Pam; C T 
lines (Kom-2, Un-1) and a curve y of order (n—1) (2mn — 3m — n -+ 2). 
The residual intersection, conjugate of a line of (x), is a curve Comn—m-n- 
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84. Discussion of the involution. The conjugate of a plane through O 
is a cone of ordér 2m—2. The plane and cone meet in 2m— 2 lines, all 
of which are invariant, since K is of order 2m—2. Hence the class of the 
involution is zero. If the plane passes through OP, it contains two invariant 
lines, and all other lines in the plane are arranged in pairs of conjugates. 
The conjugate of such a plane is itself, together with the cone Com-s which 
is the conjugate of P in the involution. 

Consider any liné:¢, in a plane r througli OP, intersecting OP at A. 
Since the conjugate of this plane is itself, the conjugate of cı is a plane 
curve %. c, meets a surface of the web | Somn-m-n | in 3n —.2 variable points; 
this is the order of & An arbitrary line of the pencil O meets cı once, and 
hence meets & once apart from O. Let g be the line conjugate to g, where g 
is consecutive to OP in x; ÿ lies on Cam- All other intersections of x and 
Com- are at OP. Consider the pencil of cones of the nét (11) which passes 
through g and g, and let c, be the limiting position of a line c’ which does 
not meet OP. c’ intersects the cones of this pencil in m—2 points which 
approach coincidence at A. The conjugate of c’ has 2mn—3m—n-+ 2 
passages through O, given by the intersections of c’ with Pn-mün-1 (Ji) 5 of 
these intersections 2mn— 2m — 3n + 3 approach coincidence at A. In the 
limit, the conjugates of these latter points lie on un- and Com-s; they are 
extraneous for the proper image of cı The conjugates of m—2 points, 
however, which lie on a self conjugate cone, must be on the same cone, on v, 
and on Com-s, that is they must lie on g. But the conjugate of every point 
on g except O is at P; hencé č has m — 2 passages through O at g, and 
2n — m — 1 others, a otal of 2n-—3. As inthe Bertini case, the line OP 
plays a special role in the plane; it is the only line whose conjugate meets 
č in more than one point apart from O. 

If we carry through a similar procedure with a line c lying in. any plane | 
x through OS;, there is no difficulty in showing that the conjugate ‘curve 
é lies on a cone Qem-3, each generator of which meets ë once. € has O to 
multiplicity 2mn — 2n— 3m + 4, because of Imn — ?n — 3m + 3 variable 
intersections of c, with PumUn.s(Ji), and one additional passage on g, the 
conjugate of the line g consecutive to OS; in 7. ‘The order of & is 
Rmn — 2n—m + 1. 

The lines OP and OS; are fundamental of the second kind in J. The 
conjugate of any point on OP is the line OP to multiplicity 2mn—3n—m--2, 
and the conjugate of any point on OS; is OS; to multiplicity n — 1. 

The conjugate of O in I is the composite cone Pu-mUn-1(J:) — 0. The 
conjugate of Un is the curve y basis for the web | Somn-m-no{|. It lies on 


r 
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Un-1(J:), each generator of which meets it in one point apart from O, has P 
to multiplicity 2n— 2m — 3n + 3, and. each 8; to multiplicity n — 1. 

It has already been noted that there are n—1 intersections of two 
monoids of the web (14) along each line OS; due to tangency, and (m—2) 
(amn — m — 3n +2) along OP for the same reason. Along each OS;, 
n—m of the consecutive lines lie in the tangent planes to pum(Jz), one is 
in the plane OPS; and m—2 in the tangent plane to Come, taken m—2 
times. Along OP, tangency is more complicated. Each branch of Com_s con- 
tains m — 2 lines common to all Somn-mn, and since Cons enters to multi- 
plicity m—2, each branch must be counted that number of times. Each 
plane OPS; has m — 2 lines consecutive to OP. which are common to all the 
monoids of J. Finally, each of the (2m — 3) (n— m) branches of py.m(Ji) 
has m — 2 lines consecutive to OP and common to the monoids of F. This 
accounts for all intersections due to contact. 

The variable curve Comn-m-n, conjugate of a line of (x), has O to multi- 
plicity 2mn — 3m — n + 2, P to multiplicity 2m — 3, and each S; as simple 
point. It meets y in »—1 points apart from O, and meets any monoid of 
the web in one variable point. Al tangents to the curve at O lie on a fixed 
cone. 


85. Double curve. The intersection (Sı, Somn-mn) is composed of 
(S Kem.) and a residual Samn-sm-nie. The image of 8 in (2’) is a double. 
curve & of order n(n —1)(m— 1). By applying Zeuthen’s formula as in 
previous. cases, the genus of à’ may be calculated. It is Ke ACA een doa 

Every surface ‘mn has O'P’ as a multiple line of order n(m — 1), for it 
may be shown algebraically that a line through P” meets s’mn in n variable 
points. Since the image of O'P’ is Ym-1, every S’mn on transformation has an 
extraneous factor yx"). As in previous cases, tm, and pl are also 
extraneous. The remaining component is of order 2mn — m — n +- 1, con- 
sisting of a plane of (x) and its conjugate Somnm-n. 

The tangent cone to Sun at O’ is of order mn—2. It consists of 
Bm nm, C2 , and 4m — 6 planes, images of the 4m — 6 points S. 


Self-Projective Rational Septimics. 
By R. M. WINGER. 


St F ntroduction. 


In two former papers * the different species of self-projective rational 
curves as far as the sixth order were obtained. According to the criterion 
of classification adopted, there were found two species of cubics, eight of 
quartics, twelve of quintics and twenty-six of sextics. 

The notation and nomenclature of the earlier papers are retained as far 
as possible,—in particular type is employed in the sense defined in the second 
paper ($1). We first seek the types of rational septimics, then describe 
those properties which the method so ‘readily reveals. A major objective is 
the analysis of the higher singularities which occur in great variety and 
considerable complexity. For one of the most interesting features of the 
study of self-projective curves is to see how the singularities adjust them- ` 
selves to the demands of the groups. The possibility of such adjustment is 
of course an important factor in the existence of curves associated with any 
group while the number of species depends on the variety of ways in which 
the adjustment can be effected. 

Since rational curves occur in conjugate pairs,t to every self-projective 
plane rational curve p”, m > 5, corresponds a self-projective rational curve 
p” in a space Sms of m— 3 dimensions. And a classification of plane curves 
implies a classification of conjugate curves. The equations of the latter can 
be written down at once since sections by Sm_4’s of the curve in Sms are 
simply sets in the fundamental involution of the plane curve. Reciprocally, 
the line sections of the plane curve are sets in the fundamental involution of 
the conjugate. For example we have as a pair of conjugate septimics admit- 
ting a dihedral G.,—one in the plane and the other in &,: 


* © Self-Projective Rational Curves of the Fourth and Fifth Orders,” American 
Journal of Mathematics, January, 1914 (referred to in this paper as Q); and “ Self- 
Projective Rational Sextics,” Ibid., January, 1916, referred to as S. ° 

+ Conner, Trans. Amer. Math. Soe., April, 1912, p. 265. When m==5 we have two 
conjugate plane quintics. 
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Again the dual of any self-projective curve is obviously a self-projective 
curve whose order is the class of the original. Thus the projective lemniscate 


t=t t=, m=ttt1 


is invariant under the octahedral G4 (Q, p. 61). The dual is the projective 
astroid, &; = x, the point equations of which are 


to = E — 3, m=——3tt+1, 2 —28. 


This is one type of octahedral sextic .(S, p. 47, No. 25). 

In this manner we are able to predict an icosahedral rational decimic 
and can write its equations from the icosahedral rational sextic (8, p. 47, 
No. 26).* The method is however of limited application since the dual curve 
is not usually the only, nor the most general curve of a given order admitting 
a given group. oe 

Several general theorems for rational curves of any order were enunciated 
in the earlier papers. The following generalization of a theorem stated for 
the quintic (Q, p. 67) is fundamental in the study of the rational septimic : 
or indeed any odd curve: 


A rational curve p® of odd order cannot admit the icosahedral, the octa- 
hedral or the tetrahedral group, or a dihedral Gan, n even. 


For the binary group ga must leave the flex form unaltered, since obvi- 
ously a flex can go only into a flex. Now the flex form is of order 3 (m — 2), 
an odd number, while all the invariant sets of the groups in question, .par- 
ticular as well as general, are even.t Hence a non-singular flex form could 
not break up into sets conjugate under the group. Moreover if the flex form 
have multiple roots, they must occur an even number of times,—leaving an 
odd number of simple flexes which precludes the existence of the groups as 
before. 

Combined with a former theorem (Q, $ 10) this limits the types of odd 
curves to those invariant under cyclic groups of orders 2, 3, >, m, and 
dihedral groups of orders 2n, n odd and <= m. 

In spite of this severe restriction, there are found to exist 25 varieties . 


* Cf. Klein, Ikosaeder, pp. 218-219 and Winger, Mathematische Annalen, Band 93 
(1925), p. 213. 

+ Thus the special sets of the tetrahedral, octahedral and isocahedral binary 

= groups correspond to (a) the vertices, (b) the centers of the faces and (c) the 

midpoints of the edgés of-the associated regular bodies and contain therefore an even 

number of points. Again a dihedral group g,, in the binary domain has but three 

special sets—a set of two and two sets of n parameters. . 
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of projectively distinct rational septimics many of them with arbitrary con- 
stants remaining. The appended table exhibits in canonical form the para- 
metric equations of these types, together with the generating binary trans- 
formations of the characteristic groups. The transformations for the di- 
hedral groups are to be combined with {’ = 1/t. The multipliers, except a 
which is an arbitrary constant, are primitive roots of unity where 


W? = 44 — 7 = Pal = 1. 


The reference triangle is in every instance an invariant triangle of the group. 
Cyclic and dihedral groups of order k are designated by Cy and Dx respectively. 

For convenience in analyzing singularities we collect here certain useful 
-data. The p” is of class 12, has 15 double points, 15 flexes and 40 double 
lines. These numbers are modified of course in accordance with Pliicker’s 
equations when cusps .occut. Thus for the rational curve of order n with r 
cusps, the number of double lines à is l 


§ = 2 (n — 2) (n — 3) — r(4n —r— 11) 
or when n= 7, è = 40 — $r (17 — r). 


A tangent with k-point contact (not at a multiple point absorbs k — 2 flexes 
and 4(k—2)(k—8) double tangents. From such a point can be drawn 
only y — k simple tangents, where v is the class of the curve. 

Two standard methods are available for the analysis of higher singulari- 
ties—expansion in the neighborhood of the singularity and birational trans- | 
formation. But both require the ternary equation of the curve. Other 
methods are desirable for rational curves which are normally given paramet- 
rically. Various devices are useful. Most important of all here is the re- 
quirements of the groups. Thus under binary cyclic groups of order n we 
have one set of two parameters each of which is fixed while all other para- 
meters are made up of sets-of n. Likewise under binary dihedral groups 
there are three special sets (footnote, p. 2) while all other parameters fall 
into general sets of 2n points. The number of cusps can be ascertained from 
the reduction in class and the location of the cusps can be determined from 
the flex equation which is readily calculated.* 

The main difficulty arises in enumerating the nodes and bitangents which 
go to make up a compound singularity although the number of the former 
can sometimes be read directly from the parametric equations. In this con- 


* Hilton, Plane Algebraic Curves, p. 138. 
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nection the notion of excess developed by Dr. Scott * is of great assistance. 
Thus for simplicity consider a multiple point with a single tangent. If every 
. line on the points cuts out k coincident parameters, the point is said to be of 
order k. Likewise if the tangent at the multiple point counts for 7 common 
lines of the curve and any point on the tangent; the multiple point is of 
class l. The number of double points d (including cusps) contained in the 
singularity is l 

d = k(k— 1) /2 + X 


where X represents the excess over the normal—or the number of latent double 
points. Then it is proved that the number of double lines 8 (including 
inflexional tangents) is 

6=1(1—1)/24+2X 


i. e. the excess of double lines is equal to the excess of double points. 

For example, curve (5) (q. v.) has at 0 a triple point with coincident 
parameters and a 7-point contact tangent, i. e. the triple point is of order 3.. 
The line equations show that this point is of class 4, hence 


~ 


d—3+X, 5—6+X. 


It is found that two of the d double points are cusps and that XY — 3. Hence 
ô= 9 but the flex equation shows that three of the double lines are flexes. 
Thus the singularity is equivalent to 2 cusps, 4 ordinary double points, 3 
flexes and 6. bitangents.+ These numbers as always are in addition to the 
flexes and bitangents absorbed by the two cusps. 

If the multiple point has more than one tangent, the class of each branch 
‘is ascertained separately, but the excess is reckoned for the singularity as a 
_whole. | 
The number of the double points in a higher singularity can also be 
_ determined by writing out the double point equaition.f But this equation for 
the rational septimic is a determinant of order 6 whose elements are binary 
quintics so that the expansion is tedious except in very special cases. 


# “The Nature and Effect of Singularities of Plane Algebraic anes American 
Journal of Mathematics, Vol. XV (1893), pp. 230-237. 

7+ We shall commonly use “double line” as synonymous with bitangent, and 
“double point” for the dual singularity, though strictly the double line as a line 
singularity includes the flex tangent as a special case. 

+ Clebsch, Vorlesungen über Geometrie, (1876), p. 889. 
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§2. Rational Septimics of Maximum Symmetry. 


When referred to absolute coordinates (as explained Q, $ 4) dihedral 
groups of order 2n imply symmetry about n equi-spaced axes. When n is odd, 
as must be the case for curves of odd order, the axes are conjugate under the 
group, 1. e. the symmetry is the same with respect to each axis. The maximum 
symmetry is attained when n = m, the order of the curve. In view of the 
. formulas for dihedral curves (Q, p. 66) and a theorem of the previous section 
we may say: There is always at least one rational curve of odd order m 
which possesses m-fold symmetry, viz., symmetry with respect to m equi-spaced 
lines about a point. | 

There are three types of rational septimics with this maximum sym- 
metry—curves 23, 24, 25. These curves illustrate admirably the progressive 
specialization and concentration of singularities to conform to the require- 
ments of the group. For while none of the curves has a non-vanishing abso- 
lute invariant, each is of a different degree of specialization. To consider 
only the double points, some of them must lie on the axes and of course they 
must be distributed symmetrically. Hence the possibilities are (1) two on each 
axis and an additional one at the intersection of the aves,* (2) one on each 
axis and 8 coincident at the origin and (3) all coincident at the origin. In 
a similar manner the flexes and double lines display a variety of coincidences. 

We shall now discuss the three curves in detail, noting first the properties 
common to all. Hach has 7 flexes lying on a line, namely the centers of 
reflexion, t' + 1, cut out by x: These flexes are a special set under both 
the binary and the ternary group. The other special set of seven points con- 
jugate under both groups are the contacts #7 — 1 of simple tangents from the 
centers, one lying on each axis. The multiple point at the origin, while 
different for each curve, has but two parameters which are the special set 
of two under the binary group. The multiple point itself is the unique fixed 
point of the ternary group. The pencil of invariant conics, x7, + Aa.” = 0, 
all touch the tangents of the special multiple point where they cut the line of : 
centers. 


Curve 23. Hach branch of the double point which lies at the origin 
has-a tangent with 6-point contact. These nodal tangents thus absorb 8 flexes 
and 12 double lines. The remaining double points lie by twos on the axes 
of reflexion and the remaining double lines meet by fours at the centers. 


* We shall call this point, the sole fixed point of the ternary group, the origin 
since it corresponds to the origin in the metrical representation by absolute coordinates. 
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The ‘parameters of these 14 double aes ‘are the 35th roots of.1 exclusive 


of de Yth roots. 


Noteworthy among the invariant conics are (1) two each o on seven double 
points, (2) two each on seven pairs of tangents at the same, (3) four each 


. on seven double lines, (4) four each on fourteen contacts of double lines, 


(5) four each on the fourteen ordinary intersections of seven double lines, 
(6) four each on fourteen tangents at the points of (5), (7) one with seven 
contacts, (8) one on seven flex tangents. The nodal tangents x and s, 
each count as five common lines of the conics and p”. The remaining four- 
teen normally constitute a set of general conjugate lines. 


Curve 24. The multiple point is formed by the union of two cusps of 
higher order, but with distinct tangents, each of which is equivalent to one 
double point, one cusp, two flexes and two double lines. Four flexes and 15 


_ double lines were previously required to make the cusps, while the coincidence 


of the cusps engulfs four new double points. One double point lies on each 
axis and three double lines meet at each center, which accounts for the remain- ` 
ing double elements. The parameters of the seven ordinary nodes are the . 


21st roots of unity exclusive of the 7th roots. 


The system of invariant conics include in particular: (1) three each 
on seven double lines, (2) three each on fourteen.contacts of double lines, 
(3) three each on the fourteen ordinary intersections of seven double lines, 
(4) three each on the tangents at the points of (4), (5) one on seven double 
points, (6) one on seven pairs of tangents at the same, (7) one on seven 
flex lines and (8) one with seven contacts. The tangents at the four-fold 
point each count for three common lines of the conics and the septimic. 


' There’ remain fourteen common lines which form a general conjugate, set 
“under the groups except in such cases as (7) and (8) when the common 


lines are special sets of seven conjugate lines. But for conics (1) the common 
lines are the seven double lines which are a set of seven under the ternary 
group while the contacts are a set of fourteen under the binary. 


Curve 25. The multiple point at the origin is a six-fold point, arising 
from the coincidence of-two special triple points each of which is formed 
from two cusps and one double point. The singularity is thus equivalent to 


11 double points and 4 cusps, the latter absorbing in addition 8 flexes and 


26 double lines. It has however but two distinct parameters and presents 
the appearance of an ordinary double point. Two double lines meet at each 
center which accounts for all that remain. 
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The invariant conics of note are: (1) two each on seven double lines, 
(2) two each on fourteeen contacts of double lines, (3) two each on fourteen 
ordinary intersections of seven double lines, (4) two each on fourteen tangents 
at points in (3), (5) one on seven flex tangents, and (6) one with seven 
contacts. Each tangent of the multiple point counts for one common line of 
conics and the base curve. Since the curve is of class eight, 14 common lines 
remain,—a set of 14 conjugate lines in general. 


§3. Other Rational Septimics with Multiple Symmetry. 


Ternary cyclic groups of even order have one clement of period two. The 
axis of this reflexion will, if the invariant curve be taken in appropriate 
metrical form, be an axis of symmetry. Or the center of the reflexion, when 
taken for the origin, will be a point of symmetry, i. e. a center of the curve. 
Aside from these cases the only other rational septimics with symmetry are 
the curves with a dihedral Gs or Gio. In metrical form the first has 3-fold 
and the second 5-fold symmetry. | 


Curve 21. The three centers of reflexion are flexes, -+ 1, and lie on 
a double line, +. The contacts, 0, co, of the double line are the special set 
of two under the binary gs. ‘The other special sets are the flexes and the 
contacts, 7-1, of simple tangents from the flexes, one on each axis. The 
other intersections of each axis are made up of three double points. Three 
double lines meet at each center—in addition to the double line common to 
the three centers. There remain 6 double points, 12 flexes and 30 double lines. 

The invariant conics pass through the contacts of the special double line 
and cut out besides two sets of conjugate points in general. Notable conics 
of the system are: (1) two each on six flexes, (2) two each on six flex tan- ` 
gents, (3) three each on three double points, (4) three each on six pairs of 
tangents of double points, (5) three each on three double lines, (6) three 
each on three pairs of contacts of double lines, (7) three each on three pairs 
‘of ordinary intersections of double lines in (6), (8) three each on tangents 
at three pairs of points in (7), (9) five each on six double lines, (10) ten 
each on six contacts of double lines (9) (one contact of each), (11) .one on 
three flex tangents, (12) one on six double points, (13) one with three 
contacts. 


Curve 22. x cuts out five flexes, #5 + 1, which are the centers of 
reflexion, and two other points, 0, œo, which are the special set of two under 
the binary group. The other special set of five under gı are the contacts, - 

5 | 


$ . 


214 | WINGER: Self-Projective Rational Septimics. 


45— 1, of the simple tangents from the centers, one on each axis. Three 
double points lie on each axis which accounts for all the double points. Four 
double lines meet at each center, leaving 20 unaccounted for. 

The invariant conics all have contact at 0 and oo, cutting out besides 
. sets of ten conjugate points. Special conics of the pencil are: (1) three each 
on five double points, (2) three each on five pairs of tangents at double 
points, (3) four each on five double lines,. (4) four each on five pairs of 
contacts of the same, (5) four each on five pairs of ordinary intersections 
of the same, (6) five each on five pairs of tangents at these extra inter- 
sections, (7) two each on ten double lines, (8) four each on ten contacts of 
double lines in (7) (one on each line), (9) one on ten flexes, (10) one on 
ten flex tangents, (11) one on five flex tangents (t° + 1), (12) one with 
five additional contacts, i. e. with seven contacts. 

The flex form is 


(E + 1) [at + (6a? — 25a + 21) 0 + a]. 
The condition that this have a pair (and hence five pairs) of equal roots is 
(a — 1) (2a — 3) (2a — 7) (8a — 7) = 0. 


If-a = 1, the curve is degenerate. But the other valués of a lead to special 
curves of interest. Thus 


If The curve has 
Ra = 8 undulations at 45— 1 
Ra = "7 5-point contact tangents at t +1 
3a = 7 cusps at #— 1. 


The last curve is self-dual, admitting besides the collineation G,, the 
polarity * | 


0 = Lis f= Tos É, = Toy 


which has the fixed conic 20, + z == 0. The product of this with the 
. ten collineations gives ten correlations, six of which are polarities while the 
others are of period ten. We thus obtain a Gə, containing ten collineations 
(including the identity) and ten correlations. ) | 

The curve has 5 cusps, 5 flexes, 10 double points and 10 double lines. 
Each axis is tangent at one of the cusps while each center carries two double 
lines. 


* We take the equation of the curve, as is possible, in the form 
go = BAT LTÉE, m = Tt + 3, wa = VAR (te + t). 
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These three curves will differ somewhat in properties from the general 
case. In particular the list of special invariant conics would require ay 
a revision however which is easily se a 


§4. The Cults Septimics, n < 1. 


We shall now take up a systematic discussion of the other types of curves. 
While these lack the beautiful symmetry of the dihedral curves, they are not 
without interest. On the whole the cyclic groups require greater concentra- 
tion of singularities than do the dihedral, except for those curves whose speci- 
alization lead to dihedral cases, as e. g. (2) and (6). And it is in the cyclic 
curves that the problem of the singularities i is most difficult. 

There are two types of ternary cyclic groups G@, for all values of n > 2, 
viz. those generated by (a) the homologies and (b) the orthogonal collinea- ` 
tion.* When n < 6 these are the only two types. When n= 6 we have an 
additional type with a single invariant triangle, namely that whose cyclic 
subgroup of order three is generated by a homology. The multipliers may 


be taken as 1, — o”, —1. When n= we have again a third type, viz., ' ` 


a group with a single fixed triangle but without an invariant conic. Its 
multipliers are 1, € &, € = 1. ,; 


Curve 1. The curve admits a reflexion of which é, is the center and % 


- is the axis.f The center lies on the curve and is a point of inflexion. The 


axis cuts out three double points and the contact of the simple tangent from 
the center. The other tangents from the center must be double lines—four 
in number. The remaining 14 flexes and 12 double points are harmonically 
perspective in pairs from the center. 


Curve ?. The group is a cyclic G; generated by an orthogonal collinea- 
tion. The fixed triangle consists of a double line, whose contacts are the 
fixed points of the binary group, and two lines on the contacts. 


Curve 3. The group is generated by a homology of which & is center ` 
and z, is axis, The center is a point of undulation and the axis cuts out two 


* The orthogonal collineation can be written 
D'o = EN, ow’, == eg, Da == De, et — ]. 
This is characterized by having an invariant conic, as well as a single invariant 
triangle. The invariant cyclic subgroup of the dihedral group is generated by an 
orthogonal collineation. 
The multipliers of the homology may be taken as e, 1, 1 org €, 1. 
+ The vertex of the reference triangle opposite a: we shall designate by &. 


e 
4 
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triple points and a flex. This flex and undulation are the fixed points of the 
binary group. All sets of conjugate points lie on lines through the center 
and these lines in general cut out two sets of conjugate points. There are 
however some exceptions: x, is the undulation tangent and meets therefore 
in only three additional points and 2, is.a flex tangent with contact on the 
axis; two triple tangents meet at the center. And the lines joining the center 
to the triple points cut out single sets of conjugate points under the ternary 
group though these lines present no exception for the binary group since the 
triple point parameters are sets under g;. There remain 9 double points, 
12 flexes and 33 double lines. The flex form is 


— #2 4 (2¢—5b)# + (14 + Bab — 8be) t° + Yb — abe) t? + 2ab. 


The. double points likewise the flexes must lie in threes on lines through the 
center. The double lines must fall into sets of three meeting on the axis such 
that the contacts of a set form two sets of. points on lines of the center. 


Curve 4. The group is a cyclic Gy generated by an orthogonal trans-: 
formation. The center of the reflexion é is a flex and the axis zə is a cusp 
tangent which cuts out-besides two double points. The other sides of the 
fixed triangle are the flex tangent and the line joining the flex and the cusp. 
The cusp and flex parameters are the fixed points of the binary group. Four 
double lines meet at the center. There remain 12 double points, 12 flexes 
and 28 double lines (the cusp having reduced the number by 8). The flexes 
and double points and the contacts of the double lines must be harmonically 
perspective in pairs from the center. There is a pencil of invariant conics, 
Lot, + kr = 0, each of which in general cuts out three sets of conjugate 
points in addition to the cusp. 


Curve 5. The group is again a cyclic G, but is generated by a homology. 
We have in fact both a reflexion and a homology (of period four) with a 
common center and axis. The axis zə cuts out an ordinary four-fold point, 
equivalent to 6 double points, and a triple point with coincident parameters, 
equivalent to two cusps and one double point. The center é is a special 
triple point with coincident parameters and a single tangent x, which has 
%-point contact. All fixed points under the group are now accounted for so 
that all others must occur in sets of four. The triple point é certainly counts 
for three of the remaining 6 double points. Hence it must absorb them ‘all, 
otherwise we should be left with a set of points fewer than four. The excess 
of the point is thus 3. In forming the line equations, the factor {° drops 
out so that two cusps are included in the singularity which is thus equivalent 
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to 2 cusps, 4 double points, 3 flexes and 6 double lines. (See end of 81.) 
There remain 8 double lines, 26 having been used in the formation of the 4 
cusps, and 4 flexes. | | 

All sets of four conjugate points lie on lines through the center. Among 
them may be mentioned (a) the four flexes tt — 7, (b) the contacts of tan- 
gents from the triple point é and (c) the contacts of tangents from é. The 
8 double lines must fall into two quadruples, the lines of each set meeting 
in a point of the axis and the contacts forming two sets of conjugate points. 


Curve 6. The group is generated by an orthogonal transformation, the 
fixed triangle of which is composed of two tangents and their chord of con- 
tact. The invariant conics Tot, + kr: = 0 are tangent at the fixed points 
= of the binary group and cut out besides two sets of conjugate points. The 
curve exhibits no striking geometric features or specialization, all its points, 
—except the two fixed points already noted,—as well as their parameters 
occurring in sets of five. 


Curve Y. £ (parameter œ) is an ordinary cusp and é (parameter 0) 
is a cusp of higher order having a 4-point contact tangent, +, being the com- 
mon tangent of the two. These are the only fixed points and parameters 
under the ternary and binary group. The second singularity would appear 
to be a ramphoid cusp, which is equivalent to one double point and one cusp, 
but we should then be left with 12 double points which is impossible under 
a Gs. The most natural explanation is that in some way é absorbs four 
double points. The flex equation and the class indicate that one cusp and one 
flex are included in the singularity. Now a special case of the curve having 
the same singularity, at 0 ‘is 


To = Ad a t, Tı = Aa Ta = 1. 


The double point equation of this curve is ¿8 (° + 245 +-2) — 0 which says 
that there are four double points at 0 and six at œ. We conclude therefore 
that the singularity in question counts.for three double points and one cusp, 
hence the excess is 3. Accordingly three additional double lines (bitangents) 
are absorbed. Finally the two cusps reduce the number of double lines by 15. 
We have thus accounted for 5 double points, 5 flexes and 20 double lines. 
The invariant conics are £o + kriz = 0, each of which cuts four times at. é 
while the remaining: intersections form two sets of conjugate points in general. 


Curve 8. The group is generated by a homology with & as center and 
Tọ as axis. The former is a cusp (parameter co) with a 7-point contact 
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tangent. & is a cusp which has a 5-point contact tangent passing through 
the other cusp. The axis contains the second cusp and an ordinary 5-fold 
_point—equivalent to 10 double points. "The flex form is ¢#(7t®— 3) so that 
four flexes fall at 0 and six at œ. The cusp 0 is of order 1 and class 8. The 
tangent thus counts for three double lines—one bitangent and two flexes. 
But the singularity contains one latent double point, accordingly an addi- 
tional double line (a bitangent) is absorbed. Again the cusp œ is of order 1 
and class 5, hence the tangent is equivalent to 10 double lines—consisting of 
4. flex lines and 6 bitangents. But as the singularity contains two latent double 
points, its excess is 2 and two additional double lines (both bitangents) are 
absorbed. Finally the two cusps use up 15 bitangents We have thus 
accounted for all the double points, 10 flexes and 25 double lines. ` | 

_ Sets of conjugate points lie on lines through the center. Among these 
are (a) the five remaining flexes, (b) the contacts of tangents from the 
other cusp, (c) the five contacts of tangents from the vertex é. Indeed the 
ten contacts of tangents from an arbitrary. point of x, break up into sets of 
five conjugate points. For the coordinates of such a point may be taken as 
(0, 1, k) when the contacts of tangents are given by 2441 — (3k + 7)t® — 2 
= 0. When £—0, œ we get the two sets of five already noted. When 
k = — 1 or — 49/9, 1. e. when the point is at the 5-fold point or the inter- 
section of the flex tangents, the two sets reduce to one repeated. Incident- 
ally this proves, as is otherwise evident, that the flex tangents meet in a point 
of the axis. Similarly, the 15 double lines must meet in sets of five points on 
the axis while, the contacts of each quintet -fall on two lines of the center 
which carry five each. 


Curve 9. Since the group is a cyclic Ge, there are two subgroups—one 
of order two and the other a cyclic G;. The latter is generated by an ortho- 
gonal transformation and has the same fixed triangle as the whole group. 
z, is a multiple line that has 5-point contact at œ (é) and simple contact 
at 0 (é) and which counts for 3 flexes and 7 double lines. The axis of 
reflexion, £o, cuts out three double points while from the center £», run three 


‘ double lines—with contacts 245— 1. The flex form is 


[1082 + (10a — 35) + a]. 


The cyclic subgroup of order 3 has three pencils of invariant conics, 24%; -+ 
hay? = 0, 147k. One of these, (k —0), is the invariant system of 
the G,. Each conic of the Ge touches at 0 which accounts for six common 
lines. Among the conics are: two each on six double points, one on six 
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` contacts of the double lines which meet at the center, two each on six flexes 
and one on the six contacts of tangents from 0. 


Curve 10. The group is the third types of cyclic Gs mentioned at the 
beginning of the section. The multipliers of the homology which generate 
the cyclic Gs are 1, 1, œ. The axis of the homology is z, and the center is 
the opposite vertex, while +, and the opposite vertex are axis and center of 
the reflexion. We have here an interesting case since all points on each axis 
and all lines on the corresponding center must be fixed elements of the asso- 
ciated subgroup. Each side and vertex of the fixed triangle is thus unaltered 
by the entire Ge. The third side of the invariant triangle, 22, is a flex- 
undulation tangent—flex at 0, undulation at coo—counting for three flexes 
and seven double lines. The axis of the homology cuts out two triple points 
and the center carries two triple lines. On the other hand the axis of the 
reflexion cuts out three double points while the center carries three double 
lines. We have now accounted for 3 flexes, 9 double points and 16 double 
lines, The remaining double points form a set of six under the group. Like 
all general sets they lie in harmonic pairs on three lines through the center 
of reflexion and in threes on two lines through the center of the homology. 
The flexes are 2” +. (ba — 14)i$ + a = 0 and constitute two general sets. 


Curve 11. The Gs is generated by a homology with multipliers — w?, 
—o*, 1. The cyclic subgroup Gs is likewise generated by a homology with 
multipliers œ, œ, 1. The two homologies as well as the reflexion have a 
common center € and axis z} The center is on the curve at a hyperoscu- 
lation * point, 0. a is a tangent with 6-point contact (on the axis). The 
two tangents x, and z, absorb 9 flexes and 16 double lines. There is an 
ordinary sixfold point on the axis which accounts for all the double points, 
Every set of six conjugate points breaks up into harmonic pairs lying on a 
line through the center. Likewise every set of conjugate lines (tangents) 
meet in three harmonic pairs in a point on the-axis, their contacts forming 
a set of conjugate points. The flexes, 5¢*— 7, thus lie on a line through the 
center while their tangents meet at a common point on the axis. The con- 
tacts of tangents from the point are a set of conjugate points. Indeed the 
twelve tangents from an arbitrary point of the axis fall into two sets of 
‘conjugate lines whose contacts are two sets of conjugate points. The 24 
double lines must divide into four sets of conjugate lines while their contacts . 
make up eight sets of conjugate points. 


*i. e, a point whose tangent has 7-point contact. 
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§ 5. Cyclic Groups of Maximum Order. 


If the order of a cyclic group exceeds 7, the invariant (rational) curve 
admits an infinite group (Q, §10). There are three types of septimics with 
a one-parameter group of transformations—the binomial rational septimics. 
All the binary transformations have the same two fixed points, 0 and oo, on 
each curve. These are parameters of dual singularities at which all the point 
and line singularities of the curve are concentrated. The fixed triangle of 
all the ternary transformations is composed of the two singular points and 
the intersection of their tangents. The simple singularities contained in the 
compound are enumerated at once by the well-known equivalence formulas.* 


Curve 18. There is a hyperosculation point at oo whose tangent counts 
` for 5 flexes and 10 double lines. The singularity at 0 is a 6-fold point with 
coincident parameters, made up of 5 cusps and 10 double points. The 5 
cusps absorb the remaining 10 flexes and 30 double lines. | 


Curve 19. There is a 5-fold point at 0 with coincident parameters and 
-point contact tangent,—equivalent to 4 cusps, 8 double points, 1 flex and 
2 double lines. The singularity at oo is accordingly made up of 4 flexes, 
8 double lines, 1 cusp and 2 double points. As before the 5 cusps account 
for the other 10 flexes and 30 double lines. 


Curve 20. The singularity at oo is a triple point with coincident para- 
meters and Ÿ-point contact tangent, accounting for 2 cusps, 4 double points, 
8 flexes and 6 double lines. The other singularity is a 4-fold point with co- 
incident parameters and %-point contact tangent, equivalent to 3 cusps, 6 
double points, 2 flexes and 4 double lines. Again the 5 cusps absorb the 
other 10 flexes and 30 double lines. 

Before considering the cyclic groups of order 7, we note some properties 
of the p” which'is invariant under a cyclic Gn. 

If a rational curve of order n is invariant under a cyclic group of order n 
(and no higher group), this group cannot contain a homology. 

For the equations of the curve may be taken as 


To == $" 
pays r>s>0 {Th <n r+s>n. 
Ta == t +1, 


* See e. g. Scott, “ On the Higher Singularities of Plane Curves,” American Journal 
of Mathematics, Vol. XIV (1892), p. 323, or Hilton, Plane Algebraic Curves, p. 119, 
Ex. 1. 
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And the first condition evidently excludes equal multipliers since the ternary 
group is induced by the binary collineation # == ef, e —1. The first two 
conditions are equivalent to those given in Q, p. 66; the last is easily obtained. 
For if r-+-s =n, we have the dihedral Gen. While if r+ s < n, the trans- 
formation é’ = 1/# on the parameter which merely effects a renaming of the 
points, changes r and s into n —r and n — s whose sum will be greater than n. 
Again 


A p” which is invariant under a cyclic Ga (and no higher group) has a 
multiple point of order greater than 2, having however but two distinct para- 
meters. The parameters of the multiple point are the only fixed points of. the 
binary group and the multiple point is the only fixed point of the ternary 
group which lies on the curve. 


For it is. evident from the parametric equations that the curve has a 
multiple point with but two parameters of order n— r +s, which in conse- 
quence of the restrictions on r and s is at least of order 3. The point is a 
vertex of the reference triangle which is fixed under G, and it is the only fixed 
point on the curve since any other would necessarily be a multiple point of 
order n (5, p. 46). 

We take up now the rational septimics admitting cyclic groups of order 7. 
There are six species, each with a multiple point of order 3 or higher at one 
vertex of the reference triangle which is the unique fixed triangle of the 
group. All other points fall into sets of 7 conjugate under Gn. There can be 
no other point singularities except ordinary double points. 





Curve 12. The multiple point is a cusp (parameter 0) with 6-point 
contact tangent, combined with an inflexional point (parameter o) with 
5-point contact tangent. -The flexes are {5(5£7 + 12). The cusp. branch is 
of class 4 and absorbs therefore 3 double lines besides 3 flexes. The in- 
flexional branch is likewise of class 4 and uses up three double lines and 
three flexes. But, to meet the requirements of the group, 8 double points 
must go to form the multiple point, i. e. the excess is 5. The excess of double 
lines is then 5 while the cusp absorbs eight more. We have thus accounted 
for 8 double points and 19 double lines. 


Curve 13. The multiple point is a 4-fold point formed by a triple point 
with 6-point contact tangent (parameter 0) falling at an undulation (para-e 
meter co). The flexes are 4°(247 +9). The triple point branch contains 
two cusps and two flexes. But it is of class 3 and therefore consumes an 
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additional double line. The undulation branch as usual includes two flexes 
and one double line. But the multiple point must absorb 8 double points, 
hence the excess is 2. The two cusps reduce the double lines by 15 and we 
must add two more for excess. ‘There remain 7 double points which must be 
a general set, and 21 double lines which form three conjugate sets. — 


Curve 14. The singularity is a 5-fold point composed of a 4-fold point 
. with coincident parameters and 6-point contact tangent (parameter 0), united 
with a flex (parameter œ). Since all double points must be concentrated 
at the multiple point, the excess is 5. The 6-point branch contains three 
cusps and one flex. The three cusps reduce the number of double lines by 
21 to which must be added 5 on account of excess. There remain 14 double 
lines and 7 flexes: #7 + 8. 


Curve 15. The singularity is a 6-fold point, caused by a simple branch 
passing through a 5-fold point with coincident parameters, and counting for 
4 cusps and 11 double points. The cusps absorb 26 double lines besides the 
usual quota of flexes. ‘There remains 7 flexes, t + 15, and 14 double lines. 


Curve 16. The multiple point is formed by a triple point with “ coinci- 
dent parameters and 5-point contact tangent (parameter 0) united with a 
cusp having a 4-point contact tangent (parameter oo). It is thus à 5-fold 
point containing three cusps.. But it must absorb all the double points since 
only sets of seven are admissible and the multiple point counts for a minimum 
of ten. Hence the excess is 5. Hach tangent of the multiple point counts 
once as a flex tangent. 21 double lines go to make up the cusps and:5 more 
are required to match the nodal excess. There are left then 14 double lines 

and 7 flexes, the flex form being #5(847 + 15). 


Curve 17. The singularity is a 6-fold pomt—formed by the union of 
an ordinary cusp and a 4-fold point having coincident parameters—equiva- 
lent thus to 4 cusps and 11 double points. Since 8 flexes and 26 double lines 
are required to make the cusps, there are left 7 flexes, 347 -+ 10, and 14 
double lines. 

The last six curves examined, aside from their intrinsic interest, exem- 
plify the importance of Dr. Scott’s theory of excess in the Mens of higher 
singularities. 


4 


Partial List of Ternary Equations. 
(5) T° (Xo <- g )* — To Te == 0 
(T) LoL? — attt — Lots + (1 — a) (2a + 3) To tn | 
+ 22 To Tite + a(1 — a)" (a + 4r rt + (1 — a) ti = 0 | 
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(8) Tot? — a? (a + ta) = 0 
© (11) dite — To (to + mi) = 0 
(12) £o — ay" + Aro ti Eo — To Cla + ToT T = 0 
(13) To. + ay? — Lotat + BT L T? — ț BTT Do == 0 
(14) Lo — ary? — To T2" F Bt E T = 0 
(15) Lo? - T7 — Vo 54429 == ( 
(16) To" —— CT — 20 9°44 Le + Tt w 
(17) a" + 2i — vote = 0 
(18) it ns To” E = 0, (19) a" — Lo°Xo" == 0, (20) mt a opaa = 0 
(23) To? + Ey" — 5Xo° Ti Lo + BTO EL Za? us Loti To == 0 
(24) Go + 217 + Bto t E — To Er ta = 0 
(25) To + 217 — ToT T = 0. 
Species of Self-Projective Rational Septimics. 
Group | Generator Parametric Equations. | 
{= Lo == Ty = To == 
Ca ` —t États Lbis Li 45 ctiL dt? ei +f (1) 
Ca wt t -ait--bi ctdi Li +7 (2) 
Cs wt t-ait i*-+-bt (+c +1 (3) 
Ca at TL ais +L bt ds 1 (4) 
Ca it iu à | t-41 (5) 
Cs nt ai bis +1 454 (6) 
Cs nt -tat +1 eg (7) 
ic, nt te és 1 (8). 
Ca | —w°t tat? 4-1 P (9) 
Co | —w°t tait? +1 t : (10) 
Ce | —wt t #7 £41 (11) 
C: el i? LT (12) 
Cr et 48 # +1 (13) 
O; <t “8 i vy (14) 
C: et te LS tI. (15) 
C; et t L E-I (16) 
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Third Paper on Tensor Analysis.“ 
By G. Y. RAINICH. | 


This paper deals with some questions of the integral calculus of tensor 
fields using the method and notions introduced in the foregoing papers. 

Before we state, by. way of introduction, what questions are treated here, 
it will be well to point out a question which will not be discussed in the 
body of the paper. The differentiation of a tensor field of rank k leads to a 
tensor field of rank k+ 1 (First paper $$ 4 and 9; second paper $ 18). 
It is natural, given a tensor field of rank & + 1, to ask whether it may be 


| considered as a differential of a field of rank k and, if so, to try to find this 


tensor field. In the case 4 0 the given field would be a field of rank one, 


i. e. a vector field, and the questions whether this field is a gradient and, 
if so, how to find the scalar field of which it is the gradient, are answered 
in a way entirely analogous to that followed in a Euclidean space. If, how- 
ever, k > 0, the situation becomes radically different: let us consider the 
case k = 1, for instance, using the customary coordinate notations; if ¢; is a 
tensor field of rank one, if 1; is its first and dix. its second differential, 
it is well known that | . 


pi, i — piri = Bei, ir Po 


where R’: jx is the Riemann tensor of the space. If therefore a tensor field 
wi; of rank two is given we see that, if it is the differential of a tensor field 
di it must satisfy the relation 


Wij — Yiri = Bs jk p | 


which in a general space determines the primitive field completely. We have 
thus a true “ integration by differentiation ” and the primitive field is deter- 
mined uniquely, there are no constants of integration. We shall not discuss 
in this paper these interesting questions, which, it seems, are also import- 
tant from the physical point of view; we shall not deal here with the research 
of primitive functions, not with questions which correspond to the study of the 
indefinite integral but with the process of integration, with the generalization 
of the definite integral. 

We shall follow the system adopted in the first two papers, beginning 


*The two- first papers appeared in this Journal, Vol. XLVI, No. 2, April, 1924, 
pp. 71-94 and Vol. XLVI No. 1, January, 1925, pp. 11-24. 
EN 
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with the study of the simpler case of a surface in the ordinary space; the 
indicator, as it ought to be, shows the way; it shows that integration leads 
away from the surface into the space; we then take up the general case of ¢ 
tensor field on the surface, show what integration becomes in this case anc 
deduce the integrability conditions or the conditions for the independence o: 
the integral of the path; besides a differential condition which is the exac 
counterpart of the usual condition we have here additional algebraic condi. 
‘tions. Before entering upon the discussion of the generalization of thes 
things for higher spaces we show how the Riemann tensor can be introducec 
in a new way which in many respects resembles the introduction of the 
indicator in the case of a surface. The idea of tensor area seems to prove 
useful. in this connection as well as elsewhere. After we introduce surface 
integration and volume integration for higher spaces and discuss the integra 
bility conditions following the way adopted in the case of the surface we trea’ 
the Riemann tensor and the contracted Riemann tensor as examples. In the 
last section we indicate a method of obtaining integral expressions without 
leaving the curved space.* 


§ 21. Line Integrals on a Surface. 


We remember that the (negative) indicator was obtained in our first 
paper (7.5) as 
— À 





lim sr with —> h, 
where b and a were unit normal vectors at the points B and A respectively. 
We may consider the totality of unit normal vectors as a vector field (which, 
however, does not belong to the surface). If we introduce the notatior 
a==f(A), b =f(B) we have . 
B) — 
—s(h) tim LB 14), 


so that the negative indicator appears as the differential of this vector field 
(compare 4.1). We may also say that the indicator gives the infinitesimal 
change of the unit normal vector which corresponds to the infinitesimal dis- 
placement +» on the surface. If we write dA for h, we have 


da = —s(dA). 


* The contents of this paper was briefly outlined in papers read before the Ameri- 
can Mathematical Society on December 28, 1924 and February 27, 1925. 
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It is natural to consider the finite change of the unit normal vector q — p 
as the integral of —s(dA), 


q—p—— f s(34). 


This suggests going outside of the surface if we want to consider 
integrals. | | 

Following this suggestion we shall find an operation of integration of 
which this transition from s(d4) to q—-p is a special case. One way to 
do this is to consider the integral as the limit of a sum. It is, however, not 
necessary to introduce this process explicitly, as it is possible to reduce the 
case which we have to consider to things already known. The hint which we 
have, viz., that we have to take into account the outside space, will help us 
to make this reduction. 

The situation is this. If we have a vector field, i. e. a vector va at each 
point A, we form the integral | 

: fva. dA 


where v4. dA is the scalar product of the vectors va and dA; this can be con- : 
sidered as the limit of the sum ' 


va. (B — À) + vr. (C — B) +va.(D—C)+:::, 


. where A, B, C, D, ' ++ are points along a curve, and in coordinates has the 
familiar form 


fedr + vydy + vedz. 


Instead of considering a vector v we may consider (property 1, § 3, First 
Paper) the scalar linear, function—tensor of rank one—(%) —v.x; Our 
integral takes then the form | 


fé(d4). 


If we have, say, a tensor of rank two, b(x, y) and our surface happens to be 
a plane, we may give to the second argument y a fixed value and form, without 
any difficulty, the integral 
` | J(dA, y), 


(for every given path of integration) a function of y, to be precise a tensor 
of rank one whose argument is y, instead of a number which we obtained 
before—and the same can be applied to tensors of higher ranks. But, if we 
have a curved surface, we encounter the same difficulty as in the case of 
differentiation (§ 9): we cannot give to y a fixed value. We therefore resort 
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to the following procedure which is of fundamental importance for all that 
follows: - | 

We take a fixed, but arbitrary vector c of the space which contains our 
surface; we consider in every point A of the surface a vector c4 which is the 
projection of c on that bundle (on the tangent plane at A) and in forming 
the integral, we give to y at each point A the value c4, viz., 


f $(dA, ca). 


We obtain thus (for every path of integration) a number, say y. Now 
we make c variable (this corresponds to the restoration of variability to y 
in the case of the plane). The number y becomes a function of the vector c, 
and, as we easily see a linear function (using the fact that the projection of 
the sum of two vectors is the sum of their projections and the definition of 
a linear function in § 3, First paper). We thus obtain as a result of integra- 
tion of a tensor field ẹ (x,y) of rank two (for a given path) a tensor of rank 
one but this tensor is a tensor of the three dimensional containing space. 
We may, again, consider instead of the tensor ¥(c) the vector u defined by the 
relation ¥(c) —u.c (§8) and instead of the tensor of the second rank 
(x,y) we may consider, at each point of the surface, the equivalent linear 
vector function g(x) which is given by g(xz).y—¢(z,y) and say that the 
result of integration of a linear vector function, which belongs to a surface, 
along a path on this surface is a vector of the containing space. . 

The indicator being a linear vector function, and the difference between 
the unit normal vectors at the ends of a path being a vector of the containing 
space, we see easily that we have actually found the generalization which we set 
out to find. i 

The further generalization for fields of e ranks is obvious. In order 
not to complicate the writing we, shall only mention the case of rank three; 
we take in this case {wo arbitrary vectors of the containing space c and q, 
consider their projections ca and qa, form as before the tensor field of rank 
one (A, Ca, qa), integrate this along a line T and obtain a tensor of the 
containing space y (c, q) which has to be considered as the integral: 


J Paes Ca, qa) = (ec, q). 


If the given tensor field is not symmetric we may also form two other 
integrals 


f¢(c,d4,q) and fleg dA). 
r T 
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§ 22. Integrability conditions. 


In the case of the indicator we know, from the geometrical meaning of 
- the integral fs(d4), which gives the change of the unit normal vector along 
r ; 


the curve T, that if two curves T; and T, have the same end points 


f s(dA) = f s(d4), 


Ty Ta 


provided the curves may be continuously transformed one into the other with- 
out leaving the surface, because: each of the two integrals represents the dif- 
ference between the normal unit vectors at the ends of the path. This sug- 
gests considering the general question of when, given an integral of a tensor 
field of rank two, it depends only on the end points of the path of integration 
and not on the path itself or when the integral taken over a closed reducible 
contour vanishes. In order that this be so J (da, ca) must be independent 


of the path for every value of c. If we a for a given c, (z, ca) == o(s) 
we know that the condition of independence is 


22.1 o (x, h) = 0’ (h, £) 


where w’(x,h) is the differential of the tensor field o(s). (It would lead 
us too far if we desired to give here the vector deduction of this result 
which is well known in coordinate form). We have, therefore, to find the 
` differential of the tensor field (v4, ca) (2a), where ca is the projection 
of a constant vector of the containing space. We know (First paper, $9) 
that the differential of w(x4) or, to be more explicit, e(A, va) is given by 


(Atay ha) tm Ban es) 


where 4.8 is the projection of æa on the bundle B: We therefore have 


222 wl (Aya, ha) = lim PE Tan Oo) — OCA Tas ca) 

This is not the differential of the tensor field of the second rank 
(À, Ta, ya) for ya==ca. To have the differential we must have in the first 
term of the numerator can, the projection of ca on the bundle B, instead of 
ce, the projection of c on the bundle B. However, this coincides with the 


1: 
they, 





4 
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differential ¢’(A,2za,ca), if c coincides with ca, i. e. if the vector ¢ belongs 
(or is parallel) to the bundle A. In this case 22.1 takes the form 


22.3 6! (aa, Ca, ha) = (ha, Ca, a). 


. Since 22.1 must hold for all values of c, 22.8 must be satisfied, it is a 
necessary condition of integrability; in order to find sufficient conditions we 
will have to consider the case when c does not belong to the bundle A. Before 
we -do- this we notice that, applied to the indicator, equation 22.3 gives us the 


: . Codazzi equations of which we have thus found a derivation which seems to 


_be novel. 


Coming now to the general case we may present c as the sum of a vector 
ya of the bundle A and of a vector which is normal to this bundle and which 
we may write pa, & being the unit normal vector and p a number. We have 
thus 

c= Yat pa, Ca = Ya, CB = Ya.B + par; 


22.2 takes the form 


2221 o(d, za ha) = lim P(P:%2.2 yan) —O(A, ta, ya) + pplA, ta, On) 


À 
= ġ' (A, Ta, Yas ha) + pẹ (A, za, lim ag/À) 


We have to find now lim ag/A. The vector ag is the projection of the unit 
normal vector at A on the tangent plane at B and is easily shown to be 
a—— b(ab) using the reasoning employed in proving formula 9.2. We have 
now ] 


i 


lim ap/A = lim s= tn rm Gt | 


hi 
rot oe 


+ lim lemt) 6-a] _ s(h) 


: (compare the similar computation in § 12). We have thus 


22.4 ° (A, Za, ha) = (A, za, ya, ha) + pp (A, ta, S(ha)). 


Since 22.1 must hold for an arbitrary ¢ we have to consider here y4 and p 
as arbitrary. Making p=0 we obtain once more condition 22.8; making 
ya == 0, p==1 we obtain from 22.1 


22.5 | p(z, s(h)) = (h,s(z)) 


where the letter À is dropped as argument and as index. This together with 
22.3 which we write more conveniently ‘as ; 
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22.6 (z, y, h) = bh, y, x), 


gives a set of necessary and sufficient conditions of integrability. 
Jf we have the integrand in the form of a vector function f(x), the con- 
dition 22.5 becomes 






22.7 f(e). sh) =f(h). de DA ONIN = RSA : 
which may also be written as | 
22.71 sf (x) .h=sf(h) .« \< ee 


and, in the’ case when f is symmetric, in the even simpler ne ` 
22.72 . sf(z) —fs(x) or sf—fs 


which shows that the function f has to be commutative with the indicator s; 
condition 22.6 takes here the form 


22.8 (ah) =f heg). 


In the case of the indicator condition 22.7 is clearly satisfied, both sides be- 
coming identically equal. 

It may not be superfluous to insist on the fact that we have here, besides 
the usual differential condition of integrability, an additional algebraic con- 
dition involving the indicator. If both these conditions are satisfied for a 
tensor field of rank two which belongs to the surface there exists an oof of 
vector fields which are defined at all points of the surface but do not belong 
to the surface, because their vectors instead of being tangent stick out of it. 

_ All these fields may be obtained from one of them by the addition to all vec- 
tors of an arbitrary constant (space) vector. 

` If.the integrand is a field of rank three b(x,y,z) we have to put 
c = Ya + pa, q — 24 + oa; we obtain instead of 22.21 and 22.4 





ow (A, ZA, ha) == lim (B, LA.B, YA.B, ZaAB) x p(4, TA, YA; Za) A: 


it REA Aa Sistas ea) a9 (Asean Oa) heehee Os) 
| À 


== (À, T4, Ya, Zas ha) + ph(AÀ, Za, s(ha), za) + ob(A, z4, ya, S(ha)) 


+ the term containing ar twice vanishing in the limit. 
The integrability, condition’ consists of as relations, one differential : 


À 22. 2.61 | p (2, Y, z h) = d’(h,y,2,x) 
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and two algebraic: 


22.51 h(a, s(h), z) = ġ (h, s(x), 2) 
and 
_ 22.52 (x,y, 8(h)) = (h,y, s(z)) 


§ 23. Line Integrals in Higher Spaces. 


Ld 


If, instead of a surface of the ordinary space, we consider an 7-S. im- 
mersed in an N.-E.S., line integrals of tensor fields can be introduced in exactly 
the same way. In deducing the integrability condition a change has to þe 
made, however. The vector c which belongs to the containing space must be 
presented as ya + a, where a is an arbitrary normal vector; we cannot put 
it in the form, pa there being no definite unit normal vector when r > 1. 
Formula 22.21 takes the form | | 


23.1 w’ (A, TA, ha) = 9’ (A, TA, YA; ha) -}- (A, VAs lim dB/A) 


where @ is an arbitrary normal vector. We have now to find lim ag/A in 
this case. | 

We shall use this occasion and take up again the question of introducing 
the indicator dealt with in $ 17 of the second paper and then in the added 
remark at the end of it. We consider at each point B of the neighborhood 
of A, B approaching A in such a way that (B—A)/A— kg, a tangential 
vector hg and à normal vector. b, the values of these vectors for A being ha 
and a respectively. We have then | 


232 — hp.b—0 hica 0 


We suppose that = and 2 — 





approach finite limits as À approaches 


zero so that | 
a (hs — ha) —a)  _ 0. 














oA 
This gives "E : = 
: ; : : à 
lim 2 — lim x OP ji + — lim == 
or in view of 238.2 
lim 24:8 tim B28 
23.3 = = x 


Since the left hand side of the equality does not contain hg and the right 
hand side does not contain b we conclude that the common value of both sides 
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does not depend on either. This common value is, therefore, only a function 
of the vectors ka, a and, of course, of ka. Let us denote this function which, 
obviously, is a linear function of each of the three vectors, by (Aa, ka, a), 80 
that we have | 


284 (ha, ka, a) == —lim 





ha. b F hg. a 
lin 22e 

À = 5 
Using property 3 of §3 (First paper) we may write y also in one of the 
following forms |. 


23.5 oa ka, a) == ha F(a, ka) == Q.S (ha, ka) 





where (a, ka) is the tangential component of lim = and s(ha, ka) the 


hp — ha 


normal component ‘of The functions F and s have been intro- 


duced in the second paper ( F with the opposite sign). Here F (a, ka) is a 
linear vector function one of whose arguments is a tangential and the other 
a normal vector, while its value is a tangential vector; both arguments of s 
are tangential vectors and its value is normal; y is a scalar trilinear function 
with two tangential and one normal argument. The functions ¥, J, s are 
only different forms of the same thing., We shall refer to all three of them 
indifferently as to the indicatrix (reserving the name indicator for-the function 
s(x) which exists only in the case N —n = 1). 

We return now to our question: What is lim ag/d? It is clear, first 
of all, that it is a tangential vector. Denoting by æ the normal component 
of a at the point B we may write | | 


Cp = Q — ay 





and 
Gy. ha | 
ee ` 


ia Re aa is 
À A 


Making now b == œ in the formulas 23.4 and 23.5 we may write 


ha. F(a, ka) = lim m:a = — lim aa == — ha. lim = 


and, since lim ag/A is tangential, as remarked, 
23.6 . limag/A = — F(a, ka). 


There would be some advantage in taking this as the definition of F. Rela-, 
tion 23.1 becomes now | 


MU o (2, h) = d'(x, 7h) — e(z, F(a, h)). 
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Since 22.1 must hold for all values of c — y + a it must hold for a — 0 

and y = 0 so that we have p 
p (z, Yh) =p (hy z) 

and 
23.7 p(s, Fla, h)) == p(h, F (a, £) ) 
and this must hold for every normal vector a. The formula 28.7 gives us 
the required algebraic integrability condition in the case now under consider- 
ation; relation 22.5 is, of course, a special case of this, ẸF (a, h) becoming s(h) 
in the case when there exists a unique unit normal vector. 

Using the linear vector function f(s) instead of the tensor of the second 
rank ¢ we may write our relation as 


f(z) Fh, a) = f(h). Fx, a) 
or, with the aid of 23.5, 
gi f(x), h] c= s[f (h) 2] -a 
Since this must hold for an arbitrary a, 
s[f(«),h] = s[f(h), a]. 


The generalization of 23.7 for the case of a tensor of higher rank is 
immediate. For rank three we have, for instance, outside of the differential 
condition the two algebraic conditions 


23.8 | plz, Fla, h), 2] = p[h, Fa, x), 2] 
and , 4 
23.81 plz, y, F(a, h)] — oh, y, F(a, 2)]. 


§ 24. The Tensor Area. 


In higher spaces the Riemann tensor plays in some respects the same rôle 
that the indicator plays in the case of an ordinary surface (and, more gen- 
erally, in the case N—n—1). We considered the indicator as giving the 
infinitesimal change of the unit normal vector which corresponds to an infini- 
tesimal displacement along a curve on the surface, and its integral gave us 


. the finite change of the unit normal vector which corresponds to a finite dis- 


placement along a curve. In the case which we are about to consider now 
the rôle played by the curve will be played by a surface belonging to the n-S. 
considered ; instead of the change of the normal unit vector between the two 
ends of a finite curve (which constitute the frontier of that curve) we shall 
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consider the change in the orientation of normal spaces which corresponds 
to the frontier of! a finite piece of surface, i. e. to a contour, and we shall see 
that in the case of an ‘infinitesimal’ contour the corresponding infinitesimal 
change of the normal spaces is connected with the Riemann tensor. Before we 
come to this, however, we have to introduce a new notion which has the same 
relation to the frontier of a piece of surface as the vector chord, i. e. the vector 
joining the ends of an arc, has to these two points which constitute the fron- 
tier of this arc. We consider here an N.-E.S. | 

The vector which joins the points A and B we agreed to represent by 
B— A; we know also that the consideration of a vector is equivalent to the 
consideration of its product with a variable vector—a linear scalar function 
(First paper, 3.4). In our case this tensor is (B— A).x, but it is more 
convenient to write it in the more complicated form 


1 (A—P).« 
1 (B—P).x 


where P is an arbitrary point on which the expression obviously does not 
depend. 

It is suggested, if we are given three points A; B, C, to consider the 
expression. 


a(t) = 


3 





1 (4—P).x (A—P).7 
1 (B—P).« (B—P).y. 
‘1 (C—P).z (C—P)y 


24.1 B( A,B,C; x,y) —3 








This expression also does not depend on P; it is for given A, B, C a tensor 
of the second rank which is alternating or antisymmetric in the variables 
L,Y, i. e. | 


B(x, y) ——B(y, 2). 


In the case of a plane, B(x, y) is simply the area of the triangle ABC 
multiplied by the so-called alternating product of the vectors x and y; in the 
case when N = 8, i. e. in ordinary space, B(A,B,C;2,y) can be presented 
in the form of the scalar product of a certain vector v by the vector product 
of x and y; this vector v is perpendicular to the triangle ABC and its length 
is equal to the area of this triangle; it is called the vector area of the triangle 
or a bivector; the vector area of a triangle as well as its generalization for 
any contour have been considered by Peano, Laisant and Fréchet (see the 
latter’s paper “ Sur une généralisation des notions d’aire et de plan,” Nouv. * 
An. (4), 4 (1904), pp. 241-248) ; the present writer used it in connection 
with integration in space (see § 27 below). 


\ 
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When N > 3 it is impossible to get rid of the variable vectors x and y 
as in the cases N— 2 and N = 3 so that we have to consider the thing as a 
function of æ and y. Schouten uses the term bivector also in this case. 
(Compare e. g. J. A. Schouten and D. J. Struik, “ Einführung in die neu- 
eren Methoden der Differentialgeometrie,” I, § 1.) It should be noticed that 
making P = À we obtain a simpler but less symmetrical expression for B, viz. 


(B—A).2 (B—A).y 


24.11 A, B,C;2,y) = 
| BC DOE | As (Oud) 


If we are given a rectilinear contour A, B, C, D, --:,K, L or a number 
of points in a given cyclic order, we form 


24.2  6(A,B,C,-::,K,L,A4;%,y) = B(A,B,P;2,¥) ` 
+ BB, 0, P;x,y) + B(C, D, P; x,y) +: 
+ BCE, L, P; 2,9) + B(L,4,P; 2,9), 


an expression which, obviously, does not depend on P; we call this the tensor 
area of the contour ABCD --- KL. Given now a curvilinear contour T, we 
may approximate it by rectilinear contours and define the tensor area of I, 
which we shall denote by @(T; x, y), as the limit of the tensor areas of these 
approximation contours when this limit exists, which happens in a very gen- 
eral case. | 
The notion may be extended by starting with four, or any number of 
points, instead of three; we have for the “tensor volume” of a tetrahedron 
ABCD the expression ; 
| | (A—P).x (A—P).y (A—P).z 
(B—P).¢ (B—P).y (B—P).2 
(C—P).x (C—P).y (C—P).z 
(D— P).x (D—P).y (D—P).z 


248 y(4,B,C,D;x,y,2) =% 


bed pol bei ek 


If we have any number of points (> 4) in a given spherical order (as 
analogous to a cyclic order) we may form the tensor volume for such a poly- 
hedron and by a limit process extend the notion to apply to a closed surface 
etc. 


§ 25. Contour variation of normals and a new introduction of the | 
Riemann tensor. 


We introduced the indicator with the aid of the change b— a of the 


LS 
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normal unit vector; instead of the vector b — a we may here again write the 
tensor of the first rank (b —a).a@ or 


1 @.2 


25.1 
1 b.g 





If N—n=r > 1 this cannot be generalized immediately. We denote 
as before the tangent bundle at a point A by the same capital letter A, and 
the normal bundle we denote by the corresponding small letter a. The pro- 
jection of a vector v on the normal bundle we denote by affixing this letter a: 
thus za; in the case r==1 this would be a(a. zy. The expression 25.1 sug- 
gests the formation of 








1 Ta Ya 
25.2 (4, B,C; x, 4) = l T. J 
1 Te Yo 


when we are given three points A, B and C; this is a tensor of the N.-E.S. 
which characterizes the relative positions of the normal r-dimensional Eu- 
clidean spaces to one curved n-S. at the three points A, B, and ©. It is, 
like the tensor area, an alternating tensor and, exactly as in the case of the 
tensor area, the definition of this tensor, which we call the variation of normals 
(normal Huclidean spaces or normal bundles) may-be extended to apply to 
any rectilinear, and then to a ent content by first forming the 
expression. 


(A, B, P; x,y) +8(B,C0,P;2,y) +:--:+8(L,A,P;x,y) 
and then passing to the limit. | 


We thus obtain for a contour T a tensor ê(T; vr, J the variation of 
normals to the n-S. for the contour T. This corresponds to the finite change 
of the unit normal vector between two points. 

Now, according to our program, we pass to the infinitesimal variation, 
which corresponds to an infinitesimal contour. We begin with a triangular 
contour A, B, C considering A as a fixed point and B and C as variable points 


~~ A ms oe C— A 








approaching A in such a way that 2 
25.2 in the form 
25.21 8(A, B,C; x,y) = 


—> ka. We write 


To —— La Ya — Ya 
Te m Ta  Ye— Ya bad 


If x and y are vectors of the tangent bundle at A we have zta = 0, ya = 0; 
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we may write in this case 24 for x, and ya for y; æ will be £4 — an ete. 
so that - | | es 

8(A, B, Cs 24, Ya) = Tag — TA YaB —YA 

TAC A Yao—Yya. 

Dividing both parts by Ap and passing to the limit we have (§ 17, Second 
paper) on the right hand side the Riemann tensor at the point A. A con- 
nection is thus established between the infinitesimal variation of normals and 
the Riemann tensor. 

. But this is not the whole story; the Riemann tensor gives us only those 
values of the tensor expressing the infinitesimal variation which correspond ` 
to the values of x and y belonging to the curved space. In order to know . 
the infinitesimal variation of the normals completely we have to consider not 
only (sa, ya) but 8(x, y) for all values x,y. If we write in the general case 
z = Ta F La, Y == Yat Ya, We have 


Ly — Vo == TA — L4.p + Las — Los 


where Tab denotes the projection of the normal component (with respect to.the 
point A) Za of v on the normal bundle at B; but then Lap — La == — (Lu) 
and we have (23.6) 


lim y 91) 
The full expression for the infinitesimal variation is therefore 
S(t, ha) + (ta ha) 8 (@a, ka) + F (20, ka) 
s(ya ha) + F (Yaha) (yas ka) + F (Yo ka) 


Since s and + are perpendicular to each other, s being a normal vector 
and Ẹ a tangential one (see 23.5), the products of the type s. % vanish and 
we only have 





s(@4,ha) S(xa, ka) F (£a, ha) F(x, ka) 
s(Yas ha) S(Ya ka) F (Ya, ha) F(Ya, ka), 


The first term is the Riemann tensor. We see thus that the Riemann 
tensor gives us only a part of the infinitestimal variation of normals; we may 
say that it gives all the information concerning the variation which can be 
expressed in terms of the curved space, of its internal properties, because the 
other part involves vectors %a,'ya Which require the consideration of the con- 
” taining space, i. e. which refer to external properties (compare $ 17, Second 


paper). 


20.4 
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_ Here we have a radical difference between the Riemann tensor in general 
space and’ the indicator of a surface: the latter gives us full information 
_ concerning the change of the unit. normal vector because this change can be 


controlled from the surface; the variation of normals cannot be controlled - 


from the space (in general) and the Riemann tensor, which is an internal 
thing, only gives.us partial information. 

But there are cases where the whole variation can be given by the Rie- 
mann tensor; this happens obviously, when the second part of 25.4 vanishes, 
i. e. for spaces for which we have 


25.5 F (ta h). F (Yas k) = F (ata, k) . F(Yas h); 


in these cases, we may say, the whole infinitesimal variation lies in the curved 
space and is, therefore, given by the Riemann tensor. Only in these cases can 
we hope to obtain the finite variation of normals, which corresponds to a finite 
contour, by integrating the Riemann tensor in analogy to what we had in the 
case of a surface. 

We shall not investigate here the peculiarities of spaces for which con- 
dition 25.5 is satisfied; this would lead us to considerations which lie outside 
the scope of the present paper; in dealing with surface integrals we will, 
however, again be led to relation 25.5. | 

We want now to get rid of the restriction which we imposed upon our- 
selves by considering only triangular infinitesimal contours. Let us consider 
a rectilinear infinitesimal contour, constituted by the points A +h, A + k, 
AtlA+m,:::,A+n,A-+h. It is clear from the preceding that the 
ete eee nos of normals is given by Ne y; h,k) + plz, y; k,l) 
+ p(a,ys1,m) +++ tpl yn h). 

From the expression 17.2 for the Riemann tensor we conclude that, for 
fixed z and y, p(x, y; h, k) is a sum of terms of the type 


ph pk | 
qh qk 


‘where p and q are vectors belonging to the bundle A. The infinitesimal vari- 
ation of normals which we are considering has, therefore, for its expression 


ph pk 
6 
= 2 { | gh qk 


pn ph 


pk pl | ss pm 
+ qn qh 


| qk ql 








where the summation is extended over a certain number of pairs of vector 


Pi qi» P2; q2 etc. 


J 
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Now the tensor area of the contour À + h, À + &, : : :, A+n is 


ak æl 
yk yl 


zn gsh 
yn yh 


al zm 
yl ym 


th ak 
25. - 
: yh yk + 


+ 


























Suppose that we take another contour with the same tensor area; this 
means that 25.7 has for the new values of k, k, 1,-- +, m, n and for arbitrary 
values of +, y, the same value as for the original h, k,l,---,m,n. Making 
z, y in turn equal to pi, 913 Dr, q2 etc. we see that all the terms of 25.6 do 
not change when we substitute new values of h, k, 1,---, m, n for the old’ 
ones, provided the new contour has the same tensor area. The infinitesimal 
change of normals for an infinitesimal contour T in the neighborhood of a 
point A of the n-S. is thus seen to depend solely on the tensor area of this 
contour; and of course it is a linear function of this tensor area. This com- 
.pletes the analogy with the indicator considered as a linear function of the 
displacement vector giving the infinitesimal change of the unit normal vector. 

We may add that this gives a plausible interpretation of the Riemann 
tensor as a bivector tensor as Schouten puts it (loco citato, p. 34). 


§ 26. Contraction. 


In order to deal with integrals extended over surfaces, volumes etc. we 
must now introduce the operation of contraction, the use of which we have 
been able to avoid hitherto. | 

We start with the identity 


à 7 à 
26.1 T= Diy (GT) 
. yzi > 
where tr, t2, * * *, % are n mutually perpendicular unit vectors of an n-dimen- 


sional bundle and which holds for every vector x of the bundle. We shall 
have occasion to use expressions of this type, i. e. sums of n terms each term 
of which contains twice one of the n mutually perpendicular unit vectors; 
if we have a tensor or a multilinear vector function (2, y, 2, * * +), the ex- 
pression which we have in mind is | 


n 
D D (ty, ip, a, ° * Dis 
pal 


It is easy to show that such an expression does not depend upon the particular 
set of n mutually perpendicular unit vectors which we use, i. e. that it does 
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not change if we substitute one such set for another. We therefore introduce 
for such a sum the notation (J, I, z---) replacing each of the two vari- 
able vectors for which t, stand in the sum by a Roman numeral. If such an 
operation has to be performed more than once on the same tensór we use; gach 
time another numeral, so thet $ (, 1 IT, I, IT ) stands for | 


> o(L LL, à). 


This bn is ; essentially de same as the operation of contraction 
(Verjiingung) of tensors in the usual form of tensor calculus with the dif- 
ference that wé have here no distinction between lower and upper indices. 
The Roman numerals stand here for the dummy suffices. | un x 

With the notation introduced, identity 26.1 takes the form 
2611 © æ= I (Is) 
multiplying this by y we obtain 
26.2 | ry = (Ix) (Iy) 


which means that the product: of two vectors is the sum of the products of 
their components. ae 

If we have a scalar linear function $(e)—a tensor of paie one—we may 
write 


26.8 $(2) == $[1(Ex)] = $(L) (Ia) = [8 Lee . 
The expression ¢(J)I is a vector which written explicitly is 
PT = E be) dy E l ; 
y=1 


if we denote this vector by g, we have D(x) — g.x. The operation of con-, 


_ traction permits us thus to write explicitly in terms of a scalar linear function 


the vector which is the constant factor of it (compare property 1 § 3, First 
paper). 

It may ‘be said that our definition of contraction contains traces of a 
coordinate system; this may be avoided to a certain extent by using the 
vector product of n— 1 vectors ‘but the expression, though more intrinsic, , 
becomes more cumbersome and it was not thought worth while to introduce 


it here. We only shall mention that in the case of 8 dimensions we have 


(I, I). (xyz) = (a ge) + 6(y,2°2) +4(22°y) 


© where x*y denotes the vector product and zyz the triple scalar product, and 


2 
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z,.4j,2 are any three not co-planar vectors and in the case of four dimensions 
-© we have similarly, l - | 


(I, I). (zyzu) = p (xyz, u) — p (yzu, £) + (aux, y) — (uty, 2) 


where xyz is the vector product and zyzu the quadruple scalar product. 
The operation of contraction may be used to pass from one form of the 
indicatrix to another; for instance (23.5) 


F(a, v) = y (x,I, a) .I = [a.s(x, I)].I. 


We are not going to enter into the details concerning the products men- 
tioned above; the vector algebra in 4 as well as in 3 dimensions can be devel- 
oped intrinsically (see e. g. a paper by A. Mochoolsky in the Memoirs of the 
Research Institute, Odessa, February, 1924 (in Russian) ); here for the sake 
of completeness we only shall state that, in three dimensions the vector product 
zy is the vector whose components are the determinants of the matrix 


Ly Te T3 
Yı Ye Yz 














the triple scalar product zyz in three dimensions is the three row determinant 
formed with the components of x, y, z; the vector product zyz in four dimen- 
sions is the vector whose components are determinants of the matrix 


Tı TTo Tg Ta - D 


21 Ra 23 4 
3r 


and the scalar quadruple product is the four-row determinant of the com- 
ponents of four vectors. e 


827. Surface Integrals in Curved Space. 


Jf we have in a n-S. an alternating (antisymmetric) tensor field of the 
second rank $(A,24,y4) and a surface X, we may integrate this field over 
the surface. If we imagine the surface divided into “ infinitesimal triangles” ` 
so that two of the sides of each triangle may be considered as displacements 
of one of its vertices A, we form the sum of expressions (4, dA, 8A) and. 

e this sum might be considered as the surface integral. But it is more satis- 
factory to consider any finite division of the surface by means of a net of 
curves on it. We form the tensor area B(T,; x,y) for the contour which 
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constitutes the frontier of each part, we multiply this by the value ¢(Ay,, £, y) 
of the given tensor field at some point A, belonging to the same part of the 
surface and contract this product ‘SO as to obtain 


rer IT): B(T; L, HY; 


we form the sum of these expressions for all the parts into which the me 

was divided and consider the integral as the limit (if any). to which these 
sums tend when the diameters of the parts, (i.e. the upper limits of the 
distances between two points belonging to the same part) tend toward zero. 

It is not the purpose of this paper to enter into details concerning the 
definition of integrals and the conditions under which they exist; we are in- 
terested here in questions of a less subtle 1 nature; it might be interesting, how- 
ever, to notice that the above definition of a surface integral does not suppose 
the existence of tangent planes to the surface. . Integration in ordinary space 
was considered from a similar point of view in a paper by the present writer 
which .appeared (in Russian)...in-the Bulletin. the A E 
Society of. Kazan in 19154. aro r. - 

I£ we consider. the. surface, in à. ET P ana: haved in this space 
_ à tensor field of a rank, Bi than two, which, is. events in two agi 
ments, say. (4; T, Y, 2 : tai Jwiti -, a an 3 2 8 


(4, T,Y,4,° ° ) me Y, Dy %,° * o 


a ees 


we may integrate it over the surface ‘by giving ‘to the “ superfluous ” argu- 
ments z etc. fixed values. But if’we consider the-surfacé in a curved n-dimen- 
sional space, this.is not possible and we. have to resort to the. device, used in 
§ 21, of giving to z and other arguments values which are projections of 
fixed vectors in the containing N.-E$. We obtain thus as the: result of in- 
tegration of a tensor field of rank k, (which is alternating i in two of its argu- 
‘ments) over a surface a tensor of the containing space of rank. k — 2. 

Integration over a volume, i.e. a spread of 3 dimensions presents after 
this no difficulties: the integrand must be-a tensor field-alternating in three 
of its arguments; we divide the volume in parts; combine the tensor volume 
of the frontier of each part with the value of the integrand at some point 
of this part, by multiplying: and’ then contracting three timés; we. give to 
superfluous arguments’ valüés which are projections of fixed--vectors.of the 
containing space; form the sum of the numbets so obtained ; anid pass to the 
limit making. the diameters of the parts tend toward zero. Théäirtegral is.a 
tensor of rank k — 8 of the containing space. . OTD 
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§ 28, Integrability Conditions for Surface Integrals. 


_ “We shall take over from the usual coordinate exposition, similarly to what 

was done in § 22, the integrability condition for the surface integral of a 
' tensor field of rank two. This condition, viz., the condition that an integral 
.of ¢(A,@4, Y4) over a surface depends only on the contour of the surface, 
i. e. that it is the same for two surfaces having for their frontiers, the same 
contour provided that one can be continuously transformed into the other 
without leaving the part of the m-S. in which ¢ a LA, ya) is considered, is 
that in this part ¢ satisfies the relation . 


BBL | gey h) +e (ghz) + (hay) =0, 
where ¢ (x,y, h) is the differential of (+, y). 


If we are given a tensor field of higher rank than two, let us say, for 
“example, a tensor field of rank four $(2,y,2,u) which is alternating in the 
arguments æ, y, and we integrate it with respect to these arguments using . 
the method. indicated in § 27 we have to write that the integrability condi- 
tions are satisfied for any tensor field w(x, y). which is obtained from 
(x, y,2,u) with the aid of two vectors c,q of the N.-E.S. which contains 
the n-S. in which the tensor field ¢ and the surfaces.over which we integrate 
are given, viz., | i 


w(A; %4, Ya) = (A, Ta, Yas Chs Ga). 


= Just as in § 23 we obtain the conditions | 
A $ls, y, Fa, hyj u] + piy h, F(a, 2), u] + olh a, Fas) ae 
28.3 slay, 2, F(a,h)] + oly, h,2, F (a, 2)] + [h, 2,2, F(a, y)] — 0 


which must be satisfied for all values of tie normal vector a in addition to 
‘the differential condition 


28.4 | d'a 9,2, 0, h) +. oh’ (Y, h, 2, U, z) + (h, E, Y) == 0 
where.’ (x, Y, Z, u; h) is the differential of :#(x, y, z, u). 


Let us apply this to the Riemann tensor p(z,y;2,u). The differential 
* condition is always satisfied ; in fact it is nothing but the Bianchi relation 
12.5 (First paper) proved to hold in the general case toward the end of § 18 
(Second paper). It is worth while to remember here that the differential 
condition for. the indicator of a surface coincides with the Codazzi relation 


+ 
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which thus plays for the indicator the same rôle as the Bianchi relation plays 
for the Riemann tensor. We need only consider one of the algebraic condi- 
tions 28.2 and 28.3 since the variables z and u enter in p in the same way 
(only the sign is changed when they are interchanged so that 28.2 is equiva- 
lent to 28.3 in this case). If we use expression 17.8 (Second paper) for 
the Riemann tensor, 28.2 becomes 


s[a, 3 (a h)] s(z,u) s[y, F(a,x)] s(yu) 
sly, Fa h)] s(y,u) s[h, F(a,z)] s(hu) 


Expanding the determinants we obtain a sum of six products, the first of 
which is s[z, F(a,h)].s(y,u); we may identify this with the last term of 
23.5 considering s(y,u) as a, x as ka, and F(a,h) as ha; using then the 
form of the middle term of identity 23.5 we may write our product as 
F(a, h). F[s(y, u), s]; applying this to all the six products of the expansion 
of 28.4 and changing the order of terms we may write it as 


F(a h). F[s(y,u), £] — F(a, £). F[s(y,u), h] + F(a, x). Fls(h, u), y] 
— F(a,y).Fls(h,u), £] + F (ay). F [s(z,u), h] 
— F (a, k). F[s(z, u), y] —0. 


T'his vanishes when condition 25.5 is satisfied; this is very natural because in 
this case the Riemann tensor gives the full infinitesimal variation of normals 
and therefore its integral over a piece of surface gives the finite variation of 
normals for the frontier of this piece, i.e. for the contour which limits this 
piece and, of course, this does not depend upon the surface—just as the 
integral of the indicator along a curve depends only on its end points. In 
the general case the Riemann tensor does not give the full infinitesimal varia- 
tion, its integral does not give therefore the finite variation and there is no 
reason why it should be determined by the contour alone. 

As our next example we take the contracted Riemann tensor which we 
write, according to § 26, as p(z, 1;2,1 ). This is a symmetric tensor of rdnk 
two which we denote by e(x, z); but instead of considering it as such, we 
make of it a tensor of rank n: we substitute for one of its arguments, say z, 
the vector product of n— 1 vectors. If we take, for instance, n == 4 we have © 
to make z= uvw, i. e. the vector product of the vectors u, v, w (see end 
of § 26). 

Now we have in e(a, ww) a tensor which is alternating in the 3 argu-: 
ments u,v, w. It may be therefore integrated over a volume (3-dimensional) ° 
and gives a vector of the containing space; we shall see what are the integra- 


+ 


r 


s[h, F(a,y)] s(ku) 
+ 


s[z, F(a9)1 su) [T° 
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-bility conditions, i. e. under what conditions the integral vanishes over every 
closed volume. If we write 


~* b 


Y(U, v, w) = e(Ca, U, v, w) 
the conditions in’ question are given by 


W (u, v, w, h) — y’ (v, is u) + y (w, h, u,v) — y (h, ae) == l.. 


This again gives a differential condition, for e viz., 
€ (z www, h) — € (x, vwh, u) + € (z, wha, v) — € (x, huv, w) = 0 


which may be written as 
i | (x, I, I) =0 


and an algebraic condition, viz., 


ELF (a, h), uw] —e [F(a v), vwh] + e [F (a, v), whu] — e TẸ (a, w), huv] = 0 
or ` A . l à 

£ [F (a, I), I] =0. . 
The discussion of spaces where these equations are satisfied will be given 
elsewhere. 


829. Cônclusion. Integral Expressions Which do Not Require the 
| Consideration of the Containing Space. 


We had to go out of the space in order to consider integrals in the 
preceding sections as soon as the integrand had superfluous arguments, i. e. 
more than one in the case of a line integral, more than two (in which the 
tensor is antisymmetric) in the case of a surface integral, and so on. But 
it is desirable to be able to form in such cases also integral expressions not 
involving the conideration of the containing space. In some cases it is pos- 
stble. Let us begin again with line integrals and let us take as the integrand 
a tensor field of the second rank which is symmetric in its arguments, so that 
we have ; 


29.1 ; p(z, y) = (y, x). 
It can be proved that such a tensor can be presented in the form 


29.2 (x,y) — 2 (a2) (ay) = (bz) (by) = (02) (oy) b> > 


where a, b, c, - + * are mutually perpendicular vectors, the number of terms 
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being equal to the number of dimensions of the space and the + signs being 
used in order to avoid the introduction of imaginary vectors. Now the pro- 
ducts ax, bx, ca, etc. are tensors of the first rank; they can be integrated, 
therefore, without leaving the curved space; we introduce the notations 


29.3 P= fadá, Q = f b.dA, R= fc. aA, 
and form the expression 
294 . Sek es ER Se 


using the same signs as in the corresponding places in 29.2. ‘The expression 
29.4 is the sought integral expression. Let us consider as an example the 
case of an ordinary (two-dimensional) surface and as the integrand let us 
take the indicator; if 7, j denote the two unit vectors which belong to the 
principal directions and A, » are the curvatures we have a=1Vd, b= J Vp 
so that it will be convenient to introduce the notations Vi= a, Va= 8. 
Let us ask ourselves when the integrals P and Q are independent of the 
path. Since the pee of P is ale) — a. (iz) the condition 22.1 takes 
the form “og 


29.51 a’(h). (ia) + alit (h) .£] = a’ (x). (th) + E (x) .h]; 


for Q we have 


29.52  B'(h).(ix) + BLF (h) £] = B(x). (jh) + B-D} (2) -h]. 


. On the othér hand the Codazzi equation for the indicator, which now has 
the form | 


a? (ts) (ty) + B° (jx) (jy) 


2a.a’(h) (ix) (ty) + a [t (h) x] (ty) + a (ie) [Y (A)-y] 

29.6 + 28.8/(h) (jx) (Jy) + BL CR) 1]. (y) + BP G2) [7 Ay] 
= a.a” (x) . (ah) (ty) + [8 (x) h] (ty) + a? (ih) [Y (x) .y] 

“+ 28.B'(x) . (jh) Gy) + PLS (2) A] Gy) + BCR) LY (2) y1.. 


The simultaneous existence of equations 29.51, 29.52 and 29.6 leads to 
the relation (see for the method used the author’s paper in the January 
number of the Transactions of the American Math. Society for 1925, p. 128), 


a? -+-B?—=0 or A+u—0 


so that only for a minimal surface are the integrals P and Q, and therefore e 
the expression 29.4, independent of the path. These questions connected 
with minimal surfaces will be treated in detail elsewhere. 





gives 


nat Tene 
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= Let us consider now the case of a surface integral and a tensor field of 
rank four $ (T, Y; U, v) with the property 


€ 


| p(z ysm) = (u 02,9) 
as the integrand in a 4-S. Suppose that @ may be presented in the form 


ke ky ku kv 
lr ly lu Ww 


Mm Ww 
ju jo 
Precisely such a tensor occurs in physics, viz. the second part of the Riemann 
tensor of space-time. It is natural, in order to find an integral expression 
to put agam VA N= a, Vu u == B and to consider the expression. 

D. PE 


where | 


iz y 


f ; +p 
Jz JY 


























i.dA 4.84 
j.dA 7.84 








‘\k.dA k.8A 
, Q=f8 | 


l.dA LA, 





` This expression ‘has in certain cases a physical meaning, being connected 
with the square of the electric charge; in other cases it is possible to obtain 
by ‘a slight modification another more general integral expression of the same 


type. We shall not go into details concerning this type of integral expres- ` 


sions. The purpose of this section was only to indicate by way of conclusion, 
that the integrals involving the consideration of vectors of the ‘containing 
space are not the only integral expressions which can be formed with tensor 
fields having superfluous arguments. 


BALTIMORE, JUNE 14, 1925. 





On Ciuin Symmetric Sums of Determinants. 
By Luoyp L. Dnes. 


The first theorem of this paper has to do with a certain transformation 
of determinants which may be defined as follows.’ If D is a determinant of 
order n, and if a, a2, °**, an is any sequence of numbers (not necessarily 
distinct) each chosen from the set 0, 1, 2,---, n, then by the notation 


Tous. an D 


we shall mean the determinant of nth order obtained from D by shifting 
each element of the first column up‘a; ‘places (thus eliminating the upper a: 
of them from the determinant), shifting each element of the second column 
up az places, and so on to the nth column, -and then filling in the vacant 
places at the. bottom by zeros. From the definition it is obvious that 
Too.. oD == D, while if every a: is positive or if. any a; is equal to n, then 
Daa.. an D = 0. ‘ Between these extremes are the cases 'of interest. 
_ For a given sequence ar as °**, an, We shall consider all the distinguish- 
able * permutations of the sequence. ‘ 
By the notation og | 
RE ; ST aaa.. an D | | 
we shall mean the sum of all the. determinants Tartt,’ -aiD where ai,, atp: , 
oi, is a permutation of ar, as, °°, an. The theorem? to be proved in $ 1 is 
then to the effect that if at least one element of the sequence Qis Go) * > An ÎS 
positive 2 a a 
ST an. an D= = 0. 


For example for n= 3, we have 





1 Q2 ag “ily he bs E a1 ba la | by fe Ag 
ST oo: bı bs Ds = ‘Dy bz cs |+ bi. Co bs zF mat be bs | ==0, 
Cı Ce Cg C1 Ce 0 





G 0 Ca 0 C2 C3 





'*If no two elements of the sequence are equal then all its permutations are 
distinguishable. If certain ‘elements of the sequence are equal, permutations which 
‘differ only by. the interchange of equal elements are not distinguishable.’ In this case 
only one a of the set of non-distinguishable permutations will be con- 
‘sidered. y 
_ Í Theorems semana’ similar to this one and to its generalization stated in §1° 
have been given by Sylvester, Hammond, and Deruyts, See Pur 8 Heron of Diter- 
minants, Vol. IV, pages 2 and 25. 
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and.other ose sums slag ns to the sequences (0, 0, ie (0, 1, 1); 
and -(0,'4,° 2). a oo i a a ae 

The theorem of §2 has to do with sums of determinants of nth order 
from a persymmetric * array of n rows, the elements however being affected. 
by. binomial coefficients * according to a definite law. 

For n = 3 the theorem would have reference to a persymmetric array 


C1 C2 C3 
Co C3 Ca 
Cg Ca Cg 


Denoting the binomial coefficients by the notation 


m(m —1) : (ahr?) 


1-8. = (m)r 


we may state a simple case of the theorem as follows: 


| (GA )sejir (FAR) otere (1-+8) sess 
(7 +2) 2Cj+2 (&+3) 8Ck+3 (1+-4) 4044 
| (+8)sone (tac (TE5) ane 


2 


jtk+l=p 








C341 Ck+2 Clag 
= > (7+3)s(4+4)4CI+5)5 | Cyn Cr Cre | 
jrk+l=p Cjaa Ck} Clas 


the identity holding for every non-negative integer p. 


$ 1. 
Theorem: If D is a determinant of order n, and ox, a, °**, an 18 @ 
sequence of numbers (not necessarily all distinct) each chosen from the set 
0,1,-- +, n, and at least one of them positive, then 


ST aaa.. a D=0. 
For + n = 2 the theorem is aa oi true since 


&o, Ae 
0 Q22 


ir Gee 
| ot 0 


ir Aye 
Q21 Qz 


= 0. 


ST ox 


Hl 


+ 


Assuming the theorem to be true for n—r—1, we will prove it true 




















e. * For literature. on persymmetric determinants and on determinants whose ele- 
ments are binomial coefficients, see Muir’s History of Determinants, Vol. IV, Chapter 
XIII, and Vol. III, Chapter XX. | : 
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for n = +, thus establishing its general validity by mathematical induction. 
If we denote by DOD the algebraic complement of the element aij in 
the determinant 


we find upon consideration of the expansion of D according to elements of 
its first row, that 


r r 
(1) ST aaa .- An D = 2 á > itar $ ST aaa 0 o Ak~jQksy e» ar DON, 


k=l j=1 > 


the notation. $ á indicating that Im case ax has the same value for two or 
k=1 : 


more values of k, the summation as to & shall include only one term repre- 
senting such values for each value of 7. 

Now with respect to the symmetric sum S on the right side of (1), 
there are: two possibilities. First, if any one of the numbers ai, az °°, atis 
am, ** , ar is different from zero, then the symmetric sum vanishes on account 
of our assumption that our theorem is true for determinants of order r—1. 
On the other hand, if a; == ag = > = ap- == aku = ' ' == ar = 0 then by hy- 
pothesis ax x£ 0. And for the value of & which gives rise to this situation, 
the right side of (1) reduces to . 


5 
> isang DU), 
1 


which vanishes by an elementary theorem:on determinants. Hence the entire 
right side of (1) vanishes, and our theorem is established. 

A number of variations of the theorem immediately suggest themselves. 
For example, the “shifting” involved in the transformation T might obvi- 
ously be made downward, to the right, or to the left, as well as upward. We 
will state one extension which is not quite so obvious, and which will be 
used in § 2. | 

With each element ax of the sequence a, as, *"", an We will associate. a 
sequence of n — ax elements | 


(2) Sk = (Sits Bots" 3 Snart) (k=1, 2; n), 


subject only to the restriction that if a; = aj, then s;==s;. And we will 
denote by i 
Lee 2« &n D 


Cia » » an 


~ | 
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the determinant obtained from D by shifting the elements of the kth column 
up ax places, filling in the vacant places by zeros, and then multiplying the 
upper n— a; elements of the resulting column by the respective elements of 
the sequence sx, this procedure to be followed for each column of D. 
By the notation ,.::... | 
LL Tune D 


Gta. an 


we shall mean the sum of all determinants 


3,84," 84, 
Maia” a 


where ai, ais ‘y ai, IS a permutation of a, aa, --, an. We may then state 
‘the generalization in the form: ' 


If D is a determinant of order n, and an as **, ans & sequence of 
numbers chosen from the set 0, 1, 2, ---, n, of which not all. elements are 
zero, And S1, Sa, **, Sn are sequences of form (2); then , 

ST ae. « &n D SS 0. | | 
i Lg a a An 
The proof ‘may be made by an induction similar to that uséd in the simpler 
theorem. 


82. 


In this section, we suppose the’elements of the persymmetric array _ 


- C1: Co g °°" 
C2 .Cg Ca ‘ °* 


n Ona Crna ° 


‘to be well defined for as many columns as the statement of the theorem 
requires. 
‘Denoting the binomial coefficients by the notation 


> 


À mm): (mmk HI), y 
(m)r = 1-2. k 2 MR ee 


we will prove the following 
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Theorem: For any: non-negative integer p, and any sequence of noh- 
negative integers Ta, Tas"; Tns 


Ga anéeass (jor 21) rest Cfosrott a: Gara tl) 410 fntrnrl 
(aa) raher (JotHret 2) roroCigrraea © © (Jantra R) ryt intrare 





3) 
Jitfat o a tjap 


(Jatti tn) pinCharan (7 pra) rnCigereen He (jn-Hra tn) tn’ jntraorn 
a 2 sj Jabra tn) ran (jotta tn) ran" ce (nan) ran 
Jitiot » « +jn=p 


Cinsrsst Ciatfori LUC thés Č jntrntl 


Cjutrir2 Cjotror2' ° * Cfntrnt2 


Cjirin Ciara” " Cintratn 


For the proof we shall N use of the following easily deducible relation 
between binomial coefficients: 


(+7 +h) res 


= (jt Pt) an (eh) (re ran (eh) ar 2 | 
— e ee e (JHA) ran 


oh holds for h = 1, 2, : 
By means of this red “the elements of any elon in (8) may be 
- replaced ROSE by polynomials 


(j+r+n) e A G +r+n—1), ran Chorst ae 
| + 6 Tr +1) ranOjaren 

| (jr) renCjrsz—(M—2)a (jrn) ran Caraz F: 
| t ; = JATH+R) rinCharse 


à 


' a ranCiarn 1 — (1), ( jrin Jn, ranCjiran-1 
( j+rtn) ranCjarin 


the symbols 7 andr carrying subscripts indicative of the particular: colum? 
considered. 
=: Each determinant of the sum (3) can therefore be replaced by the sum 





| 0 
= De . bi 7 ae a ic 
' 


DATE o 
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of n” constituent determinants (many of which obviously vanish) with the 
property that in each column all the elements contain a common binomial co- 
efficient factor. The typical form of these columns will be 


| | (—1)*(n—1) a(j-+-r--n—a) ranCj+rei ` 


. nee) Creatas  * 
(4) | | | | | 


(—1) Ga) a (Jtr+n—a) ranCjiran-a 
0 


0 

the last a elements being zero. There will be such columns corresponding to 
a == 0, 1, +++, n— 1, and we will say that the column (4) has the character a. 

Consider now any set, of numbers. G1, a2; °°", Gn, each chosen from the 
sequence 0, 1, -°-, n— 1, not necessarily distinct, but at least one of them 
being zero. Consider the constituent determinant in which the first column 
(involving the index jı) has the character a, the second column (involving 
the index j+} has the character ‘a, and so.on. We will say that.this con- 
stituent determinant has the character (ar, az, **", an). Out of this deter- 
minant we can take the factor i 


(5) (—1)ete tan (j -Hri no) rian (Jat re nas) ran" e 
(ntra tnan) riens 


leaving a residual determinant of which a typical column is 


On) atira 
(n—2 ) aCj+r+2 


a 


| (a) a Cj srant 


0 


Lo I£ (aij, ai ***, a) is any permutation of (as as **', an) there will 
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be a constituent determinant having the character (ais ai,,°°*, ai), and-out 
of it we can take the factor: 


(6) G ae Gba (er ran” 
. l A an ) t,t» 


which in general will be different from (5). 

It now becomes necessary for us to note a significant property of the 
- sum (8) which we have not previously stressed, and which will enable us to 
correlate the products (5) and (6). The notation | 


jatia . - +jn=p 


indicates that the summation is to be made for every combination of indices 
ity joy *'*, Jn of which the sum:is p. Hence if in a determinant i by 
this summation sign we make. a transformation of indices 


fadi je = F2 + G2, tt, jn = J'n + On; 


there will be no change in the content of the summation, provided a, + a, + 
ve s i | | 
If therefore in the determinant ‘with character (a:,, iy "++, a4.) we make 
the substitution fet Oe 


* * + “7 Pao * eae “y ea ae RS cin CR 
J= fat anan J2 = i'n F ti — tz ty Jn = fn F ti, — any | 


the content of the summation will not be affected. And upon dropping the 
primes from the indices 91, F2, * * +, J'n in the product (6) after transforma- 
tion it is seen to be identical with the product (5). 

- By means of similar transformations we are able to reduce each deter-. 
minant whose character is a permutation of (as, az * °°, a) to a form such 
that the identical factor (5) can be taken from it. 

It is not very difficult to see further that the residual determinants are 


obtainable by a transformation 7's,s5,..s, from one and the same determinant. 
Alg s. Gn 
We may in fact write the sum (as indicated. by > ) of all the con- 
ae jr-Got + + +fn=p 
stituent determinants whose characters are permutations of (ai, az, * °°, an) 


in the form 


(7) se > i (—-1) cata aoe tan (9,75 -+n—ay) ryan (jotre-+-n—az) ran ie 
itfot . . tnp . 
Gn-Ern-tn—an) ST 8182 . en D, 


da . e an 
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~ 


where 
Ciysriti-~ay Cjg+rgti-az ` ’ © intrati-an . l ` : 
Cjsvrato-on Cjgirgt2-ag °° © intrnt2-an : 
| D == i i ` ; j n } 
E 
Carat Ciy+rgin—ap 7 * € Sntratn—an 
and 


SR == ((m—1) a: » (m—2)x Pa eng (ar)ax). 


We are now ready to draw our conclusion. If the set (a, ag, °**, an) 
contains an element different from zero, the sum (7) vanishes by the general- 
ized theorem of $ 1. Therefore the only non-vanishing part of the sum (3) 
is given by (7) for a, == az =: ' '= an= 0. This value is evidently 


ditior a a tjap 


(farah) on (jetra tn) ran? © © (Jatra +) ran 


Cjstrirt Cjatrort * ` C fntrntil 


Cjitrit2 jorrar °° Cintrnt2 


Me Oe ee 


* + + + = 


Cjr 1n Cjgrr ein * * Cintratn 
and this is the value as stated in the theorem. 
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A Direct Solution of Systems of Linear Differ- 
ential Equations having Constant 
_ Coefficients.” 
By J. A. NYSWANDER. 


1. Introduction. The theory of linear differential equations having 
constant coefficients began with Euler, about the middle of the eighteenth 
century, and was continued during the latter part of the century by other 
mathematicians, the most noteworthy of whom were Gauss, Laplace, and 
Lagrange: All of these writers except Lagrange treated a single equation of 
low, order; Lagrange, however, was able to solve those special systems of 
linear differential equations in a few dependent variables for which the roots 
of the characteristic equation D(A) —0 were distinct. During the interval 
of about seventy: years between! Lagrange and Weierstrass, various symbolic 
methods were devised for solving a single equation of the nth order, while 
for the general simultaneous system of equations a treatment was given only 
for the simple case in which D(A) —0 has distinct roots. In this period 
special systems of equations for which D(x) = 0 has multiple roots were 
solved by regarding them as the limiting cases of corresponding systems of 
equations for which D(A) ==0 has distinct roots: This method is unsatis- 
factory logically and practically impossible of: application. 

The first complete treatment of a system of differential equations in n 
dependent variables was given " Weierstrass.} He started with the system 


(1) T'i = dint, F> "F Ginitn (i= 1, iy n), 


where z’; == dx;/dt, and made Linear transformations on certain bilinear forms 


‘ obtained from (1), thus securing a simplified equivalent system of equations 


of the form 
oy bu hé: 
(2) Ea == Mé + dé, 


E <— M6; + TET 


ed 








* Read before the American Mathematical Society at nr April 18, 1924. 
t Weierstrass, Collected Works, Vol. II, pp. 74-75. 
R57 
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where Ay is a root of order 7 of the equation D(A) =0. The properties of 
D(A) pertibent.to.the’ problem were expressed in. terms of the elementary 
divisors associated with D(A) ‘and its minors. . Although Weierstrass’ process 
is logically sound it is indirect and tedious in application. Solutions of the 
problem were also given by Weber * and Frobenius. Their methods are 
essentially the same in principle as that of Weierstrass and differ from it only 
in certain minor details. 


A method of treatment t which is entirely different in character from. ` 


that of Weierstrass was given by Thomé. By differentiating a single one of 
the differential equations n — 1 times and replacing the 2’; at each step by 


È it, Thomé arrived at a single differential equation of the nth order in 


one of: the zı say x This procedure implies that a certain determinant of 
the coefficients of £a, °° * , Za in the n differentiated equations is different 
from zero. Each of the n solutions of this differential equation of the nth 
order gives rise to a set of simultaneous linear equations in #,, + + - ,&, which 
can be solved. If, however, this determinant is zero the procedure just indi- 
cated leads to a system of non-homogeneous differential equations which must 
be solved in the process of arriving at the solutions of system (1). Thomé’s 
treatment, although simpler in theory and application than any of the eather 
methods, is likewise indirect and laborious to apply. | 

The present paper treats the general system of differential equations by 
a method which is both elementary and direct, and which at the same time is 
much simpler of application than any of the previous methods. A -general - 
form for the solution of system (1) is obtained, from which, in any particular 
case, the desired solutions can be written at once in terms of the minors of 
the determinant D(A:) and of their \-derivatives. 


2. The Solutions when D(A) —0 has Distinct Roots. Before solving 
the problem in its greatest degree of generality the two cases for which the 

characteristic equation D(A) = 0 has distinct roots, and a triple root, respect- 
ively, will be treated. : 


Consider the simultaneous system of equations | 
(1) d'y = Bit, +° “© -F indn (ta=1,°+-, n), 


+ 
* H. Weber, Lehrbuch der Algebra, Vol. IÍ, pp. 41-42: 
7 Crelle’s Journal, Vol. 86, pp. 42-72; 146-209. 
+ Crelle’s Journal, Vol. 131, pp. 8-24; Vol. 133, pp. 1-17. 
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where the a,; are given constants. Let the question be raised whether or not 
they have a solution of the form ` 


(2) di = Azer! : (i== 1, Fee, n), 


in which the A; and À are constants. On substituting (2) in (1), it is found 
that if (2) is a solution, then the A; and A must satisfy the conditions 


” Pin + vds -þe AinAn = 0, 
(3) ; 
| A id me a i Can = ») E= = 0. 


Equations (3) are linear in the Ai and will have a common solution in which 
not all A; are zero if, and only if, A is a root of the characteristic equation 


Gi À, Go, ts Gin 
: Bers Ase Cra A; ree es 3 Ban 
(4) DO)= | 0 
Unis Ane, ‘ Se 3 nn À 
x * = 


Suppose that D(A) ==0 has n distinct roots A, - * *, An. For each of 
these n roots equations .(3) have a solution for which not all the 4; are zero. 
-Since for each A == À; at least one first minor of D(A;) does not vanish, one 
can express the n solutions of (3)..in the form 
(5) ` Aj = Byres (pi=1, n) 
where the c; are arbitrary constants and the 8j,; are the first-minor cofactors 
in D(A;) resulting from the solution of (3) for the A; by determinants. In 
general, the second subscript k of jx; is used in indicate that 8;,; represents 
a kth minor cofactor (of order n — k) of the determinant D (A:). 

On substituting (5) in (2), one obtains the solution of system (1) 





Ly == CidrrieMt (i == J; oot Tig n>, 
(6) 
ba | Ln = Cini Nit. 


A proof of the fact that (6) form a fundamental set of solutions of (1) 
will be omitted here since a demonstration of this property for the general 
case will be given in Section 7. 


3.. Solutions of System (1) when DO) =0 has a Triple Root. Let 


Ai, Àp * ©”, An be the n roots of D(A) = 0, À —A\, being a triple root. The 
following cases, classified with respect -to.the properties. of. D (à), can arise: 


bu ca 
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I. All first and second-minor cofactors (Sj1x and jx) of D{Az) are 
zero, while at least one third-minor cofactor (3;.x) is not zero. 
IT. At least one 8:1, is not zero. 
IIT. ‘All 8:1, are zero, at least one Sie, is not zero, and at least one Bit (A) 
has a A-derivative that does not vanish for A= À. 


Since the A-derivative of every (7 -1)st minor of D(A) is a sum of 
jth minors of D(X), it is evident that 


[Ss (A) | == À bise 
ays eo tk 


Thus if A = M is a triple root of D(A) — 0, the case for which all Sur — all. 
Sion = all disx == 0 cannot exist. It would appear that under III there would 
arise the sub-case obtained by replacing the last hypothesis of III by the one 


that every | 
d 
[+ ssla) | Eh = 0, 


F 
[ z Bul) ha 0. 


That this cannot occur when À = À, is only a triple root of D(A) — 0 is 
readily seen by considering D(A) when reduced to its normal form.*: 





at least one 


Case I. In Section 2 it was seen that if the system of diferential 
equations 


(1) L'i = Qar +° e + Ginn (i m :, n), 
has a solution of the form 
(2) ty Å; (i= 1," "-,n), 


then the À; must satisfy the equations 
(3) E Í andy —0 (t= 1,:':, n; ki). 


Since by the hypothesis of this case D(A,) is of rank n — 3, the solution of 
(3) may be written in the form 


(4) As = Biers + Bis22 + Sissa (t= 1, +--+, n), 


where cı, € and cs are arbitrary constants, and the 8:3, are the third-minor 
cofactors in D(A,) obtained in the solution of system (3) by determinants. 


* Bécher, Introduction to Higher Algebra, p. 267. a 
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One observes > in P E of the nature of solution (4), at least two 
of the dig, (i = *,n) are identically zero for k == 1, 2, 3 respectively, 
while at least one es the 8:34, in each of these three sets, is different from 

zero. On substituting (4) in (2), one obtains as the three solutions of equa- 
tions (1) 


(5) - Tj = cad; (7 == 1, e, n; t= l, 2, 8). x 


The remaining n — 3 solutions of system (1) corresponding to A == Apt 
dn are given by (6), of Section 2, for.i == 4, + ++, n respectively. 


3 


Case IT. . At least one 3::, is not zero. It will be shown that in this 
case the solutions of equations (1), associated with À == à, have the form 
(6) gi (AQMP APEH A) (i=1, >, n), 


where the 4:% are constants. On substituting (6) in (1) and equating . 
coefficients of #2, t and #, one obtains as sufficient conditions that (6) shall 
. be a solution of (1) 


(7) ` (au — a) Ai T = QnA == 0 C= oe QUE k Æi), 





(8) (ai — A) 4:39 + 2 Bix Ay = 2AY™ (i= 1, , n; ki), 


(9) (aie — Ma) A +S nde = A (Gel: + 5 bi), 


It will now be shown that these conditions can be satisfied. 


In order to obtain the. solutions of (7), (8), and (9), ‘start with the 
identities | 


( (411 — A) dn (A) + ce. + dinOn1 (A) = 0, 


(10) | Qn-1, Ba (A) + + Ani, ne o= — =0, 
| andi (A) +> F (ann — À) èm a) = = D(A), 


where 8:1(À), © * *, Òn (À) are the cofactors of the elements ang * * *, Qnn — À 
-respectively in D(x). The third subscript of the 8j.., which indicates the 
value of À under consideration, will be omitted except when it is necessary to 
distinguish notationally between several groups of cofactors of the same order. e 
In writing the identities (10) it has been assumed, for convenience, that the 
| first n — 1 rows of D(A,) contain a non-vanishing first-minor. 
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' On differentiating (10) twice with respect to A and setting À == À, it is 
found that the relations 


(1) (ats —A1) Bis +> ae == 0) Ga PSE a k t), 

(2) (muu) Pat È amd (WL ki), 
(18) (an — M) + > aad a =a (t= 1+ + + 2; ki), 
are satisfied. In relations (12) and (13) the notation 


Oy, = É 8 (x) | dir = | Buc(r) | Sa = e 3 (À) | 
EN ik NEN ik FE l o 4 dye i hed 


has been used. Relations (11), (12), and (18) give, at once, the following 
solutions of equations (7), (8), and (9) respectively: 


(14) Ai == Cidia (4 = Dery n), 
(15) Ai® = 20i + Cda (t= 1,°°°, n), a 
(16) Ay = 640741 628’ 41 + Cadix (t==1,---+, n), 


where Cı, ©, and c, are arbitrary constants. On substituting in (13) the 
values of the 4: just determined, one obtains three solutions of (1) which 
can be written in the following form: | 


(17) Ti = C1 (8i + 20 it + Sit?) eM + Ca (Èi + Sit.) edt + Cadre tt 
(i—=1,":",n). 
The remaining n — 3 solutions of (1) are given by (6), of Section 2. 
Case III. Al Ôi are zero, at least one diez is not zero, and at least one 
i% Is different from zero. 


By the procedure employed in Case I, one obtains the two purely expo- 
nential solutions of (1) 


(18) + v= Cidi gMt + Codigee®* (a = 1, te BBs n). 


The remaining solution of System (1) corresponding to À — à, is obtained 
from the first of the three solutions included in (17). For the hypotheses of 
Case ITI this solution becomes 


(19) di = Ca(9 4, + WH tlemt (i=1, n). 


The remaining n — 3 solutions of.(1) are given by (6) of Section 2. 


-= ne 
| 


Differential Equations having Constant Coefficients. 263 


4, Fundamental Sets of Solutions. For each of the cases considered 
in the two preceding articles n solutions of equations (1) were obtained, but 
it was not shown that they form a fundamental set. Although this property 
will be established in Section 7 for every. case that can arise, yet it seems 
advisable at this point to illustrate the method by proving the independence 
of the n solutions in Case II, of Section 3. : 

The n solutions of the system of differentizl equations (1) will form a 
fundamental set if, and only if, their determinant A(t) is different from zero. 
Suppose that the solutions | 


Tj == Cy (8775, + RO’ jat + 53187) et -+ C2(8 51 + ôjt) gà 


(20) n 
One e 2 eae ea 
do not form a fundamental set, and hence that A(t) ==0. One easily veri- 
fies that 
A(t) = A(0) ert » +. tone, 

where 

METT ETT Oi, Sia, °° ‘> Oyun l 
(21) A{(0)= |- : i ; f -| —0, 


tf . 
5 ls Onis Ôn1s Ôn14s "ty Onin | 


in consequence of the assumption A(t) = 0. 
The assumption (21) implies that there exist n constants ¢,°,-- +, ¢n® 
not all of which are zero, such that 


(22) CAGE + 62685, + Ca 844 + Ca O5 ;14 + pare + Cn Sjan == 0 
(j=—1,-+--, n). 


For this special set of values of the ci, equations (20) become 
Ej = Oy (j + RO prt + 8147) 0! co (8752 + Syd) em? 


(23) | 2 | 
+ cadje + 2 658 jet (miles 0) 


Thus (23) is a solution of (1) having, from (22), the initial conditions 

g (0) = 4,(0) = +++ =2,(0)=—0. The trivial solution m, == r, ==- 

== % =0 also has the foregoing initial conditions. In view of the unique- 
t 


ness of the solutions of (1) under given initial conditions, it follows that the 


x; of (23) are identically zero in t. 


Take any z; == 0 of (23) and differentiate the identity n—- 1 times with 


(25) 


nr 
` 
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respect to #. On setting ¢==0 in each of these n identities, one obtains the 
n equations | | 


08” ;10: 0 + 087; 4102 + 1871030) + EAG -je e e H 18; ncn = 0, 


087520, + 18’j2¢2 + 185103 0 + Adjat” i i SE AndjanCn ® = 0, 


4 


28” 71610 + 218751606 + 11287103 00) F Gai de + + AndjanCn D = 0, 


(24) 


(n—1)(n— 2) aa A (n — 1) ry28 ne ® + AS, ce 0) 


-+ AT 18414640 +: : + An” D j1n0n © = V, 


which are linear and homogeneous in ¢,, - *, en. Since not all of the 
C0 are zero, it follows that the determinant T of m coefficients must satisfy 
the condition 


0, 0, "1, Vtt | 1 
0, 1, ig. oos An 
T = Ò” 5,8” 419720424 "ee Stn 25 BÀI À, ENT Aa 


6}; 37, | Ai? > o's æ : 1 Anè 
GD CU, (m1) ay", N A Ai 


which can be written in the convenient form 
(26) Ta 0. 5318/5185 18514 aes OjinTi = 0. 


That the determinant T, is different from zero is easily shown, for, let A(A) 
be the determinant obtained by replacing the elements of the first column 
of I, by 1, À, AŽ, ++ +, A” respectively. The equation A(A) — 0 of degree 
n— 1 in À has Ay, Ay, Ag è ©, An as its n — 1 roots. . Consequently 


LD oro | 


for otherwise A == À, would be a triple root of A(A) —0. Since T, <0 at 
least one of the factors in (26), multiplying T,, must be zero. On omitting 
the corresponding column and considering the first n — 1 equations in (24), 
one proves similarly that a second of the factors of (26) must be zero. By 
répeating this procedure one ultimately shows that 





87 j1 = Oj = Oj = Sj = * * == 8jin = 0 (j—1, ar | n). 


This result contradicts the fact that in each of the n solutions of (1) there 


is at least one non-zero coefficient. Therefore the assumption that A(t) == 0 


rs 
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is false, and hence the n solutions of Case II, Section 3, form a fundamental 
set of solutions of equations (1). 


5. Derivation. of a General Form of Solution for System (1). It will- 


“now be shown that when D{A) and its minors have certain properties, the 


system of differential equations = ‘ 


(1) a, == Gil + + Ginln (=, >, n), 
has a solution of the form. 
(2) i gi = (A; Pto p A PHE te st AE AD ) ght 


(i— 1, DR n), 


where the A; are constants and À is a root of the characteristic equation 


' D(A) =0. On substituting (2) in (1) and equating coefficients of te, - : - 


4° one obtains as sufficient conditions for the existence of a solution of the form 
(2) the w + 1 sets of equations 


(8) (ou — A) 4s HÈ anda —0 Cabine 


n 
{4) (ais — Ay) Ar + 2 aux? = == oA” (2 = 1, ts, k z6 4), 


,* s * * « * rf 


(5) (ag — A) AL + È an A = (o —h die 2) A, ed) 


(i=1,--+,n; ki), 


+ n P | + 
(6) (aii —},)A,er) 2 dir Az (ot = A,’ (i AEO 1, <. h3 k of +); 


. The solutions of these w -+ 1 sets of equations will be expressed in terms 
of the cofactors of D(A:) and their \-derivatives, and consequently it will be 


necessary to consider in detail the determinant . . 


Azz, ue. Frs Œ,n-fs Œi,n-j413 "ts Gin 
ets Ang — À, `°, Gandy Go,n-415 ‘++, ln 
D (A) = |an- Anjo ts Ong nog Ay |On-j,r-jars t'y Anoj 


On—j+i,ts Gn-j4i29 ts T°, Anjinn-j À)"; GŒn-jusn |. 
+ : * + * * 


Ants Ones ° ‘a . . P e è 3 Onn-—X 
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where the jth and (j — 1)st principal minors, of orders n — j and n— j +1 
respectively, have been set off with lines because of the important role that 

_ they play in the subsequent theory. On referring to D (A) one. readily vers 
the identities 


= 5 cad) 0 (i=: nj; bi), 


(7) TE 
(ai — À) è: (A) + > id (A) = = 0 Gmn—j+1,...,n; ki 


where the &: (à) (i= 1,- -, n—j-4+-1) are the jth minor cofactors, re- 
spectively (of order n — j), of the elements aj, (t==1,-°°,n—j+1) 
in the upper left (j —1)st minor of D(A); and the 84,54(A4) @=n—j+1, 

-, n) are the upper left (j—1)st minors of D(A) obtained by replacing 
the (n—j-+1)st row by the ms -+ 1)st, (n — 7 + 2)nd,- : -, nth rows, 
respectively. 

For the foregoing particular choice in the position of the (7 — Da minor 
cofactors of D(A) occurring in (7) the &; (k=—n—7+2, : -:, n) are 
identically zero, by definition, and have been written for the purpose of 
securing generality in notation and logic, and also for the purpose of making 
the coefficients in (7) agree exactly, in form, with the coefficients in the left 
members of equations (3), : ++, (6). This specialization in the position, in 
D(A), of the (7—1)st minors in question has been employed solely for the 
purpose of attaining simplicity in presentation; all subsequent work, how- 
ever, is entirely general and applies to any minor-cofactors of D(A) satisfying 
certain conditions which will now be specified. 

Suppose (a), that (A—A,)*® is a factor of every (7 -—1)st minor-cofac- 
tor (of order n — j + 1) of D(A), while at least one (7 — 1)st minor-cofactor 
does not contain (A—A,)%*4; and (b), that (A—A,)" is a factor of every 
jth minor-cofactor of D(A), while at least one jth minor-cofactor does not 
contain (A— A,)**1, where obviously s—r1. Let identities (7) be dif- 
ferentiated s— 1 times successively with respect to A, setting À == À, in each 
of the s sets of relations thus obtained. By hypothesis (a), the right mem- 
bers of the resulting s sets of relations vanish and, by (b), each term of the - 
left members of the first r sets of equations also vanishes. There remain, 
however, the following s— r non-trivial sets of relations: 





e , : i 
i : 1 ~ r ; | 
(8) (aii — A) 843? + 2 Bindeg O m= Ogg CD) == 0 (i= 1, o, n; kt) 


A 
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| 5 . 

(9) (ais — Az) by D + > Windy TTY — (r +. 1)8i5 | 
p k=] F 

| (2 1,":",n; ki), 


n 
(10 (aii — M) D eS ade DP == (r + h — 1) bp rD 
k=1 
(=1,: +, n; kit), 


(11) (a4 — ma) By a ŞS darse D = (s—1)8y® 

si Ce ee E 
It is to 7 remembered that g least 7 — 1 of the 8,5, < * +, 8:3 are identically 
Zero in A, the remaining n— 4} + 1 of the &;; being the jth minor-cofactors 
of the elements’ of some row of a (j—-1)st minor-cofactor of D(A). Fur- 
thermore, the choice of the (j— 1)st and jth minor-cofactors occurring in 
(7) is restricted only by conditions (a) and (b), where it is to be understood 
that at least one of the 8;,;..{A) does not contain (A—A,)**, and at least 
one of the &(A) (k—1,- - -, n) does not contain (A—A,)™*. 

If now the arbitrary œ in (2) be chosen so that o == s—r— 1, it is 
observed that the w + 1 sets of relations (8), : + +, (11) have the same coeffi- 
cients in their left members as the w + 1 sets of equations (3), : : +, (6). 
The 4,%, - + +, A,“ in the left members of (5) occur in the right members - 
of the (h + 1)st set: corresponding relations hold in equations (8), : 
(11). „One thus obtains, by comparing the sufficient conditions (3),: + -, (6) 
_with the equations (8), ---, (11), the following solutions of equations 


(3), ms (6): 
(12) Az D = Oid P (k =1, nié, n), 


D +. Ody (k=1, +- 2), 





(18) : Ay (2) — = (1; = 1 


| | w(w—1) +++ (w—h+2) ee 

A Ca (r+1) (r+2)--- (pha) En 

Lo E O e 
Cas (r+1) +--+ (r7th—2) D r 


5; FRE Ond (kdl, e,n), ° 


(14) | 


Tee + Oy St 
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, a! g 
Azer? =< Ci; CIDG (ey % GFR) Gi) 4° -1) 
| + Os; o (el)! a slid 
(15) | o (r-+1) J (s—2) ™ 


2! 1 
-ee À Oog GIDC) pg D + Cos E 
, m | | (k= 1,’ n). 
‘On substituting the values of the Ax” given by (12), : + +, (15) in 
(2), © Un solutions of SR (1) are found to be 


Ong (r+1) 








Tr = Ts + 


1) 
Bey (FFL pond. o(o— pj TID {0-2 A 
-Fi (r 


+1) CH” 


o! 
+ ey #1 
l (o—1) ! 
REC) 
821 


-}- Co; ext] y (7) gel + =, cor +: 
(16) 
Ina a g 
| + Co, jet [be OF? + 





as Ong + 


M+ TD aye 


F Coj [858 7 dD] (k=1, ++, n). 





After replacing the Ci;(s—7t)!(o—t+1)! by Cr +1) : (s—i)ci 
(titre, vs the solutions (16) can be written in the form 


{3-1} 


(8-2) 4 Oy; 68 @-D fw 
ne [De Bi a be ] 
me at —1) ! a Li (s— CRT ES) AUS T w! (s—uo—1)! 


{8-2} , 


Ses eg 68-3 a Spy (eu) put | 
(17) Fa “Les (s—2) ! it 11(s—3)! zs +t (w—1) !(s—o—1) ! 


| Bj (8-0 Sp wD | 
` i A t PR mt 
OS re 


The w particular solutions of (1) given by (17) can now be written in 
the convenient form 


@ S 8x3 (8-2) fi-o 
(18) Te == À Cojo’ 2 
o=1 ` 


> Gi: C aes 


de 
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Thus it has been shown that if, for any root à= À„ of D(A) —0 the 
(j—1)st and jth minor cofactors of D(A) have properties (a) and (b); 
then w= s+—r—l1 solutions of system (1) given by (17) or (18) can be 


written at once in terms of the jth minor cofactors of D(A,) and their d-deriv- 


atives. It remains to be shown that for every multiple root of D(A) = 0 
the corresponding solutions of system (1), not of the type a == Aze’ (k —1, 
+, n), can always be obtained directly from Zorm (17) or (18)., 


6. Solutions of System (1) Corresponding to a Multiple Root of 
D(A) = 0. Suppose (A) that A= A, is a root of D(A) = 0 of order Sp, 
and (B) that all ist, 2nd, ---, (g—1})st minors of D(A) are zero, 
(q = So}, while at least one ath minor of D(A;) is different from zero. In 
consequence of (A) and (B), q purely exponential solutions of (1) are 
readily obtained in, terms of qth minor cofactors of D(A,). For, consider 
again the system of differential equations 


(1) Bi = Aint t+ ainda (i=1,: +, n), 


for which, if possible, solutions of the form 


(2) O m= Age? (dO +, n) 


are to be found. . On substituting (2) in (1) there results as sufficient con- 
ditions that (2) shall be a solution of (1) 


(3) ` (au —M)Ai + È aed 0 OEE ke4i4), 


4 


_ In view of hypothesis (A) and (B) the general solution of nanoa (3) 


can be written in the form 


r 


(4) Ai = tbig + Coig + + ++ Cabia (2=1,°°°, 2), 


where the 8;% are the qth minor ‘cofactors of D(A.) obtained in solving (3) 
by determinants, and the c; are arbitrary constants. At least g—1 of the 
A; in (4) will have single-term values of the form Ai == crdiqn Substitute 
the A; given by (4) in (2) and one obtains the g purely exponential solutions 
of system (1) ` | 

(5) 2r = Cien est + CoôpgoeMt +--+ + + Cadrage (k= 1, ee n). 


In consequence of assumption (B) all derivatives with respect to A, up 
to and opens the (q — j — t)st, of all jth minor cofactors of D(A) vanish 


270  NyswanDer: A Direct Solution of Systems of Linear 


“when A=A,, for j-=1,---+, (¢—1). This follows from the fact that the 
A-derivative of every (j—1)st minor of D(A) is a sum of jth minors of 
D(A). . Thus hypotheses (B) imply that (A—A,)%/ is a factor of every jth 
minor of D(A) [j= 1, 2, +, (q—1)]. If there exists at least one first- 
minor of D(A) which does not contain (A—A,)% as a factor, then the re- 
maining S, — q solutions of system (1), associated with A — àM; can be written 
at once by (17) or (18) of Section 5, for the hypotheses of Section 5 are 
satisfied if 
S=8, wo=8So—gq r=q—l, j=l. 


It may happen, however, that (A — hi}, where p = q, is a common 
factor of all first minors of D(X) in which case there are fewer than So = q 
solutions of the form (17), of Section 5, which are expressed ‘in terms of 
the first minor cofactors and their A-derivatives. In fact, a similar special 
situation may exist for the jth minors of D(A) for j7-—=2,--°-, (q—1). 
The assumptions with respect to this question will therefore be generalized 
so as to include every possible special case. 

Hence let it be assumed (C) that every jth minor of DA) has the 
factor (A — à), while at least one jth minor does not contain (A-—XÀ,)$1*1 
(j==1, 2,--+-, €), where obviously S; = q—j and 8;,—S;21. Hy- 
potheses'(C) are identical in character with the assumptions underlying the 
derivation of forms (17) and (18), of Section 5, and consequently the results 
of the preceding article are immediately applicable. The solutions of equa- 
tions (1) thus obtained by successive application of forms (17) and (18) of 
Section 5, are, in general, expressed in terms of Ist, 2nd, ---, qth minor 
cofactors of D(A,) and their À derivatives. In obtaining solutions in terms 
of jth minor-cofactors of D(A), (j—1, ---, q), one makes the following 
substitutions in (17) oz (18), of Section 5: 


(6) S= js, o= Sj1.—S8;—1=—oj;, r= 8; 


The total number of solutions, corresponding to À =A, which one PRES 
in this way, is clearly given by i | 


@y + @2 +: um D DER OS 
+ (Soi — So —1) = Bo Bu == og 


since, by (B), Sa — 0. There are also g solutions depending on the root 
- À = M, which are given by equations (5). Therefore there are S, solutions 





4 
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of System (1) associated with A == À, which is a root of oe == 0 of multi- 
plicity So- ae are 

y dat Skj (8-4) fino 
a Eco E Got 
The solutions corresponding to every other root of D(A) — 0 can be found 
similarly. | 


%.- Independence of the n Solutions of System (1). The independence 
of the n solutions of (1) will be established -by proving that their determinant 
A(t) is distinct from zero. In order to attain complete generality in the 
following pee assume that the characteristic equations D(A) —0 has 8 
roots, Ay, Ag, ° a of orders 61, @2,° *", êp respectively, where clearly 6 Sn 


and e + e -4'e FH emn Let 


(2) bi tem ga (G1 n), 
represent the n solutions of the system 

(2) dia EL Gil -..,n). 
The determinant of the n solutions is | | 

(a A(t) = | dis | = A (0) etat ++ ant, 

The indirect method of proof will be employed. Assume 
(4). . A(t) =0, 


which implies the existence of n constants c1, © + +, cn, not all of which ` 


are zero, such that 


(5) apa0) H + bon hin(0) =O (FA, n) 


; - From (5) it is evident that 


(6) Ti == Oba He Len Odin (t= 1, ° my n), 
is a solution of system (1) having as initial conditions 


(7) 0) = (0) =- + -= Ta (0) = 0. . 


But 2, = ==" = Ln = 0 is also a solution of (1) having initial condi- 
t : 


A | 
+ 2. Cidre? (k==1,+°-, 


4 
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tions (7). In view of the uniqueness of solutions (2) under given initial 
conditions, (6) becomes | 


(8) Ti == pia Ht + engin = 0 (G=1,-++, n). 


' Any 2; of (8) can be written in the form 
i Rai Ap-1 
(9) a= X afu + E Pfa (tet 0, 
4=0 4=0 E 


where the fi:(¢),° --, fait) are polynomials in ¢ whose respective degrees 
are indicated by their second subscripts, while the coefficients occurring in 
these polynomials are either derivatives of cofactors in D(A;) or linear com- 
binations of such derivatives. The nm.—1, nm: —1, +++, n; —1 are the 
highest degrees of the @ sets of polynomials fi:(t), fes(t),° © *, fai(t) re- 
spectively. ; | a 

Seb nı F na +: ’ -+ n= p and differentiate (9) p—1 times with 
respect to ¢, setting == 0 in each of the resulting p relations. One thus 
obtains the p linear homogeneous relations among the p constants c (4, - 


gD) Bo, of 


N1-15 mp chong Co na~1s 


(10) -a (0) = 0, 25(0) =0,° > +, aj%P(0) = 0. 


} 
‘Since (10) are consistent the determinant of the coefficients of the c;™® is 
zero, Or | 


p 
(11) r= qji Pia, è * *, Ag) = 0, 


where yj1,is the factor common to the elements of the ith column in T, and 
is either a single term of the form pea (A4) or a linear combination of 
terms of that kind. In accordance with the foregoing notation oe (À) 
indicates the aith A-derivative for À = À, of a mth minor-cofactor in D(A). 
After removing the factors n;:, © * , 97) from T, there remains the determinant 


(A), oes, (1), Tes, (ED, -- 751), 1 
(Ay) Er, es (Ay), Ny, PTE, (Ay) D, e. (As) D, Ae ` 
(12) > (Ay?) P, TA (Av?) , Ai”, se, (Ag?) FD, e., (Ag?) Ag? 
1= *- . . a * e LE LL , * 7 e » 1 
gE) Gerd, (A1), pa, eee, (API) Ge, 
| | tee, (Pt), ayes 
e where for convenience in writing 


dys 
an ARN 


~ 


(Agi) O — 


m Cd = ten aal - — 
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In order to show that T, is not zero, replace the elements of the first 
column of D, by.1, A, À2, -+ +, A9-1 respectively, and designate the resulting 
determinant by A(A). The equation A(A) — 0 is of degree p — 1 and has 
the roots Ai, À, * + +, À, of orders ny — 1, no, ns,’ * +, ng respectively. Since 
nı — 1 4- na +": -+ n= p— i1, all of the roots of A(A)—0 are ac- 
counted for. It is thus evident that 


d-1A (A) 


dal | AN oe T; 76 0, 


and consequently some yj; in (11), say yj, is zero. On omitting the last 
equation in (10) and suppressing the terms of the first column of T, since 
qi = 0, it is seen by a repetition of the foregoing argument that a second ji 
Say nye, must also be zero. By this procedure, one ultimately proves that 


(13) “Nj. = Riz =" = Dip = 0. 


since æ; was any one of the variables zi, * + *, Zn, it is thus evident that under 
the assumption A(t) == 0 one has (13) forj == 1," +, m., | 

In Section 6 it was seen that for any À = Ax the corresponding solu- 
tions of systern (1) in terms of jth minor cofactors of D (àx) have zero values 


- for at least 7-1 of the variables 2, : - -, 21. In view of this property it 


follows-that for each A; there is an z; for which at least one of the correspond- 
ing yj, of (11). is a non-zero term of the form oo (M). Hence (13) 
contradicts the established properties of the solutions of system (1) and 
therefore the assumption A(t) —0, on which the derivation of (13) was 
based, is erroneous. This establishes the fact that the n solutions of equa- 
tions a) given in Section 6 form a fundamental er 


8. Systems of Non-Homogeneous Differential Equations. Consider the 
system of non-homogeneous equations ; 


(1°) Ti == Gti E: + Gintn + ba (t= 1, °° +, n), 
which differ from the system of homogeneous equations | 


(1) di anti + int (1, te, n), 


_ by the @:(¢) which are assumed to-be analytic functions of t. Let - . 


(2) t= pu (t), °° *, En — ait) (i= 1, "tt, n) . 


represent a fundamental set of solutions of (1). Change from the dependent 
4 » 


- 
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variables x; to new dependent variables y; by the transformation 


(8) Ti = piti +” + PinYn (è = 1, : "es n). 
Since the ds satisty equations (1), the result of substituting (3) in. (1) is 
(4) Yip bby nbin = Gi (t= 1, +, 1). 


On solving (4) for the y:, one has 




















= On expanding the determinants Gu in 0e one can ee the y’: 
in the form 


(6) Ya. > OP ne Mt (i=1,:: AS 


mie the PA (0) is the cofactor of pj: in the. determinant | pj: ie ‘Since t 


is the only variable occurring in the right members ‘of (6), the y: are obtained 


by quadratures, and hence 


n 
(7) ge y= à 6; P pe™tdt + ci (i= lue, n). | 


On ne or in APS one has as ‘the general solution of equations (1) 


` 


(8) n= S ipa i S S O;P ne Midi \ Le > Cjpis (t= 1,-° -,n). 


A brief analysis of the nature of the solutions (8) will be given for éach 
e of the Tooming, important cases: 


CASE I. The characteristic. subis D(A) =9 he no multiple root 
and (a), the 6; are polynomials i int; (b) ‘the 6; are linear functions of Sin at 
and Cos at; and:(c) the 6; are linear: in Sin at.and:Cosat and polynomials i in ¢. 

© . 


1 L] e | e ay L 1 e » 
= 16 Pi ‘Ts Pit 0j, Pitsi ‘> Pin 
E : E 
i z Art-Mit . . . a . 
tits ek=1 | 
(5) ; = n Pix n 3 Pi, i-i 6;, Pj, iris . E Pin 
E Ant s i : $ . 
A(0)e= 
et LJ e s s . 
A(0) a "°° Pi i-i 0;, Pi i-is > Pin (i = l, ++, n), 
-where - in = (i,j— 1, sn). 
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Case II. The characteristics equation D(A} = 0 has one or more. mul- 
tiple roots which give rise to solutions involving polynomials in #, and the 6; 
have the properties (a), (b), and (c) as in Case L. ` 


Case I (a). For this case-the Py, are constants and therefore the general 
solution (8) becomes : | 
n ei ak, a E 
(O) w= Sparano foerdt Sopy (1: n). 
jkl CO 
After the indicated integrations are performed (9) ‘ean be written in the form 


r 


(10) em ye(t) + Besds (by n) 


where the Wi are “polynomials in ¢ whose degrees do not éxcéod. the highest 
degree of t in the 4. 
Case I(b). The quadratures occurring in (8) are now of the form 


SES 2 eva 
a 


If a? -E A3 24 0 (k= 1, e , n), then on performing the integrations indi- 
cated in (8) one obtains as the general solution of (1) 


(11) aj = Rı (Sinat, Cosat) + Sey (i—1,---, n), 
A 


where the R; are linear in Sin at and Cos at. - But if a? + A2, — 0, then for | 
Me = + aV—1,- 


f Sin at jat me 4 ms 9) E + 1 ge 2atv-1 ] | 
J \Cos at 1 2aV—1 


For As =— ay — 1, the corresponding value of the preceding integral is 
obtained by replacing a by — a. The solution of (1’) now takes the form 





(12) x, == R,(Sin at, Cos at) + hit (Cos at + i Sin at) J > Ciba; 
j=1 
(t—=1,°°-, 0), 


where the R; are of the same form as in (11) and the h; are constants. 
= Case I(c). For this case the quadratures of (8) are of the type 


Sin at Ne 
f mae } Midi. 
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After performing these integrations the. general solution of (1’) is 


(18) & = Hi (t, Sin af, Cos at) + È cpu (1 —1,- ++, 2), 
Fl 


where the Sin at and Cos at enter linearly but have coefficients that are either 
constants or polynomials in ¢ of the same degree as the 4. The special case 
for which As = = aV—1 makes no change in the form of solution (13) 
except that the degree of the polynomials in # is increased by unity. 


Case II. For each of the cases (a), (b), and (c), the Pj, of (8) are 
polynomials in ¢. In II (a) the integrals are of the same type as those in 
I(a) and consequently the solution of (1’) for this case is of form (10) 


_ Where, in general, the degrees of the y; exceed the maximum degree of the 04. 


Cases II(b) and IT(c) lead to quadratures of the same type as those of I(c) 
and hence the solution of (1’) in either of these two cases can be written in 


the form (13). | 


UNIVERSITY OF CHICAGO, 


May 20, 1924. A 


‘kh 


On Generalizations of the Bernoullian Functions 


and Numbers. 
By E. T. BELL. 


1. Both the numbers and the functions of Bernoulli can be generalized 


-in an infinity of ways. Many of these generalizations have either an interest 


of their own or an importance in analysis. The methods by which general- 
izations are attainable can conveniently be segregated into two classes. Into 
the first fall all methods dependent upon modifications of the difference 
equations defining the Bernoullian functions. The recent generalizations of 
Nôrlund * belong to the first class. As we shall not again refer to this class 
it is unnecessary to describe it further. Into the second fall all methods 
dependent upon modifications of the symbolic equations of definition of the 
Bernoullian functions. The symbolic calculus implied is that of Blissard 
(and independently also of Lucas), in which the symbol A is the umbra, or 
representative, of the class of numbers or functions A, (n —0, 1, 2,---), 
and À, is written A” until after the completion of all ordinary algebraic pro- 
cesses, when the exponents of umbrae are degraded to suffixes. During the 
intermediate steps powers A”, B",- + : of umbrae A, B, : : + are treated as 
ordinary algebraic quantities, or ordinaries. Wor example, the first derivative 
of A” with respect to. À is nA” 71, umbrally, and:this is nAn finally. We 
shall illustrate the second class of generalizations by an interesting example, 


-which itself generalizes an extension of the Bernoullian functions and num- 


bers due to Krause and Appell. 


2. As the substance of Blissard’s long neglected papers is now well 
known, it will be sufficient here to’ recall a few essentials of his calculus as 


` we shall use if. 


À function f(a, ¢, - ++, #™) in which each 2 (¢==-1,:--, k) 
is replaced by the umbra A is evaluated as follows: the z% are replaced by k- 
different letters A, B, : - +, C, each of which denotes an umbra, and after 
the degradation of exponents each of A, B, ~- +, O is replaced by A. For 
example, | | 


(A + Aaït=s (A + Ba)! = ABa? + A’ Bia = A:Bo + AoB:a, 


* Mémoire sur les polynomes ‘de Bernoulli,” Acta Mathematica, 43 (1922), pp. 
121-196. | 
241 
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if æa is an ordinary, and the final value is therefore AoA; (1 + a). Note. 


particularly that zeroth Money of umbraë must always be indicated expliditly. 
In particular, A, B, : - -, C being umbrae, a, b, “+ +, c ordinaries, 


(aA + bB +: + ++ c0)? = AcBo- + * Co; 


and the umbral multinomial theorem is, for n = 0 an integer (this theorem 
can be extended to negative and fractional exponents), 


n! 


(aA + BB +: --+ccC)? al Bl al atbh- - + cv Aq Bs’ + + Cy, 


the > extending to all sets (a, B, + : +, y) of integers a, 8, > > >, y such that 
| 0ÆaB,'":,y; atpB H Hymn 


The umbral ‘exponential theorem is, 6 being a parametric Pang A an 
umbra, 


20 
e48 — D, Ano /ni = S Anôt/n! (O!—1). 
n=0 


This can be considered as an identity of definition. It follows from this 
definition that we do not have, for A an arbitrary umbra, e49 equal to the 
reciprocal of e49. The value of e749 is obtained from that of e4? by changing 
the sign of the parameter 6 in e40: 


CO 
o4 — S (—1)"4,6"/n!. 
P n=0 


The one exception in which e4? is the reciprocal of e4? is the trivial case in 
which A, = 1 (n= 0,1, 2,--::). 

Infinite series, such as those just discussed, are ‘used merely as generating 
functions, or generators. Thus e46 is the generator of 4,/n!, this being the 
coefficient of 6". The question of convergence of generators can be disre- 
garded. If this is not obvious, it has been proved in a former paper.* In 
particular we can equate coefficients of like powers of 8 in identities Fe 
generators derived by means of the umbral calculus. 

It is desirable to have no umbral derivatives in the final statements of 
results. Such derivatives can always be eliminated by repeated. applications 
of the immediately verifiable identity 


gq C+A)= (044). 


s 
in which 0 is an ordinary and A an umbra. 


LS 


* Fransactions of the American Mathematical Society, Vol. 25, pp. 135-154. | 
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Addition of umbrae w, p, - +, t is used here only i in the following gense. ' 


aaa "e.t toiv, p->, t this is written u = vt p -+ 


+ ¢, and means that for all integers n = 0, 


| un = (0 Pe? at): 
the last of which is to be expanded by the umbral multinomial theorem. 
Thus if u == 0 + p, then ty = vy Po F Vopr; Us == VrPo + 201p1 + Vopra, ete. 
3. Henceforth each of the k letters A, B,::-,C represents an umbra 
of the Bernoulli numbers. - | 


Ds = 1, Di = — ¥%, D, = %, D, —— 1/30, : "ta Dann == 0 (n > 0), 
Dai Rri O. | 


and each of the k letters X, Y, +, Z represents an umbra of the common 
Bernoullian functions with the a ordinary arguments æ, Y, °° ", 2, 
so that 


NL | aa 
Wana) = À (—1) (7) Bai (n=0), 


(W, w) = (4,2), (¥.9),°°°, (Zg) i | 

It is well known (or follows as the simplest case, k == 1, of the numbers 
Q and functions A later discussed in this 1 paper) that the symbolic equations 
of definition for D, W are 


e? (1 — e”) 





6 
— D8 = ð , 
(1) ef —] a 1—e 
The arguments w = z, y, +, # are not assumed to be integers. unless so 
stated. | 


. We note first that Dn, Wn are functions of the integer variable n. A 
Éd on which does not seem to have been considered is that in which 
D, W are functions of p integer variables é, y, © * * 6, | 


D x, Hs ses Ÿ ? We mat > 


that is, these D, W are members of p-fold sequences. A discussion of the case 
p==1-is.a necessary preliminary for the case p> 1. We shall therefore 
attend exclusively to p==1, reserving the similarly treated case p > 1. for 
another occasion. myo | 

There is a second possible generalization, applicable to p= = 1, which we 
shall pass over here. We have postulated -that the- -arguments T. Y, wat, 2 
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shall be ordinaries. The case in which 2, y,- +, z are umbral, so that 
T” = En, etc., is treated with equal facility by means of the theory developed 
in a former paper.* 

' A third prolific generalization, immediately applicable to all that pre- 
cedes, consists in removing the restriction that J’, introduced presently, shall be 
algebraic in its arguments, a, b, 2’, y’,: +, 2. It is now sufficiently evident 
that the number of generalizations which can be systematically developed is 
infinite. The possibilities thus suggested will be more readily appreciated 
after the short treatment of the special case to which this paper is devoted. 


4, A power series Do” ¢,6" in 6 can be written in the umbral form e%, 
where un =n! tin Let F= F(a, b, 2’, y," ++, 2) be a rational algebraic 
function of its ordinary arguments a, b, 2’, y’, : * +, 2’, and in F make the 
substitution | 

(a, b, a’, y’, neey 2’) = (6, 69, er, evo, rosy orf) , 


so that F becomes a function of 6, say f(4). Write the power series expan- 
sion of {(@) in the form e“%, Then u is an umbra of a system of polynomials 
in the & variables x, y,---, 2, and U” == Un = Un (x, y,°**, x) is the nth 
such polynomial. For the special values (x, y, ' © +, 2) = (To Yo," * * , Zo)» 
where Zos Yo,‘ * *, % are given constants, the polynomials u become a system 
of numbers 8. We shall say that the numbers 8 are associated with the poly- 
nomials u, and that they have the characteristic determined by (zo, Yo, 

"+, 2%). Evidently u is uniquely known when F is given, and likewise for 
B when in addition the characteristic is assigned. 

For simplicity let us restrict the discussion to the case in which the 
coefficients of F are rational, and the domain (of reducibility) is the rational 
domain. Then the resolution of the numerator of F into irreducible poly- 
nomials in a, b, 2’, y”, -> +, 2 is unique, and likewise for the denominator. 
Suppose.common factors to have been removed. This unique form of # is 
expanded in the form e“, and u is now called a primary umbra, ‘From the 
definitions, primary umbrae arise only from irreducible rational algebraic 
functions F. The numbers associated with u are called primary. Non- 
primaries, either polynomials or their respective associated numbers, are called 
derived. - a 

A further generalization, easily attainable and readily developed by the 
symbolic method, at once suggests itself. In the foregoing we have replaced 
ag, y’,: + +, 2 by e, ef, ++ +, e respectively. But we might also replace 


* Mathematische Zeitschrift, Bd. 19, S. 35. 
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Bye ae by GE, oe gerse CRE hero Os. de ate single valued 
functions. The case where P, Q,- + +, R are algebraic is of special interest, 
because it leads to an immediate, generalization of the Bessel coefficients: 

It is now evident that we can set up a simple isomorphism between the 
multiplicative properties of rational algebraic functions in # +2 variables 
a, b, £t, y," * +, 2 and the additive properties of umbrae of polynomials in 
k variables z, y, * >, 2, and similarly for umbrae of the respective associated 
numbers. | 

Suppose first that F is irreducible. Let e”? be the umbral exponential 
obtained from F as above outlined. Then from F”, n> 0 an integer is 
derived e”“9, where n.u is a convenient symbol for the sumutou-+::-+t 
of n umbrae, each of which is to be replaced by u ue the degradation of 
_ exponents, Thus 


(3. uw)? == (u + v +t)? = Utt + UpUato + Uovole 
j + QU Urb + OU Volr + QatoUr ts. 


If F is reducible, “y F = G*H8. - - KY, let the respective umbral ex- 
ponentials of F, G, H,:- +, K be e%9, 6%, et,- - +, e??, where u, v, t,---, p 
are umbrae.- Then albany since for wu’, v’ arbitrary umbrae, au igi 0 == 
ete, we have 


u =a. v + pt tH e Hyp. 


With reference to umbrae, it follows (cf. § 6), that the rational algebraic 
functions giving rise to exponentials involving those umbrae play a part 
analogous to that of antilogarithms in ordinary multiplication. There is also 
a complete correspondence for division, but we shall not discuss this here. 

From the above sketch we see that the algebra of derived umbrae can be 
inferred from that of the primaries. The common Bernoullian functions 
A defined in (1) are primaries, since in this case F is F(e%, ec), and 
F(a, b, 2, y’,: °°, g) = F(b, z) = IA; which is irreduci- 
Le in the sense defined. 


5. ‘To illustrate the foregoing we take the immediate extension suggested 
by F(b, 2’), of 8 4 and multiply together & such rational functions. The & 
letters.a, b, + + +, c denote ordinaries; £, y,- + >, z are k independent variables, 
and as in § 8 each of the k umbrae A, B, : + +, C is an umbra of the Bernoulli. 
numbers. ° 
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The Functions A, 
At= A, = Ap 2 ++ 220) (æ, Yes A) 


are defined by 


9 is a eb8(1 — ev?) e°9 (1 — ec) 
G OSS ge eS 


With A it is evidently convenient to introduce the following, suggested 
by the right of (2): the functions of Y, 


=v, =, by «+ as C) (x, Y, Dr 2), 


defined by 
(3) eY — (1— 6°20) (1 — eP) + + + (1 — 0658) ; 
the numbers Q, 


or = 0, =, re eae) 


whose definition is 


x að b0 c0 
(4) eee a pe ML °° 1 


the numbers ©, 





O” = On = Oph b+ +++ 0), 
defined by 
(5). e90 — (1 — 600) (1— 60) : - - (1— e), 
and the functions &, 
Dr = Pn = GH -- (my, 2), 


whose definition is 


axd by 020 
(6) = ati IT mT 


Each of An, Yu, Qn, On, On, IS Of rank n, order k (= the number of 
independent ordinary variables v, y,- * +, z, or the number of ordinary para- 
meters a, b, `+ +, c), and the one-rowed matrix (a, b, - - -, c) is called the 
characteristic in each case; x, y,* * , z are the arguments of the functions. 

For the characteristics 


(1, 0, 0, : ° #30): (0, 1, 0, - : ge) ee t3 (0, 0, Da 1) 


An is equal to Xn, Yn, © + +, Zn respectively, so that the common Bernoullian 


a} 
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functions are included in the special case &—1. For the characteristics 
(a, b, 0, 0), ( a, Dome 0}),-:- 


we have 3k(k— 1) functions of order 2, of which a typical one of rank n is | 





D ET bX Y, OSE n Éty—n, 
so that the functions of Krause and Appell * are given by- the special case 
== 2 with the further specialization that x, y be integers = 0. If x, y, 
‘++, Z are integers, the explicit form of A, is obtained at once from (2) 
rewritten as - 


#& 


y 
GAB — S SaD elottt... +4008, 


=} zł £=1 
so that 
g y 2 * ` 
An= D So- S (£a + mb +: - +éc)r. 
é&=1 yel £=1 


The like is not true, of course, if æ, y, : ++, z are not integers > 0. 
From (4), (6) we have 


(7) - Pph Ore (1, 1, es +, 1) = QU. 0: 
and from (3), (5), 
(8) Pph Woe (1,1, ++, 1) = Oph 0D, 
For the respective characteristics 
(a, Lies), det Aye, LI ee); 


Q becomes a"An, b™Bn,+ + +, c"O,, where as always each of A, B, : : +, C is 
an umbra of the Bernoulli numbers. _ 


6. .The relations between the numbers and functions defined in § 5 for 
various ranks are obtained by the following entirely general symbolie method. 
Let 6 denote a parametric ordinary, and 8, a, 8,° > +, y umbrae such that 


(9) §6=atP+--:+y, 
or what is the same, by the definition of umbral addition, 


(10) P= (at Bp ty)" (n= 01,2 -7°). 


| s 
* Ber. Ges. Leipzig, 55 (1903), pp. 39-62; Archiv Math. Phys. (3) 4 (1902), 
Din.208:D eg Si es re) : S | S | Ni | 
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Let the cn (n = 0, 1, 2, -> -} denote ordinaries, and write 
r 
di). f(8) = 2 nd; 


where the upper limit r of the summation may be finite or infinity. If the 
latter, we shall assume for brevity that all infinite series occurring henceforth 
are absolutely convergent for some | 6| +40. This assumption is not a neces- 
sity.* From (11) we have by means of (10) 


o+) = Sool È (pJete + 


~ È on(O-+ a+ B+: es: 
and therefore 
(2) FOB) = Hat E+ +); 


that is, from (9) we infer (12), where f(6) is arbitrary except that is pos- 
sesses a power series expansion (which may terminate) in 6. 
| _ To obtain umbral identities such as (9), we observe that, if P(8), AO ; 
> T(0) are ordinary functions of 6- whose power series expansions in 6 
are ne by the umbral equivalents ¢°9, e78, 680, + + -, eY? respectively, so that 
we have the symbolic equations | E - 


P(0) =, Q(8)—e%, R(0) = 00, +, T(0) = o, 


ànd if moreover we have the ordinary identity à 
(13) - P(8)—@Q(6) B(8) ` : : T(8), 

then . 

(14) 650 — p(atB+... +16, 


~ 


and hence we have (9). Hence the deduction of additive umbral identities 
such as (9) is reduced to that of multiplicative ordinary identities. 
Consider next the frequently occurring modification of (18): 


(15) . KOP (8) = Q (0) R(8) - : - T(8), 


where K is an ordinary constant (independent of 6) and r an integer > 0. 
Then, instead of (14) we have 


Kore == gtatB+... +18, 


*In the paper cited, I have shown how the contrary case is to be interpreted. 
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which can be written symbolically, 


or gh 
K agy mua eta+8+ be +16, 
and hence = 
prr | aa 
K fọ Ce a als 


whence, as in deriving (12), and eliminating the umbral derivative by 
means of 


ar | ar 
Spar (POS ea de) 
we get, as the relation implied by ue) | 


(16) La par Ota HEH +7). 


Hence by means of the simplest multiplicative’ ‘identities between the 
ordinary functions defining umbrae we pass immediately to the generalized 
recurrences (12), (16). The process can evidently be applied as above to 
any functions n, on, Buy * °°, yn (n= 0, 1, 2, + + +) which are coefficients 
in power series expansions.* The coefficients. themselves ‘may be, as above, 
functions of several variables. 


7. By means of the processes in § 6 the relations between the functions 
defined in § 5 can be obtained with great ease. Change 0 into — 0 in (2) 
_ and compare the result with (2). Then, for n = 0, 1,2, : ::, 


[a(w@+1) + B(y+1) +> + + 0241) — AJ" — 4, 


` 


and therefore 


[as +1) —6(9 +1) —: + -—e(2 +1) HAT = (—A)?*, 
from which, by (12), it follows that _ 
(17) f(@—A+a(e-+1) +b(y+1) +--+ -+e@+)1)) —$(0-+4), 
f(O+A—a(x +1) —0b(y +1) —::: —c(2+1)) =f(8@—A). 


The special case in which A, degenerates to the ordinary Bernoullian function 
Xni is obtained from 0 by taking a == 1 and deleting the terms in b, : 


* If, for example, R(8) = Eee defines p,, we first replace Py by ald ns 80 that 
R(0) = xp”, On/nt = 6 "Fs: 
and in thie final results write P'ap == Pp! 
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(18) f@z~Xtetl)—fe+YX), 


‘the upper or the lower signs, as always, being taken throughout. For the 
functions of Krause and Appell only the a, b terms are retainéd from those in 
a;b, +, c and further, x, y are restricted to be integers. Likewise in all 
subsequent formulas concerning A or the functions Y, ®. 

In exactly the same way (3) gives — 


(19) F(0 + D) = (—1)¥f(O—Veacvtby+-: e 
and (6) gives | 
(20) CEE CER PSE PRESS ct). 


Proceeding Pre Tik n { 5 ) we nE for the numbers Q, © the 
following, . : . 


(21) f(@ OQ) =f(8 = a fab Ee), 


which could have been written down from (20) by taking in the latter 
(z, 4, * : -, 2) — (à, 1, -, 1); and 


(22) P ae en) ET T EE 
which follows also from (19). | | 


' Corresponding to the relations between the common Bernoullian func- 
tions X;, arid the Bernoulli numbers B, for various ranks n, we have here the 
like for An, Qu, and the latter include the former as special cases. -For (2), 
(4) with @ replaced by — ô, i 3) and (6) give immediately . 


(23)  (—1)*ab: ->c F(9 +A) =f (0 + 4 F9). 


A 
Further general relations for A are obtained from (2), (5), i 

(24) f(0+A-+0—a—b—-: 0) =EN; o 

from (3), (5), and (2) with 6 replaced by = | 

(25) IO ee O) te eS. PE `+ 02) 5, 

from’ (2), (6); | | | 

(26). FOHA + &) = ay. fO Hatot: H e), 

and from (2), (6), the latter with 6 réplaced by—6, ` | 


oo, 
q € 
ragt ngi 
? | mr sam" wi 
nage pr ag 


A e t = 


ë 


A 
Aa 


" (30) GUERRE 
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(27) f(@+A—®) i 
may: fO HaHa +2) +6(1 +9) ee +e( +2). 
Foi (4), (5) we have 


eQHO)8 = (— 1)" ab : "68, == (— 1) ab: - : ces, 


- where = k l, en == 0, n 54k, and iieretors 


GS) f(6-40-4-0)(—1)Fad- + OH. 2 

As an example of another type which, however, can be deduced from the 
foregoing by properly choosing ee let >> denote a summation with respect to . 
all sets of 2 chosen from az, by, ` +, 0%, a typical set of 2 being az, by, and 
similarly for Xr, referring to all sets of r. Then from (2), and (4) with @ 
replaced by — 6, we have a 


é LE PS Je í 
Cai eee ba oh me 00 (1 — e000) (1 w0) © © + (1 — e), 
— e90 = Se (-0-+a00 +- See Qtae+by) 4 ET + (— 1)FeCQtart . .. +c2)6 : 


whence, as in deducing (12), (16), we get 
4 
(29) (—1)tab ie FO A) 
=f(0 = a) EEA ax) + Sof (8 $ Q + as + by) — À 


Louer 


The similar theorem for Q is found from (4) rewritten in the form 
= (~1)*ab- “ep — 006 (1 — 68) (1— e) “(1— 6), | 
1 g" 
TT 50 f (8) 
= f(8 + 9) — ~Sf(O+0-+0)+3af(0-+0-40-40)—- 

The power of the symbolic method is well seen from the derivation of 
general addition theorems. Lèt (a’, 8’, - ‘ +), (2, y'>) be the charac- 
teristic and arguments of 2’, (a, b”, - + +), (x”, A - +) those of Z”, 
where Z’, Z” are not necessarily. of the same order (same _ number Oof-argu- 


ments Hors a”, ‘.), where Z denotes any one of A, Y, P.. Then from 


@), (), 6 it follows that 

e E ae Se ek . go = 8, 
where Z is the function anes ee and arguments. are (a, b’, : 
aD Oh Ne ap ee ay 2) respectively. “Hence 


") 


tar ad LE 
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(81) f(O+Z) =f(0 +2 +2"). 


If in the foregoing we take à = y’ =: Se gl y” =: + = 1, when Z is 
either ® or & we get 


(82) ai T+T”), 


where T is either Q or ©. 

As a last illustration of the power of this method let us find the partial 
derivatives of A, Y, & with respect to any of their arguments, say s. If Zn 
is a function of 2, and Z’, its derivative with respect to x, it is readily seen 
that the first of the following implies the second, 


| ĝ- i 
F(a, 0) = 670, iz F(a, 0) == 670, 


To apply this to A, Y, ®, take the logarithmic derivatives with respect to a of 


(2), (8); (5) and proceed as aoe getting 





(33) © g ta = (A + ada + ax)", 
| a 
(34): i = (Y + adz + az)”, 
(35) T s = D, — ( + adv + ar)”, 


in which, we recall, A is an umbra of the Bernoulli numbers. Applied to 
(1), this gives for the common Bernoullian functions X, | 


0X. 
(36) Fe (eA) 
whence, integrating, we obtain 
sme eee nHL 
(37) | Xn SCT I (#@—A) 


it being readily seen that the constant of integration is zero. 


It may be mentioned in conclusion that the application of the symbolic 
method to Taylor’s theorem for functions of & variables, together with the 
preceding relations involving functions f of the several umbrae, leads at once 
to interesting generalizations of several well known expansions due to Euler, 


- Boole and others in the calculus of finite differences. 
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= The Construction of Certain Péciodié Orbits. of 
f the Three Body Problem. 
| 


By H. E. BUCHANAN. 


In a recent paper * the author proved the existence of certain periodic 
orbits of three finite masses near the LaGrangian circular solutions. The 
present paper is for the purpose of constructing those, EO eon and discussing 
À the geometrical character 'of the orbits. 

The: differential equations which define the variations from the circular” 











orbits are -= ne 
| Ta +: : : 
na — ®a(1 + 8) = — (1 + 8)*{ (0? + 2Ar)ar + 2B} = (1 + 3)%e 
. BU OU U 
: re Date tis a9, | ga T A IO Toby 
| PU Le. 
: laren, JE Pi 
L | dx Pts | 

TE — Row (1 + a — (1+ 8) {(2Bızı + (wo? + ?As) a} = (1 4+8)’ 
o db EU ou 
a ae ee 
i { À re Lis kA T Org; 
f m | 
i | a 
\ F + w de 62302,02; ? (1) 
p x n | 
| + Rw(1 + 8) a ne {i + 8)*{ (o? — A;,)y1 — Biys} = (1+ 5)%e 
7 FU EU U BU \ 
É Sn £2.44. —— ss 
{ Oy a, Y1 0E anaes Dy r0y 30x, = i me ` fy ITs are, | 0y10ys0Ts + | 
3 d? 

+ 20(1 + E Os L (148)? — As) ys — Boys} = (1 + 8)’ 
7: eu ŒU OU U : | 
= - S 
! { Ay 04,02, Ten ðY 0%: +2 SA ne, | U8 Oy 20a, i 
es 8)? (Axa +B (1+ DZ a - 
ee 12) = FT 9a,02;02% | 
| es A 1+8)%e Dd 2; elie aah a 

Get (1 + 5)? (Bazı + Ass) + (1 + a € 2 TKŽj dzaba | ? 

* American Journal of Mathematics, Vol. XLV, Apr. 1923. T 
5 : : 


290 O BUCHANAN: The Construction of Certain Periodic 
‘where the 3 denotes a’sum of the form Ay? +-Byzys + Cys" and all the 
constants have been defined in the paper referred to. 


Orbits wth Period 2r/v. We have demonstrated the existence of solu- 
tions of equations (1) which have the following properties: 


pea oo RE = > 
(a) Ti = D tijé, yi= È yi, Zi = Lewy, (t=1, 3), 
1. j=0 j=9 . j=0 
| co 00 | 
ò = 2 dj, a == Ñ ayd, Bi = D Byd 
=0 9x0 


(b) Each Zij, Yis, Zij, 8j, ais, Biz is uniquely determined, 

(c) T'i = Y; == ki = 0 and d'a == Ci + Yi at t= 0, 

(d) The series are convergent for | e| sufficiently small, 

(e) The whole solution and therefore each Tij, Yij, Zij is periodic with the 
period £æ/v. . 


The coefficients of £. The terms of the power series which are indepen- 
dent of « are determined by a set of linear homogeneous differential equations 
easily found from (1) by making e—0. Their Solutions satisfying condition ` 
c are a 


Tio = Ki COS pit + Kiz cos wt + Kis cosh pot, 
Yio = Lis Sin pit + Lie sin wot + Lis sinh pat + Liat, 
Zio = Mi sin of + Miz sin vt. 


Where Ki; and L; are uniquely determined in terms of Lı; by the equations 


(A? — w? ai 2A) Kı; — 2B K; — RAoL ; a 0, 
— RB3K 15 + (AX? — o? — 2Az) K3; — RAoLs; = 0, 
BAK + (A? — o? + As) Lig + Bilsj=0, j=l, 2 8. 


Let the initial conditions be 

Ta, Yi Bi, zi = Ci + y; at t —0. 
The ai, Bi are related to the L:; by the equations. 
a == Gil + asie + asla, 
ag = by + bal + dsl, £ 
Bi mie aN el Li Fi wy —1 Lie + plis + La, (2) | 
BD tip V 1 La oo e l hide ele À 
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Where a, , ag, 6, and B® are the terms independent of e in the power 
series which give a, as, 8; and @; in terms of e. 
The periodicity condition (d) demands that 


Hence - | 
a) = a3) — BO) = By) — 0, 


The Mi; are related to the initial constants by the equations 


2 __ À, 


C1 pg yı == oM -+ vM >, | | 
3 
C3 —Y3—w -p Maty Mis 


The periodicity condition (d) also requires that My, == 0, hence. 


Ca + Va oy oe B Fe + yı) 


and 


-37% 


l Ga + y 
My= TX 


The terms of the series which are independent of e are 





Tig == Yio = 0, 


i TED a e T] 

| y ` + 

| 2 _.4- 

| Zag == vi — Ai aty sin yt. : 

B 1 . y 

j , T: 

| = The coefficients of «.—These are determined by the following equations 
| ‘ whose solutions must be Het to the conditions (2); (b), (c), (d) 
| | „and ae a % Be 

i s? 
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| 244 dyi U 
Ts 20 - a (lo? + R A) Tu T RBita1} = 219 ECS A 
FpU - 5 OU 
| n 210230 paee PREIEI + 2°20 PAIE 2 
Las Adyar 2 oU 
Fe eg — (Bit + (0? + 24s) tn} = or 
pey FU 
PREE 
“T1000 ae fe, | E | 
. | + (4) 
x 
ra a ae — (o? — Ai) oir + Buys = A 
d? = 
E + Ro + Bays == (o = Aa) Ja = =) 
dz | ; ae oe 
aa Asti + Byes, = — 28,{ AM, sin vt + BLM 52 sin vt}, 


| d? O Rg 
at 


The first four equations are independent of the last two. Their left 
members are the same as the left members of the equations which determined 
Zig and Yi. The right members can be thrown in the form Ayo + A, 
cos Rvt, Aso + 432% cos vt, 0, O where the As all carry the arbitrary 
C1 + yı as a quadratic factor. 

The solution of (58) consists of a complementary function plus a par- A 
ticular integral. The complementary function has the wong period as in the 
article just preceding and hence must vanish. 

The particular integrals are 


iy = Kio +- Kig™ cos Brt, Yia = Lio + Lig™ sin 2vt 
where Kio, Ki, Lio? and Lig are determined so as to satisfy the dif- 
ferential equations. Applying the initial conditions we find . $ 
a, = Kio + Ki, Bi? = Ry Lg da L 3. > 
In the last two equations of (4) the solution again consists of a complement- 
ary function plus a particular integral. But the right members have the 
same period as the complementary function. Therefore in order that the 
solution be periodic the coefficients of the right aera must be zero. These 
coefficients are 
— 28:(AiMie + ByMs2), — 28:(BsMiz + AsMaz). 


—— + Bat + A gta == — RO BaMa sin vt +. ÁM so sin ae 


Æ 


moe A e ah > 


+ i 
A 
a 
4 
+ 
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From the relation Ma == =" Sau 12 it is clear that the second factor 
1 


cannot vanish hence 8,0. Since the right members vanish the particular 
integrals are zero. The initial conditions by (c) are Za = Zi, = 0 af t= 0. 


. Therefore the complementary function is zero and the solutions satisfying the 
- conditions which have been imposed are 


Zii — 0. 


The coefficients of e. These coefficients are determined by the equations 

















LEA dy 
eo E — (ioe, Re 
dx. d | 
ee — Le Frs — (Bta + (et + Rd) 0 
dy 15 da | 
a + a dt = — (u? — Ai) Yiz + Biye = 
a dx - #(5 
et to = + Bayi — (0? — Az) Yz: = 0, ( ) 
d? Uae 


eui Ain + Bis 
| — QUE (AM: + Pere) sin vi + a” sin vt + a? sin 8pt, 


dt? 


æ 
Zu Dra y B312 + Asso 


dt? 
- sx — 2e ( BM2 + AM2) sin vt F Cs2 sin vé + Css ® sin 3vé. 


The solution of the first four equations consists simply of the ere 
mentary function. It has the wrong period and must vanish thus deter- 
mining a, , as, 6, and 63 all of which are zeto. Hence 


are the solutions satisfying the conditions. 
In the last two equations the coefficients of sin vé must vanish’ giving 


hic — 28, (Ais + B:Mse) + Cn ® = 0, 
— 28, (BeMss + AsMee) + Ca P = 0. 


2 
di Maa these give 


` Since Mao = : 
oe 
T ` On P eer pe "Byes 
$ Jy Mis j 7 et 


_ 
~ 
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By direct computation one can verify that 


Hence the two values of & are the same. The right members of the last two 
equations of (5) will contain only sines of odd multiples of t. Therefore 
the complete solution is 


Zig == My, sin ot + Mi, sin vt + K;°® sin 8vt, 
where the K 4 have been determined by the usual method for finding the 


particular integral. By the initial conditions ` 
wM + vM + Ovi , = V; 


w — À, y — À, 
B 


@ 
b B, 





M + 3vK , 2 — y”. 


Hence setting M;, — 0 as the periodicity conditions require we get 


2.— A 
LA 
ya” au 3rK 32 — av, | B 1 r 
j 1 





A direct determination. of the K’s shows that this value of ys‘ is not zero. 


The Normal Form for the Z-Equations. In each step of the construction 
there will appear two determinations of &. In order to show that these two 
values are always the same we make a transformation of the form 


CA = V + Va Ve + Ve 
nr -vV —1(v3— 4), 


~~ 





6 
= d (vı + v2) + da (Vs + v4), s 
g 8 —= wV — ] dı (v1 — V2) + N = 1 da (V; wpe 
In the normal variables the Z-equations of motion become 
vı = (1+ 8)oV — 1 vı + (1+ 8)e{C,R, + 0R}, 
Da —(1 + 8)oV —1 0, + (1+ 8)e{— 0R — CR}, (7): 


= (1 + S)vV —1 Va + (1 + d)e{— CLR, + Cols}, 

Va —(1 + S)vV — To + (1 + 8) {Ci — CR}, 

Where, R, and À; are the right members of the original Z-equations. It is 
not necessary to change them into v’s. - ae 

If we had made the previous part of the construction-in the new variables 

it is clear that the coefficient of e”V-T t is the same in the Vs and v, eqùations. 
Hence the two determinations of 8, are obviously the same. 
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The general term. Suppose that the 
Lies’ © * Ving Yio" < *Yins ios” ° ‘Fins Ôt os: 8n-15 
have been determined and have the following properties: 


(1) Tirk == Yiok == Biok == Serv — 0, 824 0. 

(2) œim are cosines of even multiples of vt, the highest being 2(% + 1). 
(3) Yi are sines of even multiples of vt, the highest being 2(k + 1). 
(4) zix are sines of odd multiples of vt, the highest being 2% + 1. 


It is possible to make an induction showing that these properties persist. 
This was done by Moulton in his Oscillating Satellite paper, for the case of 
an infinitesimal body. The details are so clésely related to his work that it 
is not necessary to repeat it. | 


The character of the orbits. In the’ generating solutions 2; == y; = 0, 
zı = M; sin vt there are apparently two constants M, and M, but M; = 
v° — À, 

By 
solutions show that cı -+ yı enters as a factor of each win, Yin and Zin but 
to a power one greater than e. Therefore, if we replace. (cı + yi)e by € 


M, so that there is but oné independent constant. The forms of the 


- we get 


oo Xx 20 
Di = (C1 + va) 2 wi, Yi = (C1 + n) 2 Yid, z= (Gi + y) 2 zie, 
= i = + j= 


‘The coordinates in the orbits are given by 


CO . xD oO 
g'i == Dey, Yi Dyed, 2i = D rise, 
3=0 3=0 j=0 


where the primes denote the rectangular coordinates in rotating space. The 
exact forms of 2'i, Yi, 2’; as far as the second power of e’ are 











` Qut 
a, = {Kio + Kio cos i Ti jee, 
yi = -Da sm a : Le n'es nr i (8) 
g'g mas Ma™® sin = DORE EE 


The equations of the projections of the curves on the plane is found by 
eliminating t between the first two equations. The result is 


i mm 
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vy — Kio Pe? L J { Y'a - H 


Kio €? Lise? 
which are the equations of ellipses whose centers are on the a-axis. 
-The projections on the 4’, 2’ are the parabolas 


82"? ; 
(UD 07 


= 1 


di {Kio + Kn (1 a 
The projections of the y’, 2’ plane are 
OE 
aor y1- (Ma Pe)? 
The orbits are therefore curves shaped like the figure 8. It can be proved 


from equations that the parabolas are opening towards each other and that 
the values of y; for small values of t are negative. The orbits are therefore 


Y'a = Die 





retrograde. ‘These projections show their general shape with reference to the 


rotating axes. ‘The orbit of the middle body is always determined by the 
center of gravity equations. 


Orbits with the period Rr/w. The properties of the solutions which were 
established in the existence proof are: 


(a) each wij, Yi, Zij 8; is uniquely determined. 

(b) i= y; = ti = 0 and z; = c; + y: at t— 0. 

(c) The series are convergent for 0 < |e[ < 60, 0<t<T. 

(d) The whole solution and therefore each .aij, yij, Ziz is periodic with 
period 2x /w. 


Applying these properties we find the coefficient of € to be 


Bio == Ky, coset, Yio = Li sin wt, Zio = Mis? sin wt 


‘since by the condition (d) the coefficients of cos pit, cosh pet, cos vt and of t 


must vanish. That is, we have 
Li = Lis = Lis = M i3 == 


‘These equations are no longer homogeneous as in case 1 for the initial 
conditions are - 


. tio = tar, Yo bi + Bi, do = Gi + y. 


The first three equations have a determinant different from zero. , Therefore 


antenne + te 


ne 
m 


w F 


4 
ie 
f 
L 
1 
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it is possible to solve for three of the initial constants in terms of the fourth, 
which was taken arbitrarly, and without loss of generality can be made equal 
to zero. The equation M,,—0 gives y, uniquely in terms of y, which is so 
far undetermined. It will be necessary to determine y, along with 8 so that 
the solutions at the successive steps shall be periodic. 

The coefficients ‘of e are determined by the differential equations. 


ay — Rwy ir — (w° + 2A) Dir — RBiTrr 
== 28, { (w? + A1) Tio + RBitro} + 4500 + Aio™ cos Rot, 
Y” i + Rwy" iw (w? — Ai) Yar -+ Biyr 
sd fot Ay agg Biya) + Bi + Bio sin Quit, (9) 
Wa + Askin + Bit 
` =x — 201 (Aiio —- Bit) — y” (Aitio® + Bizo ) 
+ Co + Cy sin Lot, (i=1,3,k—8, 1). 


The superscript notation here means that the part of zi going with the first 
power of e in y, is taken. In these six equations the first terms of the right 
members have the same period as the solutions of the left members set equal 
to zero. In order that the solutions shall be periodic we must have 


WP pene ð; == 


Then the solutions become 


ix = Aio® + Air cos ot + Ai ™ cos Bot, oo 
Yir = Bio V + Ba” sin of + Big™ sin Lot, | (10) 
Zii = Oi Y + Ci, sin wi + Cia P sin 2wt, 


where the Ai;™, B;,%, C3; are determined so as to satisfy the differential 
equations, oe 
` In the computation of the coefficients of e 2 the equations which determine 
+: and & are no longer homogeneous as above. Further, there are six linear 
equations which these two quantities must satisfy in order that the solutions 
shall be periodic. In order to show that these six equatioris reduce to two 
independent ones it is convenient to transform to the normal variables for 
the remainder of the construction. 
The equations of motion become in the new variables.* 


vata 


* See equations (22) Am. Journal of Math., Apr. 1923, p. 101. 
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wi = (14+38)¢6V —1 Uy + (1+ 8) Anel D Ty aT A iis +e( ): à 


ð 
-+ (L 8) Aue( Saws pe + e( ees | 


FU PU ee 
+ (1 + 8) Arse{ D mt, hate. + ef)": Eyy A + * ) 
PU PU B 
FERA Fe Gata, O SS ae je 


PU , 
+ È Yey o an s0ynd ys + € ( J“ st tS 242; ats =e — € ( ie er 


Ws = — (1 EGA taie 
{—Au( ) —Arz( )—Ars( )— Aul )}, 


Tee p 


+ 
OO De a. 


w’, = (1+ S)oV — I us + (1 + ô)e (11) i 


{Bui( ) + Bio ) + Bis ) + Bul )}, 
meat Aa A (te ie 
. {Bul )— Brut ) — Bis ) — Bu )} 
= (1 + ê) pe us + (1 + de | 
{Cu ) + Cre) + Ci ) + Oral )}; 


We = — (1 + 8) pz Ue + (1 + 8)e 
{— Cu) —Ci2( ) — Cis( ) — Cia )}, 
Wr = . (1+ )8 {Du ) + Du ) Js 
Ug = Ur + (1+ de 
{Du ) + D: )— DA ) — Du )} 


PU ~ 
ty!” + (1 + 8)? (Aiz: + Bizs) = (1 + 8)*e E Trz; Tarda 9? 


ge 
ea” + (1+ 8)*(Buts + dats) = (148) Baws ge 


where the parentheses denote the coefficients of A1:, Azz, As, oa in “the first 


equation. 
For the sake of clearness we will compute again the coefficients of © and 
e Let the initial conditions be 


g'i == + Yio Ho, 


Therefore the coefficients of € are 


om ah REET De on AND PE qe ne om, > ae 
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uso = (a + ag) ee VT t, tao = (a + a4) eV t, 
Zio == Mio sin. wt, Wio == 0, (i = 1, 2, 3, 6, T, 8); 
By the orthogonality conditions as == à, and therefore 


To = Rd (a + p cos wt, Tso == 2b, (a + a) cos at, 
Yo = (a +a) sin ot, -Yso = 2c, (a -+ a Sin ot, : (12} 
Lio == M 40 sin wt. 


The coefficients of e are determined by a set of equations like (11) in 
which all the terms containing e to a higher power than the first are omitted 
and the values of Tio, Yio, Zio are substituted from (12). It is easily seen 
that the periodicity conditions are satisfied by ê, == y.@ 0. The solutions 
are 


“hy - a, + hy? sin ot + a3» cos Rot, 
Uz, = GP — a Y gin Bwt + a3 cos Bot, 


Usi = bo Me Vi EL b + bP sin Rot + ba ™ cos Rot, 
ay = baD gev- t + by = b, sin 2wt -+ bV COs 2ut, 


Us; = 6, F ¢,™ gin Bot + cs cos Lot, LÀ (13) 
Ue) = - 6,0 — 6, gin Lot + 63 cos Rut, 

Uni = d,™ -+ d,™ sin Lot + di cos 2wt, 

“Us, = dY — d,™ sin Lot + ds™ cos Zot, 


Lu = My sin wt + Ci? + Cia P sin wt. 


e 


The two arbitrary constants of integration, bo and 6 are determined by 
the orthogonality conditions so that bo) == 6 == 6/2 where b is a known 
quantity. Therefore in the 2, yi, 2 variables we have 


Tir = Åi + AD cos wt + Aiz ™ cos Put, 
Yu = Big + Ba © sin wt + Biz™ sin Rot, 
Zir = Cio + Ci. sin of + Ci sin Rot. 


The character of the differential equations together with the initial con- 
ditions shows that x; will always be a cosine series, y, a sine series,.z; a sine 
series, provided yı, can be determined so that the solutions are periodic. 
We will prove that there are just enough independent equations to determine 
yi and 8, uniquely. The equations defining. the coefficients of e” are 
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Wan = OV — L usn + no V —1 us + Ago™ + Agi™ sin ot 
+ Ago sin Zot +: - + + ba ™ cos wt + bga cos Bot ++ - -, 
w an T eee wV —I Uan + eae Vi tn + À 30 mm + Asi” sin ot N - 
i Ayo) sin 2o¢ ++ + -— Ba COS wi — ou cos 2wt LA (14) 


d'in = = Run +. = Din = - 28, hae + D). = y (Ait +B Zah ) 

+ 643 + 6. sin wt A- Ca sin 2ot + : 

L on SET mms Bažn = Astsn — 28n (B3210 -{- A 330) y tn) (Bazo ™ -+ A3230 (n) 

+ Ca ™®™ F Ca Sin wt + C33 sin 2ot +: °° 
where the equations omitted are already in such a form that the periodicity 
conditions are satisfied. The condition that the first equation of (14) shall 
have a ‘periodic solution is 


Ag, ba, (0) 


oV —1 (a+ a)i + FF + “g7 =0 





since the coefficient of e”V-1t must vanish. In the second equation the coeff- 
cient of e-®V-Tt must vanish, which gives exactly the same equation as the 
above. This equation uniquely determines ên. 
In order that the last two equations shall: give periodic solutions we must 
have i | 
Rôn (A1 10 + BiMg0) + ya (ArMiao + BiM) = p, 
28n(BsMro + As Ma0) + yi (BaMio + AsMa0) = par . 


“These two equations can be shown to be identical by reducing the z; equations 
to the normal form as in the last article. Since 6, is already known, nm is 
uniquely determined by either of these equations. 

In the generating solutions there are two independent arbitrary numbers 
In, M; It is no restriction on their independence to put M, = CE. Then 
in the solutions constructed above, L, enters as a factor of each Tijs Yj, Zij 
but to a power one greater than e. Therefore in the expressions for the co- 
ordinates, L, can be absorbed into ee The C is-left arbitrary. 

We have investigated the orbits with the period 2a/w under general 
initial conditions, and ‘under orthogonal initial conditions. Let us now con- | 
‘sider the possibility of orbits ‘with period 2r/ such that ane coordinates are 
‘in the following proportion 


Z | | 
— = “= — =a constant. 


+4 
DE gine te 


now ram ner, annada iai 
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If we make this substitution in equations (2); they reduce to the two-body 
problem and are completely integrable.* 

When-the above proportion is satisfied the bodies all move in ellipses and 
remain in a straight line. The plane of motion may have any inclination 
whatever, which accounts for the arbitrary C left in the construction above. 


Orbits with Period 2r/p;. We have already proved that these orbits lie 
wholly in the zy-plane. The method of constructing them is very similar to 
that of case 2 with the z-equations omitted. It is again necessary to trans- 
form to the normal form in order to show that the two determinations of 3, 
are identical. | 

The geometrical character of the orbits is described by the following 
statements : 


(1) The orbits are symmetrical with respect to the a-axis A ERA 
and the time. 

(2) Omitting powers of e one the first, the orbits are ellipses with | 
centers on the x-axis. 


Orbits in which pı and v are commensurable. These are of the same 
character as the orbits with period 27/w. The same difficulties of construc- 
tion arise and may be handled in a similar fashion. The orbits are symmet- 
rical with respect .to the x-axis geometrically and in the time. In case (2) 
we showed that the orbits lie wholly in one plane with an arbitrary inclina- 
tion but in this case there does not seem to be such a simple interpretation 
of the constants. The projections of the orbits on the zy-plane; neglecting 
| powers of e beyond the first, are ellipses with centers on the z-axis. The 
period i is the least common multiple of 2a/p, and 2r/v. 


* Lagrange, Collected Works, VI, pp. 230-270. 


Correction. 


On page 223 of the current volume of this JOURNAL, the first parametric 
equation for curves (9) and (10) should read 


Lo = E + at. 


